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LiH  Potential  Curves  and  Wavefunctions  for  X  ‘2+,  A  l2+,  B  ln,  >2+,  and  *n* 

Kate  K.  DocKENf  and  Juergen  Hinze 
Department  of  Chemistry,  University  oj  Chicago,  Chicago,  Illinois  60637 
(Received  3  August  1972) 

Ab  ir.itio  multiconfiguration  self-consistent-field  calculations  are  reported  for  the  potential  curves  and 
electronic  wave  functions  of  the  states  X  lX+,  A  ‘S+,  B  >11,  *Z+,  and  »n  of  LiH.  In  this  calculation,  the 
outer  two  electrons  are  correlated,  while  the  l<r  shell,  essentially  a  K  shell  on  Li,  is  left,  uncorrelated,  the 
obtained  dissociation  energies,  with  the  known  experimental  values  in  parentheses,  are  V.(X‘Z+)^ 

2.41 1  (2.5154)  eV,  D.(A  ‘Z+)  -  1.048  (1.0765)  eV,  D.(B  *n)  =0.017  (0.035)  eV  and  ZJ.(*n)  =0.226  eV. 


INTRODUCTION 

As  the  smallest  neutral  heteropolar  molecule,  LiH 
has  been  a  favorite  molecule  for  theoretical  investiga¬ 
tion.  Since  a  reasonable  amount  of  accurate  spectro¬ 
scopic  data  is  available  for  LiH,  detailed  calculations 
can  give  a  good  assessment  of  a  giver,  computational 
procedure,  and  at  the  same  time,  information  which 
can  aid  in  the  understanding  of  the  observed  data. 
Until  recently,  most  theoretical  work  done  on  LiH 
(and  on  molecules  iti  general)  concentrated  on  de¬ 
scribing  the  ground  state  and  its  properties  only.  The 
experimental  information  available  goes  beyond  this 
and  a  more  complete  theoretical  study  should  include 
the  calculation  of  wavefunctions,  potential  curves,  and 
properties  of  ground  as  wHl  as  excited  states.  It  is  with 
this  aim  that  we  set  out  to  compute  the  five  valence 
excited  states  X  ‘2+,  A  ‘2+  B  ‘II,  *2+  and  *11  of  LiH. 
This  allows  one  to  evaluate  the  capability  of  the  multi¬ 
configuration  self-consistent-field  (MCSCF)  method 
to  yield  accurate  potential  curves,  term  values  and 
molecular  properties  for  ground  and  excited  states. 
In  addition  one  can  expect  to  obtain  a  more  detailed 
understanding  of  some  of  the  observed  anomalies  in 
the  LiH  spectrum. 

A  careful  spectroscopic  analysis  of  the  A  *2+-X  l2+ 
band  system  of  LiH  and  LiD  by  Crawford  and  Jorgen¬ 
sen1,8  revealed  that  the  G(v)  and  B,  values  of  the  A  12+ 
state  do  not  show  the  normally  expected  decrease  with 
increasing  v.  Instead  they  rise  initially,  before  the  nor¬ 
mal  decrease  sets  in,  yielding  anomalous  negative  values 
for  w.x,  and  a..  The  same  anomaly  is  observed  for  the 
A  l2+  states  of  other  alkali  hydrides.  On  the  basis  of 
their  observation,  Crawford  and  Jorgensen  concluded 
that  this  anomaly  must  be  ascribed  to  peculiarities  of 
the  potential  energy  curve  of  the  A  l2+  state  alone.* 
Mulliken*  explained  the  exceptional  shape  of  the  .1  l2+ 
potential  curve  as  being  due  to  an  avoided  crossing 
of  the  zero-order  curves  of  LiH  and  Li+H”.  However, 
more  recently  JenC*  argued  that  the  anomalous  character 
of  the  A  l2+  states  of  the  alkali  hydrides  should  be 
ascribed  to  nonadiabatic  effects,  i.e,,  a  breakdown  of 
the  Bom-Oppenheimer  approximation. 

In  addition  to  the  A  ‘2+-X  *2+  band  system,  Velasco* 
identified  in  1957  the  B  ‘II-X  ‘2+  system,  characterizing 
the  B  lII  state  as  weakly  bound  (D,=0.03  eV).  No 
theoretical  study  to  date  has  yielded  a  bound  potential 


curve  for  this  state.  Also  the  corresponding  *11  state, 
which  is  expected  to  lie  below  the  singlet  state  has  not 
as  yet  been  identified. 

In  the  following  paragraphs  we  will  give  a  brief  out¬ 
line  of  the  MCSCF  method  used  in  the  present  cal¬ 
culations,  together  with  some  computational  details 
such  as  basis  function  choice  and  selection  of  configura¬ 
tions.  This  will  be  followed  by  a  presentation  and  dis¬ 
cussion  of  the  calculated  wavefunctions,  potential 
curves  and  expectation  values  of  various  one  electron 
operators.  A  more  detailed  spectroscopic  analysis,  in¬ 
cluding  the  calculation  of  rotation-vibrational  wave- 
functions,  energies,  term  values  and  vibrationally 
averaged  properties  will  be  presented  in  a  forthcoming 
publication. 

THE  MCSCF  METHOD 

It  is  essential  in  a  computation  of  the  present  scope 
to  obtain  correlated  electronic  wavefunctions  and 
energies,  since  the  correlation  energy  is  expected  to  be 
significantly  different  at  different  internuclear  distances 
as  well  as  for  the  different  states.  It  is  well  known  that 
a  configuration  interaction  (Cl)  type  wavef unction 

*=£C,< l>,  (1) 

i 

is  capable  of  representing  correlation  effects  exactly, 
provided  the  Cl  expansion  is  carried  far  enough.  It  is 
obvious  that  the  convergence  of  this  Cl  expansion  will 
depend  critically  on  the  appropriateness  of  the  expnn- 
sion  functions  $/.  In  the  conventional  Cl  methods  as 
here,  the  4>’s  are  configuration  state  functions  (CSF’s), 
i.e.,  specific  linear  combinations  of  Slater  determinants 
(SD’s),  such  that  they  are  eigenfunctions  of  the  sym¬ 
metry  operators  of  the  system.  The  SD’s  themselves 
are  constructed  from  symmetry  adapted  orbitals.  The 
expansion  functions  4>j  and  thus  the  convergence  of 
(1)  will  depend  therefore  on  the  type  of  orbitals  which 
are  used  in  their  construction,  as  well  as  on  the  de¬ 
tailed  functional  shape  of  the  orbitals.  It  is  here  where 
the  difference  between  conventional  Cl  and  MCSCF 
lies.  In  conventional  Cl  only  the  expansion  coefficients 
Ci  are  optimized  variationally,  while  the  MCSCF  also 
optimizes  variationally  the  detailed  shape  of  all  the 
orbitals  entering  the  total  wavefunction.  Thus  one 
obtains  a  wavef  miction  which  will  give  the  lowest  pos¬ 
sible  energy  with  the  given  number  and  tyDe  of  CSF’s. 
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The  procedure  for  computation  is  then  to 

(1)  select  initial  orbitals  and  configuration  types, 

(2)  solve  the  Cl  problem  for  the  state  desired, 

(3)  construct  the  SCF  equations  from  the  first  and 
second  order  density  matrices  of  the  selected  state 
of  (2); 

(4)  solve  the  SCF  equations. 

Steps  (2)~(4)  are  iterated  to  convergence.  If  we  select 
in  (2)  always  the  Kth  lowest  root,  then  one  will  obtain 
an  upper  bound  to  the  true  energy  of  the  Kth  state 
of  a  given  symmetry.  Unfortunately  this  process  does 
not  always  work  except  for  the  lowest  state  of  a  given 
symmetry.  The  reason  for  this  is  as  follows.  Since  the 
orbitals  are  optimized  in  the  field  corresponding  to 
state  K,  this  state  will  be  described  better  and  its 
energy  lowered.  However  if  one  of  the  lower  states,  for 
instance,  state  /,  has  a  very  different  charge  distribu¬ 
tion  than  state  K,  thus  requiring  quite  different  orbitals, 
it  follows  that  the  orbitals  obtained  for  state  K  will 
be  poorer  for  state  /.  Thus  the  energy  of  state  J,  orig¬ 
inally  below  state  K,  will  be  raised.  This  may  eventually 
lead  to  a  flipping  of  the  energy  order  of  these  two  states, 
preventing  convergence  of  the  MCSCF  process.  Such 
a  state  flipping  will  always  happen  when  the  excited 
state  desired  has  a  state  of  the  same  symmetry  only  a 
little  lower  in  energy,  but  with  a  substantially  different 
charge  distribution.  This  is  exactly  the  case  for  the 
A  *2+  state  of  LiH,  the  X  *2+  state  being  lower  by  only 
a  few  eV.  It  is  possible  in  this  case  to  optimize  the 
orbitals  in  the  averaged  field  of  both  states,  obtaining 
compromise  orbitals  which  will  describe  both  states 
equally  well,  however  neither  optimally.  Fortunately 
it  is  possible  to  make  up  for  the  deficiency  in  these  com¬ 
promise  orbitals  by  the  addition  of  a  few  singly  excited 
configurations.  This  will  become  clear  iij  the  discussion 
on  configuration  selection.  The  details  of  the  MCSCF 
method  as  well  as  the  “averaged  field  method”  are 
described  explicitly  elsewhere.7 

CHOICE  OF  CONFIGURATIONS 

It  appears  reasonable  that  in  LiH  the  correlation 
energy  of  the  1  a  shell,  essentially  the  K  shell  of  lithium, 
remains  nearly  constant  as  the  potential  curves  are 
traversed  and  as  the  outer  electrons  are  excited.  There¬ 
fore  we  have  chosen  to  correlate  only  the  outer  two 
valence  electrons,  which  simplifies  the  problem  sig¬ 
nificantly.  In  the  two  electron  correlation  problem 
singly  excited  configurations  do  not  contribute;  there¬ 
fore  it  is  possible  to  account  for  the  correlation  energy 
of  the  B  ‘II,  *11  and  *2+  states  by  using  only  doubly 
excited  configurations.  The  particular  ones  chosen  for 
these  three  states  are  presented  in  Table  I,  where  the 
bold  configuration  signifies  the  dominant  one  in  each 
state  for  all  intemuclear  distances  calculated. 

The  configuration  choice  for  the  averaged  field  cal¬ 
culation  of  X  *2+  and  A  *2+  is  not  as  straightforward. 


Table  I.  Types  of  valenc?  configurations  used. 


X'2+  lo>(2a>+4<r1-t-S^+6ffHlx3+2T«+li1+2a> 

and 

A  ’2+  2ff3<r+4ffS<r  +  4tr3(7+S<r3<r+6ff3ff+lir2ir  +  li2i) 

5*11  I<7,(2dl5t4-3<r2ir+4ff3ir+2)rli4-3irli) 

*11  I(7*(2<}ljt+3<r2ir+4tr37r  +  2)rli+3!rli) 

'S+  l<r,(2d3d+4trbi/  +  lir27r+142J) 


Fifteen  configurations  were  used  and  are  given  in 
Table  I.  The  lowest  energy  configuration  of  *2+  sym¬ 
metry  at  intermediate  R  values  is  l?s2ai,  and  of  neces¬ 
sity  ionic  (Li+H“).  The  2 a  is  a  li  H“  type  orbital.  The 
configuration  of  next  lowest  energy  in  the  intermediate 
R  range  is  la*2a3a.  In  this  case  the  2a  orbital  is  a  much 
more  contracted  li  H-like  orbital,  and  the  3a  is  a  diffuse 
2s-2p  hybrid  on  Li.  Because  of  the  double  occupation 
in  the  ground  state,  the  2a  orbital  determined  in  the 
averaged  field  calculations  is  essentially  that  for  the 
ground  state.  Thus  it  is  too  diffuse  in  nature  to  describe 
adequately  the  2a  orbital  in  the  A  *2+  state.  The  pur¬ 
pose  of  the  thirteen  additional  configurations  was  to 
correlate  the  ground  and  first  excited  state  and  to  make 
up  for  the  2a  orbital  deficiency  in  the  excited  state. 
Because  of  the  doubly  occupied  configurations,  the 
4a,  Sa,  and  6 a  orbitals  essentially  contribute  to  in-out 
and  left-right  correlation  of  the  ground  state.  By  not 
including  a  3a!  configuration  which  would  attempt  to 
correlate  the  ground  2a  also,  we  tried  to  make  the  3a 
orbital  an  orbital  of  the  excited  state  only.  By  consider¬ 
ing  2a a  *z+=2 ax  *z++4a+5o+6a  ;n  order  to  make  up 
for  orbital  deficiency,  the  configurations  3o4o,  3o5o, 
and  3a6a  arise.  The  doubly  occupied  ir  and  5  configura¬ 
tions  primarily  introduce  angular  correlation  into  the 
ground  state,  while  the  1jt2it  and  1525  configurations 
are  more  effective  in  correlating  the  A  '2+  state.  A 
discussion  of  the  orbitals  and  important  configurations 
in  the  wavefunctions  of  these  two  ,2+  states  at  several 
internuclear  distances  is  postponed  until  the  next  sec- 
tion. 

It  was  found  both  convenient  and  time  saving  to 
move  across  the  potential  curves  in  one  direction  using 
the  converged  orbital  coefficients  for  each  state  at  the 
preceding  internuclear  distance  to  begin  the  calcula¬ 
tion  at  each  point.  No  convergence  difficulties  in  solving 
the  SCF  equations  were  encountered  in  the  calculation 
of  the  B  ‘II,  Jn  and  ‘2+  states.  These  states  retained 
the  same  dominant  configuration  all  across  the  potential 
curves,  the  orbitals  of  the  additional  configurations 
being  solely  used  to  correlate  the  valence  electrons. 
In  the  averaged  field  calculation  of  the  A  *2+  and  X  '2+ 
states,  convergence  difficulties,  characterized  mainly 
by  orbital  flipping  among  the  valence  sigma  orbitals, 
could  be  avoided  when  the  R  step  size  through  the 
curve-crossing  regions  was  made  small  enough.  It  is 
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Table  II.  Basis  set  of  Slater-type  orbitals:  23<rX8irX44. 


N 

L 

M 

K 

Zeta 

1 

1 

1 

0 

0 

1 

4.6351 

2 

2 

1 

0 

0 

1 

2.4730 

3 

3 

2 

0 

0 

1 

1.0330 

4 

4 

2 

0 

0 

1 

0.8237 

S 

5 

2 

0 

0 

1 

0.5100 

6 

6 

3 

0 

0 

1 

2.6811 

7 

7 

2 

1 

0 

1 

3.9004 

8 

8 

2 

1 

0 

1 

2.1109 

9 

9 

2 

1 

0 

1 

1.0758 

10 

10 

2 

1 

0 

1 

0.7359 

11 

11 

2 

1 

0 

1 

0.5100 

12 

12 

2 

1 

0 

1 

0.3500 

13 

13 

3 

2 

0 

1 

1.4974 

14 

14 

3 

2 

0 

1 

0.9866 

IS 

IS 

4 

3 

0 

1 

1.7748 

16 

16 

1 

0 

0 

2 

1.9R83 

17 

17 

1 

0 

0 

2 

1.0000 

18 

18 

1 

0 

0 

2 

0.7000 

19 

19 

1 

0 

0 

2 

0.4000 

20 

20 

2 

0 

0 

2 

2.2425 

21 

21 

2 

1 

0 

2 

1.0633 

22 

22 

2 

1 

0 

2 

0.5480 

23 

23 

3 

2 

0 

2 

1.5774 

24 

1 

2 

1 

1 

1 

1.5600 

25 

2 

2 

1 

1 

1 

0.7800 

26 

3 

2 

1 

1 

1 

0.5472 

27 

4 

2 

1 

1 

1 

0.3500 

28 

5 

3 

2 

1 

1 

1.0000 

29 

6 

2 

1 

1 

2 

2.0000 

30 

7 

2 

1 

1 

2 

1.0000 

31 

3 

3 

2 

1 

2 

2.1000 

32 

1 

3 

2 

2 

1 

1.0000 

33 

2 

3 

2 

2 

1 

0.5000 

34 

3 

3 

2 

2 

2 

2.0000 

35 

4 

3 

2 

2 

2 

1.0000 

felt  that  the  dual  role  of  these  orbitals — that  of  cor¬ 
relating  the  ground  state  2 a  and  making  up  for  de¬ 
ficiencies  in  the  excited  state  2«r — imposed  a  strain.  The 
valence  sigma  orbitals  were  attempting  to  optimize 
simultaneously  in  several  different  regions  of  space. 

CHOICE  OF  BASIS  SET 

The  importance  of  choosing  a  good  basis  set  cannot 
be  underestimated  in  a  multiconfiguration  technique, 
for,  in  the  limit  that  all  configurations  are  included, 
the  basis  set  determines  the  quality  of  the  calculation. 
Since  the  same  basis  set  of  Slater-type  functions  (STF’s) 
was  used  for  four  of  the  five  states  of  LiH,  the  following 
factors  were  considered  important  in  selecting  it: 

(1)  how  well  it  reproduced  the  ground  state  Hartree- 
Fock 

(2)  how  adequate  it  was  for  description  of  correlating 

orbitals 


(3)  in  the  averaged  field  case,  how  it  could  com¬ 
pensate  for  orbital  deficiencies 

(4)  how  well  it  could  describe  the  excited  states. 

Utilizing  the  same  basis  set  for  all  states  is  economi¬ 
cal,  in  that  integrals  have  to  be  calculated  only  once  at 
each  intemuclear  distance.  Also,  it  ensures  that  the 
representation  of  the  core  orbital  does  not  change  from 
one  state  to  another.  The  calculation  of  the  transition 
moment,  in  addition,  is  considerably  simplified.  Since 
one  of  our  primary  interests  was  in  accurately  calculat¬ 
ing  the  ground  and  fir«f  excited  '2+  states,  we  knew 
that  we  needed  a  largo  and  flexible  basis  set.  It  seemed 
reasonable,  therefore,  that  with  few  extra  functions 
added  the  basis  would  be  sufficient  for  the  II  states 
also. 

The  basis  set  used  in  our  final  calculation  is  listed 
in  Table  II.  A  subset  of  21<r,  7ir  and  43  STF’s  (all  the 
listed  functions  except  for  those  numbered  12,  19,  27) 
was  optimized  at  the  equilibrium  inte. nuclear  distance 
for  the  X  '2+  state  with  the  2<r  shell  correlated.  Pre¬ 
liminary  calculations  were  carried  out  with  this  re¬ 
duced  basis  and  it  was  found  necessary  to  add  the  three 
additional  diffuse  functions  (12,  19,  and  27)  in  order 
to  describe  better  the  A  '2+  state  and  the  II  states. 
The 1 2  32+  state,  however,  was  not  recalculated.  The 
total  basis  set  yielded  for  the  X  '2+  s'  ate  the  Hartree- 
Fock  energy  of  —7.987317  hartree  at  3.0  bohr,  essen¬ 
tially  the  Hartree-Fock  limit. 

CALCULATED  POTENTIAL  CURVES 

The  potential  curves  obtained  are  given  in  Tables 
III  and  IV  and  displayed  in  Fig.  1.  Within  the  frame¬ 
work  of  the  Hartree-Fock  model  the  X  *2+  state  with 
configuration  l<rJ2<r*  will  dissociate  to  ions,  Li+(*5)  + 

Table  III.  Potential  curves  for  four  states  of  LiH. 


R  X'X\  A  >S+,  B  'II,  «n, 

(bohrs)  E(hartrees)  E (hartrees)  JE(hartrees)  E(hartrees) 


2.00 

-7.948461 

-7.80449* 

-7.7667212 

-7.7857226 

2.25 

-7.986659 

-7.841651 

-7.8048017 

-7.8225261 

2.50 

-8.007771 

-7.865183 

-7.8288091 

-7.8452320 

2.75 

-8.017994 

-7.880054 

-7.8438361 

-7.8588998 

3.00 

-8.021254 

-7.889358 

-7.8531226 

-7.8667765 

3.25 

-8.020163 

-7.895156 

-7.8587516 

-7.8709706 

3.50 

-8.016339 

-7.898690 

-7.8620695 

-7.8728632 

4.00 

-8.004649 

-7.902121 

-7.8649605 

-7.8730600 

4.50 

-7.990950 

-7.903239 

-7.8656627 

-7.8714465 

5.00 

--7.977741 

-7.903563 

-7.8656819 

-7.8696445 

5.50 

-7.965892 

-7.903427 

-7.8655471 

-7.8681780 

6.00 

-7.955901 

-7.902660 

-7.8654140 

-7.8671223 

6,50 

-7.948031 

-7.900999 

-7.8653134 

-7.8664058 

7.50 

-7.938476 

-7.894651 

-7.8651918 

-7.8656261 

8.50 

-7.634672 

— 7.c85984 

-7.8651279 

-7.8652968 

10.00 

-7.933082 

-7.874234 

-7.8650787 

-7.8651187 

12.00 

-7.932752 

-7.866065 

-7.8650508 

-7.8650565 
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The  ionic  dissociation  limit  lies  about  4.64  eV 
above  the  neutral  atoms.  [The  ionization  potential  of 
Li(’51  is  5.39  eV®  and  the  electron  affinity  of  H(*5)  is 
taken  as  0.75  eV9.]  The  neutral,  ground-state  atoms 
Li(l5)  and  H(25)  can  give  rise,  however,  to  molecular 
stales  ‘2+  and  *2+.  By  the  adiabatic  noncrossing  rule, 
therefore,  the  X  ‘2+  state  must  dissociate  to  Li(*5)+ 
H(J5).  Consequently  the  wavefunction  must  change 
character  from  ionic  to  neutral  as  the  potential  curve 
is  traversed  from  small  to  large  R,  and  this  is  well  de¬ 
scribed  by  an  MCSCF  type  wavefunction. 

The  A  *2+  state,  with  molecular  configuration 
1</J2a3a,  is  predominantly  Li-H+  for  small  R.  In  the 
region  6.0-10.0  bohr,  however,  this  state  interacts 
strongly  with  the  l/R  ionic  curve  which  is  dominant 
in  the  ground  state  for  small  R.  As  the  ground  state 
becomes  more  neutral  in  order  to  dissociate  correctly, 


the  A  '2+  becomes  ionic  (Li+H~)  with  dominant  con¬ 
figuration  l<rJ2crI.  This  state  would  dissocial  e  to  ions  if  it 
were  not  for  the  fact  that  the  excited  atoms  Li(*P)-i- 
H(*5)  can  also  give  rise  to  a  '2+  state.  This  dissociation 
limit  lies  1.85  eV  above  the  ground  state  neutrals — 
almost  three  electron  volts  lower  than  the  ionic  limit. 
Therefore,  the  A  *2+  state  must  for  large  R  become 
neutral  and  dissociate  to  Li^PJ+H^S).  Two  avoided 
crossings  which  alter  the  character  of  the  wave  function 
occur  in  this  A  ’2+  state. 

In  Table  V  are  listed  the  four  most  important  con¬ 
fix  ions  in  the  X  '2+  and  A  '2+  calculation  and  the 
appropriate  Cl  mixing  coefficients  for  each  state  at 
three  different  intemuclear  distances.  These  distances, 
3.0,  7.5,  and  12.0  bohr  were  chosen  to  show  how  the 


Table  IV.  Potential  curve  points  for  *2+* 

R 

Energy 

R 

Energ, 

(bohrs) 

(hartrees) 

(bohrs) 

(hartrees) 

2.0 

-7.81863 

4.0 

-7.91984 

2.5 

-7.87889 

5.0 

-7.92584 

2.9 

-7.90027 

6.0 

-7.92944 

3.0 

-7.90366 

7.5 

-7.93189 

3.1 

-7.90655 

9.0 

-7.93256 

3.5 

-7.91442 

12.0 

-7.93271 

*  Calculated  using  a  21<rX7irX4 S  set  of  STO’s  given  in  Table 
IH  eliminating  basis  functions  12,  19,  and  27. 


character  of  the  wavefunctions  for  these  states  changes 
with  R.  The  orbital  expansion  coefficients  for  the  2a, 
3a,  and  4a  orbitals  at  the  three  intemuclear  distances 
are  presented  in  Tables  VI,  VII,  and  VIII,  respectively. 
At  3.0  bohr  the  dominant  configuration  for  the  ground 
state  is  la*2a*  with  the  diffuse  2a  having  most  weight 
on  basis  functions  17,  18,  and  19  (Table  VI).  There 
is  some  small  Li  2s  -2p  contribution — enough  to  indicate 
that  this  is  a  molecular  orbital.  The  3a  is  diffuse  2rLi 
with  some  2pu  and  diffuse  H-  character — also  a  me 
lecular  orbital.  The  4a  character  is  difficult  to  pinpoint, 
but  it  has  large  contributions  on  H  basis  functions  to 
correlate  the  2a  and  contributions  arising  also  from 
Li  2s  and  2 p  functions. 

In  going  from  3.0  to  7.5  bohr  the  orbitals  of  course 
do  change  character  slightly,  but  not  drastically.  In¬ 
dividual  changes  are  difficult  to  identify  with  such  a 
large  basis  merely  by  looking  at  the  orbital  expansion 
coefficients.  The  change  in  the  configuration  mixtures 
for  the  states  is  to  be  noted  at  7.5  bohr.  Now  the  lo*2a3a 
configuration  is  dominant  in  the  A'  '2+  state  and  the 
A  *2+  state  is  predominantly  loJ2a1.  The  ground  state 
has  become  neutral  and  the  first  excited  state  ionic. 

Table  V.  Dominant  configurations  in  the  X'E+and  A  T*  states. 


Configuration  mixing  coefficients 


lff*2»* 

lff*2*3<r 

1«A4*» 

lj*3<r4<r 

R“3.0  bohr 

X>2+ 

0.96 

-0.23 

-0.10 

0.07 

A  l2+ 

0.24 

0.94 

-0.03 

-0.24 

R-  7.5  bohr 

X  l2+ 

-0.40 

0.78 

0.13 

-0.39 

A  »2+ 

0.84 

0.44 

-0.22 

-0.21 

R- 12.0  bohr 

X  ‘2+ 

-0.07 

0.77 

0.04 

-0.62 

A  *2+ 

0.84 

0.06 

-0.54 

-0.05 
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-  Table  VI.  Comparison  of  2,  orbital  for  X  and  A  V  state,  at  three  internuclear  distances. 


a  Basis  functions 


A/  K  Zeta 


■f.  6351 
2 . 4730 
1.0330 
0,8, >37 
0.5100 
2.6811 
3.9004 
2,1109 
1.0758 
0.7359 
0.5100 
0.3500 
1.4974 
0.986< 
1.7748 
1.9883 
1.0000 
0.7000 
0.4000 
2.2425 
1.0638 
0.5480 
1.5774 


Orbital  coefficients 

3,0  bohr  7.5  bohr  12.0  bohr 


-0.00305 
-0.12211 
-0.01111 
0.20176 
-0.17579 
-0.03582 
0.00560 
-0.00410 
0.09521 
0.11922 
0.03258 
-0.01408 
0.00919 
0.01120 
0.00279 
0.07231 
0.26934 
0.40755 
0  13425 
0.01403 
-0.02485 
-0.02622 
0.00344 


-0.00045 
-  0.01359 
-0.14824 
0.24952 
-0.12169 
0  00632 
0.00166 
0.00763 
-0.03667 
0.12243 
0.24619 
-0.05585 
-0.00906 
0.02561 
0.00094 
0.07333 
0.19550 
0.39494 
0.24966 
0.02760 
0.010s2 
-0.05529 
0  00153 


-0.00058 

-0.00412 

-0.01674 

-0.01999 

0.04033 

-0.00305 

0.00103 

0.00783 

0.02540 

-0.03274 

0.61914 

-0.02548 

-0.00143 

0.0<m7 

0.00013 

0.01961 

0.57531 

0.03894 

0.16892 

0.00469 

0.00765 

-0.01872 

-0.00012 


At  12.0  b  the  2<r  orbital  is  well  represented  as  a  linear 
Tbinat'on  °f  a  diffuse  Li  2 p  function  and  an  H  \s, 
’  (2pu+lr„)  The  4<r  orbital  is  just  the  orthogonal 
component  to  this,  (2 pLl~  lf„)  Very  atomiclike  at  this 
internuclear  distance,  the  3<r  orbital  is  2ju  with  essen- 

Because  the  A  '2+  dissociates 
o  i(  £)+H(  S)  and  uas  no  Li  2j  character  at  large  R 
the  weights  for  configui  ations  la*2<r3<,  and  are 

very  small  in  this  state.  One  can  understand  the  con¬ 
figuration  mixture  for  both  states  from  a  valence-bond 
standpoint  For  the  A  '2+  state  the  2<r»  configuration 
S,fln  l«t  (2Au+lm)i  while  the  4<r«  configuration 
1j„)  enters  with  the  opposite  sign.  Thus  valence 
bond  components  2puhtl  are  enhanced,  while  the 
ionic  components  2 pu*  and  1jh*  ate  subtracted.  The 
fPwjB  description  is  necessary  to  be  consistent  with 
the  dissociation  limit. 

The  same  sort  of  argument  explains  the  equal  mag- 

rdve.'Ut  ?PP°^  *ign  mixi’’re  of  2<r3<r  and  3<r<kr  in 

'26 V9te\WemhaVe’ ln  ‘erms  of  atomic  Unctions 

rihni+  H)(  L1'"(2AU~llH)(2xLl)-  The  2^i2rL1  con¬ 
tributions  cancel,  while  the  2,L11,H  components  add, 

gtving  us  what  we  expect  for  dissociation  to  Li(»5)-f 

The  remaining  states  arising  from  the  Li(*£)+ 
H(  $/  separated  atom  limit  are  B  >n,  *n  and  *2+.  Of 
three  we  performed  calculations  on  the  II  states,  only 
which  have  the  dominant  configuration  Io*2<tIt  The 
2  state  we  did  compute  is  the  lowest  of  that  par¬ 


ticular  symmetry  (with  configuration  l<r>2<r3<r)  and 
is  a  repulsive  state  dissociating  to  ground  state  neutrals. 

In  order  to  calculate  dissociation  energies  from  the 
potential  curves  for  each  of  the  molecular  states  we 
need  the  e  iergies  of  the  separated  atoms  at  the  dis¬ 
sociation  limits.  Because  we  are  not  correlating  the 
Itr  lithium  core  at  all  we  want  the  energy  of  the  sepa¬ 
rated  atoms  to  reflect  this.  Therefore  wc  choose  to  take 

iThSIh  icwu  en?gi,eS  at  the  diss°ciation  limit 
T  V,  ^  the  caIculatcd  Hartree-Fock  energy  of 

fL,(« LfrI432726  hartree'°  and  the  exact  energy 
for  H(*5)  of  £=-0.5  hartree.  The  sum  of  these  two 
energies,  £=-7.932726  hartree,  gives  the  separated 
atom  ground  state  energy  with  an  uncorrelated  1*  shell 
on  lithium.  The  X  U+  and  *2+  state  dissociate  to 
these  separated  atoms.  I‘  can  be  seen  from  Tables  III 
and  IV  that  at  12.0  boll  both  states  are  virtually  at 
this  energy  limit.  y 

vjMct  S^COnd  dissociation  limit  of  interest  is  Li  (* P)  -f 
H(  5),  involving  a  2s-*2p  excitation  of  the  lithium 
valence  electron  from  the  ground  state  atom.  Using 

h»rt  L'ii^i  I?artree_.Fock  energy-  £=-7.365068 
HUSns  ’’f1  e"ergy  f°r  Li(,p)  + 

“  ,,7  f  J'8650^  hartree.  An  estimate  for  this  limit 
could  also  be  made  using  the  Li(’S)  Hartree-Fock 

7?  ™-!  P  T'imr  energy'8  An  ener8y  about 

73  cm  higher  than  that  quoted  above  is  obtained 
because  this  does  not  account  for  a  difference  in  cor 
relation  in  the  lr*2r  versus  ls*2p  configurations.  It 
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Table  VII.  Comparison  jf  3 <r  orbiial  for  X  and  A  lZ+  states  at  three  intemuclear  distances. 


1 

2 

3 

4 

5 

6 

7 

8 

9 

10 
11 
12 

13 

14 

15 

16 

17 

18 

19 

20 
21 
22 
23 


a  Basis  functions 


N  L  M 


1  0  7 

1  0  0 

2  0  0 

2  0  0 

2  0  0 

3  0  0 

2  1  0 

2  1  0 

2  1  0 

2  1  0 

2  1  0 

2  1  0 

3  2  0 

3  2  0 

4  3  0 

1  0  0 

1  0  0 

1  0  0 

1  0  0 

2  0  0 

2  1  0 

2  1  0 

3  2  0 


X 


1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

2 

2 

2 

2 

2 

2 

2 

2 


Orbital  coefficients 

Zeta  3.0  7.5  12.0 


4.6351 

0.00966 

2.4730 

0.10867 

5.0330 

0.24515 

0.8237 

-0.70832 

0.5100 

-0.71703 

2.6811 

0.01010 

3.9004 

0.00135 

2.1109 

0.01054 

1.0758 

-0.01736 

0.7359 

0.19866 

0.5100 

0.29576 

0.3500 

-0.06852 

1.4974 

0.00091 

0.9866 

0.00420 

1.7748 

0.00012 

1.9883 

0.01686 

1.0000 

-0.05517 

0.7000 

-0.02557 

0.4000 

0.44309 

2.2425 

0.00412 

1.0638 

0.00393 

0.5480 

-0.03627 

1.5774 

0.00062 

0.01023 

0.01039 

0.15640 

0.15903 

0.41298 

0.47360 

-1.09659 

-1.19227 

-0.36182 

-0.29639 

0.02160 

0.01323 

0.00024 

0.00015 

0.00477 

0.00077 

-0  00845 

0.00595 

0.02614 

-0.01513 

0.20617 

0.1)802 

-0.05162 

-0.01816 

-0.00326 

-0.00020 

0.00895 

0.00050 

0.00025 

0.0000? 

0.00356 

-0.00255 

0.00899 

0,02582 

-0.06606 

-0.04177 

0.16701 

0.03730 

0.00049 

-0.00183 

-0.00130 

-0.00176 

-0.02082 

-0.00494 

0.00062 

0.00022 

may  be  seen  from  Table  III  that  the  *11  and  B '  (I  states 
have  converged  to  this  limit  at  12.0  bohr  and  that  the 
A  'X+  state  is  still  slightly  below  this  limit. 

The  energy  minima  of  the  potential  curves  for  the 
four  hound  states  were  obtained  by  polynomial  inter¬ 
polation  between  the  calculated  points  and  are  listed 
in  Table  IX.  Also  listed  in  this  table  are  the  inter- 
nuclear  distance  at  the  energy  minimum  (Rmin).  the 
dissociation  energies  calculated  from  Emin  and  the  dis¬ 
sociation  limits  discussed  here,  and  the  experimental 
values.  The  calculated  D.’s  are  all  less  than  the  experi¬ 
mental  quantities  which  is  to  be  expected  in  a  varia¬ 
tional  type  calculation  where  the  exact  energy  eigen¬ 
value  has  not  yet  been  reached. 

The  experimental  Df’s  are  thought  to  be  relatively 
accurate — to  within  ±0.0002  eV.  The  bands  observed 
by  Velasco*  for  the  B  'II-X  'S+  system  showed  clear 
breaking  off  of  the  rotational  structure.  This  was  at¬ 
tributed  to  rotational  predissociation  of  the  upper 
state.  Extrapolation  of  the  limiting  curve  of  dissocia¬ 
tion  yields  a  dissociation  limit  for  the  B  ’ll  state  which 
is  felt  to  be  accurate  to  within  several  wavenumbers. 
Using  the  2s—>2p  excitation  energy,  the  dissociation 
limit  for  the  ground  state  was  obtained  by  Velasco 
also. 

The  largest  difference  between  our  calculated  and  the 
experimental  D,  is  in  the  X 12+  state.  The  calculated 
D,  is  about  845  cm"1  smaller  than  experiment  would  in¬ 
dicate.  Thus  the  minimum  of  our  potential  curve  for 


this  state  lies  845  cm"1  too  high.  This  discrepancy  in 
the  ground  state  is  not  surprising  for  several  reasons. 
One  factor  is  the  use  of  the  averaged  field.  At  3.0  bohr, 
using  the  same  set  of  configurations  as  in  the  averaged 
field  calculation,  the  energy  for  the  X  ‘2+  state  was  ob¬ 
tained  alone.  This  energy,  E=  —  8.021974  hartree,  is  143 
cm"1  below  the  averaged  field  X  '2+  minimum.  Another 
source  of  error  is  neglecting  to  account  for  the  change 
in  the  intershell  correlation.  As  the  potential  curve  is 
traversed  from  small  to  large  R,  the  2a*  pair  breaks 
apart,  leaving  at  the  separated  atim  limit  only  two 
la-2tr  (or  1j-2j)  pairs  instead  of  four.  At  the  potential 
minimum,  therefore,  we  have  twice  as  much  correlation 
error  due  to  la— 2<r  pairs  as  at  the  separated  limit.  This 
is  estimated,  from  calculations  on  the  K-L  shell  cor¬ 
relation  energy  of  the  united  atom  Be,1*  to  be  not  more 
than  500  cm”1.  The  largest  error,  however,  is  probably 
due  to  incomplete  correlation  of  the  2a  shell.  We  esti¬ 
mate,  from  calculations  of  comparable  accuracy  using 
the  MCSCF  method  for  two-  and  four-electron  atomic 
systems,11  that  90%-95%  of  the  correlation  energy  of 
the  2a  pah  was  obtained.  Therefore  somewhere  between 
400  and  800  cm-1  of  correlation  energy  is  still  unac¬ 
counted  for.  Our  error  of  845  cm-1  is  thus  easily  at¬ 
tributed  to  a  combination  of  the  three  factors  just  dis¬ 
cussed. 

The  other  two  states  for  which  experimental  D,’s  are 
known,  the  B  ‘II  and  A  *2+,  are  shown  to  be  too  shallow 
by  143  and  232  enr1,  respectively.  Although  we  have 
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Table  VIII.  Comparison  of  4 <r  orbital  for  A'  and  A  *Z+  states  at  three  internuclear  distances. 


a  Basis  functions 

Zeta 

Orbital  coefficients 

N 

L 

M 

K 

3.0 

7.5 

12.0 

1 

1 

0 

0 

1 

4.6351 

0.00654 

-0.00154 

-0.00061 

2 

1 

0 

0 

1 

2.4730 

-0.14538 

-0.02034 

-0.00513 

3 

2 

0 

0 

1 

1.033C 

0.14033 

-0.29442 

0.02668 

4 

2 

0 

0 

1 

0.8237 

0.14749 

0.48290 

-0.03019 

5 

2 

0 

0 

1 

0.5100 

-0.455:3 

-0.24050 

0.05143 

6 

3 

0 

0 

1 

2.6811 

-0.07510 

0.01469 

-0.00504 

7 

2 

1 

0 

1 

3.9004 

-0.005*0 

-0.00577 

0.00365 

8 

2 

1 

0 

1 

2.1109 

0.01181 

0.03837 

0.00348 

9 

2 

1 

0 

1 

1 .0758 

0.11971 

-0.13880 

0.04712 

10 

2 

1 

0 

1 

0.7359 

0.39131 

0.34243 

-0.06016 

11 

2 

1 

0 

1 

0.5100 

-0.04435 

0.38885 

0.78293 

12 

2 

1 

0 

1 

0.3500 

0.02392 

-0.07891 

-0.03383 

13 

3 

2 

0 

1 

1.4974 

0.01238 

-0.01748 

-0.00105 

14 

3 

2 

0 

1 

0.9866 

-0.00931 

0.04821 

0.00263 

15 

4 

3 

0 

1 

1.7748 

-0.00335 

0.00154 

0.00009 

16 

1 

0 

0 

2 

1.9383 

-0.01101 

0.09821 

0.02109 

17 

1 

0 

0 

2 

1.0000 

-2.65779 

-1.80925 

-0.88332 

18 

1 

0 

0 

2 

0.7000 

2.35030 

0.89112 

0.05627 

19 

1 

0 

0 

2 

0.4000 

0.21902 

0.44637 

0.20362 

20 

2 

0 

0 

2 

2.2425 

-0.16867 

0.00603 

0.00403 

21 

2 

1 

0 

2 

1.0638 

-0.24561 

0.00745 

0.01779 

22 

2 

1 

0 

2 

0.5480 

-0.07226 

-0.11000 

-0.022*4 

23 

3 

2 

0 

2 

1.5774 

0.01260 

0.00286 

-0.00078 

made  the  least  absolute  error  in  calculating  the  B  ‘II 
state,  the  143  cm-1  represents  about  half  the  binding 
energy  for  this  state  and  thus  will  greatly  affect  sub¬ 
sequent  calculations  of  spectroscopic  quantities.  The 
correlation  energy  in  these  two  states  is  very  small 
compared  to  that  in  the  X  lZ+  state — less  than  10%. 
The  remaining  correlation  energy  between  the  valence 
electrons  unaccounted  for  is  felt  to  be  less  than  SO  cm-1. 
The  amount  by  which  our  dissociation  energies  differ 
from  experiment  probably  reflects  the  neglect  of  the 
change  in  correlation  of  two  \a-2a  pairs  as  the  potential 
curve  is  traversed. 


The  calculated  T.  values  evidence,  also,  the  fact  that 
the  error  in  the  ground  state  is  much  larger  than  the 
error  in  either  excited  state: 

T.  ( A  «2+-  X  *2+)  =  25  842  cm"1  (exptl  26  5 10) 

r,(B,n-AT,2+)  =  34  153  cm-1  (exptl  34  912) 

T.(A  *2+-B,n)=  8  310  cm"1  (exptl  8  402) 

The  Rmin  for  the  X  *2+  state  agrees  reasonably  well 
with  experiment;  however,  the  agreement  for  the  A  '2+ 
and  B  lII  states  appears  exceptionally  poor.  The  reason 
for  this  may  be  seen  in  the  fact  that  both  of  these  po- 


Table  IX.  Energy  minima,  dissociation  energies,  and  £,’ s  for  four  states  of  LiH. 


State 

£mio  (hartree?!)* 

D,(calc,  eV) 

D,  (exptl,  cV)b 

£®i»(bohrs)» 

£,(  exptl,  bohrs) 

X*Z+ 

-8.021321 

2.411° 

2.5154 

3.05 

3.015-* 

A  >Z+ 

-7.903574 

1.048° 

1.0765 

5.12 

4.9064-* 

fl‘n 

-7.865709 

0.017° 

0.035 

4.75 

4.494b 

*n 

-7.873358 

0.226° 

3.76 

•  Minimum  of  electronic  potential  curve  obtained  by  fifth  order  polynomial  interpolation. 
b  See  Ref.  6. 

•  Dissociation  limit  energy  of  Li(,5)-f  H^S),  £=  —  7.932726  hartree. 
d  See  Ref.  9,  p.  546. 

•  Dissociation  limit  energy  of  LifVl+H^S),  £=—7.865068  hartree. 
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ten  rial  curves  are  very  fiat  around  their  minima.  It 
will  be  seen,  however,  in  a  following  paper  presenting 
a  spectroscopic  analysis  of  the  potential  curves,  that 
the  discrepancy  is  also  due  to  the  fact  that  R.  values 
obtained  by  an  extrapolation  of  the  B,’s  do  not  cor¬ 
respond  to  the  minima  of  these  potential  curves. 

DISCUSSION  AND  COMPARISON  WITH  OTHER 
THEORETICAL  RESULTS 

Lithium  hydride  has  been  the  testing  ground  for 
almost  every  ab  initio  method  proposed  for  extending 
calculations  beyond  the  Hartree-Fock  level  in  mole¬ 
cules;  and  although  a  plethora  of  theoretical  calcula¬ 
tions  on  LiH  exist,  there  are  very  few  for  which  a  com¬ 
parison  with  ours  is  instructive.  This  is  due  to  the  fact 
that  most  calculations  are  for  the  ground  state  at  its 
potential  minimum  (£.=  3.015  bohr),  only,  and  most 
attempt  correlation  of  both  core  and  valence  elec¬ 
trons.  A  brief  review  of  several  of  these  calculations 
follows.  For  comparison,  Cade  and  Huo’s  calculation 
(E=  —  7.987313  hartree)  for  the  X*2+  state  is  prob¬ 
ably  close  to  the  true  Hartree-Fock  energy  for  the 
system.  The  experimental  energy  at  the  X  '2+  potential 
minimum  is  -8.0703.12  Although  not  an  upper  bound, 
the  lowest  energy  obtained  to  date  for  the  ground  state 
is  that  of  Boys  and  Handy14  (£=-8.063  hartree) 
using  a  transcorrelated  wavefunction  containing  terms 
explicitly  depending  on  r„.  The  best  variational  calcula¬ 
tion  was  done  by  Bender  and  Davidson,15  using  a 
natural  orbital  approach  and  a  set  of  elliptic  basis 
functions.  They  obtained  an  energy  minimum  of 
—  8.0606  hartree.  Many  other  results  using  various 
techniques  could  be  mentioned15-27;  however,  we  will 
compare  our  work  only  with  those  calculations  which 
correlate  the  valence  shell. 

Our  MCSCF  method,  correlating  the  valence  shell 
alone  is  akin  to  Wahl’s  OVC  method.25  Mukherjee  and 
McWeeny,22  using  a  similar  approach  with  a  frozen 
K  shell,  chose  nine  configurations  to  correlate  the  2 <j 
valence  shell  in  the  ground  state,  obtaining  an  energy 
of  —8.01488  hartree  at  R,.  As  our  basis  set  was  almost 
three  times  as  large  as  theirs,  we  expect  to  do  signifi¬ 
cantly  better  for  the  Xl2+  state;  hence  our  value  of 
£=—8.02131  hartree  is  not  surprising. 

To  date,  the  most  comprehensive  study  of  all  the 
potential  curves  which  we  investigated  is  that  of  Bender 
and  Davidson,20  who  used  a  frozen  l<r  core  and  limited 
configuration  interaction  to  obtain  nineteen  states  at 
nine  different  intemuclear  distances.  Their  work  repre¬ 
sents  the  only  other  calculation  of  the  £'11  and  *11 
potential  curves  besides  our  present  results,  and 
Bender  and  Davidson  do  not  obtain  a  bound  B  *n.  At 
£.=  3.0156  they  obtain  an  energy  of  —8.0036  hartree 
for  the  X  >2+  state.  Our  value  lies  almost  3900  cm-1 
lower.  The  main  difference  here  is  thuught  to  be  our 
optimization  of  the  correlating  orbitals.  In  preliminary 
calculations,  using  fhe  Bender-Davidson  basis  set 


of  13<r,  4tt,  and  15  STF’s,  we  obtained  for  the  X  >2+ 
state  with  four  MCSCF  configurations  l<r2(2(r2+3<r2-(- 
4<r!+lir2)  an  energy  of  £=  -  8.0173  hartree;  3000  cm-1 
lower  than  their  fifty  configuration  result.  To  investi¬ 
gate  whether  our  energy  improvement  might  be  due  to 
changes  in  the  K  shell  upon  correlation  of  the  valence 
shell,  we  froze  our  1  a  orbital  to  the  Hartree-Fock  value 
and  carried  out  the  same  calculation.  The  energy  change 
was  only  6  cm-1,  showing  that  the  K  shell  is  affected 
very  little  by  correlation  of  the  valence  shell.  Thus  the 
3000  cm-1  difference  between  the  50  configuration  Cl 
result  and  our  four  configuration  MCSCF  result  is  due 
to  our  optimization  of  the  valence  and  correlating  or¬ 
bitals  only.  Much  of  the  remaining  difference  between 
our  present  calculation  and  that  of  Bender  and  David¬ 
son  is  due  to  our  more  extensive  basis  set. 

In  the  A  12+  curve,  Bender  and  Davidson  calculate 
the  minimum  to  be  £=-7.8979  hartree  compared  to 
our  —7.9036  hartree — a  difference  of  ~1250  cm-1.  In 
their  calculation  they  obtain  a  repulsive  £>11  state. 
The  lowest  energy  which  they  obtain  is  at  6.0  bohr, 
£=  —  7 .8606  hartree,  compared  to  onr  minimum  for  this 
state  which  is  at  least  1000  cm-1  below  this  value,  and 
at  £ss 4.7  bohr.  The  minimum  of  their  2n  curve, 
E—~  7.8666  hartree,  is  again  higher  than  ours  by 
about  1500  cm-1.  The  fact  that  the  *11  state  is  more 
poorly  described  than  the  B  'II  in  Bender  and  David¬ 
son’s  calculation  is  probably  due  to  an  inadequate  it 
basis  set  on  H.  The  *11  state  has  a  dipole  moment  Li+H- 
which  indicates  a  small  shift  of  charge  to  H  occurring 
in  the  1  *  orbital. 
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LiH  Properties,  Rotation-Vibrational  Analysis,  and  Transition  Moments  for 

X  lz+,  A  1s+,  B  *n,  »s+,  and  *n* 

Rate  K.  DocKENf  and  Juesoen  Hinze 
Department  of  Chemistry,  University  of  Chicago,  Chicago,  Illinois  60637 
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Using  accurate  ab  initio  calculated  potential  curves  and  electronic  wavefunctions  for  the  states  X  ‘X+, 
A  *2+  B  >n,  *2+,  and  *11  for  l’.iH,  various  properties  were  calculated.  These  include  dipole  and  quadrupole 
moment,  field  gradient  at  the  luclei,  etc.  Rotation-vibrational  wavefunctions  were  obtained  and  a  rotation- 
vibrational  analysis  was  carried  out.  Some  of  the  properties  obtained  were  averaged  over  the  appropriate 
rotation-vibrational  wa  vefiinctions.  In  addition  electronic  transition  moments  were  computed  and  from 
this  uv  and  ir  line  strengths  were  obtained.  In  general  the  agreement  with  experimental  values,  where 
available,  is  satisfactory. 


In  the  preceding  paper,  hereafter  referred  to  as 
Paper  I,1  we  discussed  the  calculation  of  the  potential 
curves  for  five  states  of  LiH:  X  12+,  A  l2+,  B  'II,  *U, 
and  32+.  In  computing  electronic  energies  and  wave- 
functions,  essentially  one-half  of  the  Born-Oppen- 
heimer  problem  has  been  solved.  Now,  not  only  can 
we  solve  the  second  half  of  the  Born-Oppenheimer 
problem  for  the  motion  of  the  nuclei  in  each  bound 
state,  but  we  can  also  obtain  information  about  sta¬ 
tionary  state  properties  and  transition  probabilities. 
The  following  sections  describe  the  calculation  of 
various  molecular  properties  using  the  multiconfigura- 
tion  self-consistent  field  (MCSCF)  wavefunctions  and 
potential  curves  of  Paper  I  and  present  the  results. 
These  properties  are  of  three  types  and  will  be  dis¬ 
cussed  separately:  (1)  spectroscopic  quantities  ob¬ 
tained  by  solution  of  the  one-dimensional  radial 
Schrodinger  equation  for  the  nuclear  motion;  (2)  the 
expectation  values  of  certain  one-electron  operators 
evaluated  over  the  electronic  wavefunctions  of  each 
state;  (3)  transition  moments  between  different 
electronic  states. 

I.  VIBRATION-ROTATION  ANALYSIS 

In  the  Born-Oppenheimer  approximation,  it  is 
assumed  that  the  total  wavefunction  of  a  diatomic 
molecule  can  be  expressed  as  a  product  of  nuclear  and 
electronic  wavefunctions,  which  are  solutions  of 
separate  equations.  The  electronic  energies  and  wave- 
functions  are  usually  obtained  as  in  Paper  I  in  a  field 


of  fixed  nuclei  and  thus  depend  parametrically  on  the 
intemuclear  distance  R.  With  the  electronic  energy 
U{R)  playing  the  role  of  the  potential  energy,  the 
Schrodinger  equation  for  the  nuclear  motion  of  a 
diatomic  molecule,  regarded  as  a  symmetric  top,  can  be 
separated  into  angular  and  radial  parts.  The  solution 
has  the  following  form : 

■*=R-'P,.j(R)Yjah(0,<p,  x),  (1) 

where  the  Yjkm’s  are  the  eigenfunctions  of  the  sym¬ 
metric  top. 

In  the  above  expression,  6  is  the  angle  of  the  figure 
axis  of  the  top  with  a  fixed  z  axis;  <p  is  the  azimuthal 
angle  about  the  z  axis;  x  is  the  azimuthal  angle  measur¬ 
ing  rotation  about  the  figure  axis  (z  axis).  The  quan¬ 
tum  number  M  is  the  projection  of  the  total  angular 
momentum  along  an  arbitrary  axis  in  space.  The 
quantum  numbers  J  and  A  differ  in  meaning  according 
to  the  particular  coupling  case  and  will  be  discussed 
below.  P,j(R),  the  vibrational  wavefunction,  is  the 
solution  of  the  one-dimensional  radial  Schrodinger 
equation  (in  atomic  units) : 

(tP/dR})P,.j(R)  -  2M{  U(R)-r[J(J+ 1)  ■ - A*]/2#JP 

-E..j]P.AR)~0,  (2) 

where  ji  is  the  reduced  mass  of  the  nuclei;  U{R)  is  the 
electronic  energy  for  fixed  intemuclear  distance  R 
(including  the  Coulomb  repulsion  of  the  nuclei) ,  and 
v  is  the  vibrational  quantum  number.  U{R)  together 
with  the  centrifugal  potential  term  gives  an  effective 
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Table  I.  Spectroscopic  constants  for  the  slates  A'  >S+,  A  >S+,  B  >n,  and  >n  of  LiH  and  LiD.* 


AT  >2+ 


A  >2+ 


B>n 


*11 


LiH 

LiD 

LiH 

Be  (calc) 

7.35 

4.14 

2.74 

(exptl) 

7.51 

4.28 

2.82 

a,  (calc) 

0.09 

-0.05 

(exptl) 

0.09 

-0.08 

y.  (calc) 

•  •  • 

... 

-0.004 

(exptl) 

... 

... 

-0.026 

u.  (calc) 

1387.47 

1026.85 

290.70 

(exptl) 

1405.65 

1055.12 

234.41 

w.x,  (calc) 

22.24 

11.66 

-11.37 

(exptl) 

23.20 

13.23 

-28.95 

u.y,  (calc) 

... 

... 

-0.35 

(exptl) 

... 

-4.18 

D,  (calc) 

2.411 

1. 

(exptl) 

2.515 

1. 

R.  (calc) 

3.049 

4. 

(exptl) 

3.015 

4. 

^mio  (calc) 

3.05 

5. 

LiD 


LiH 


LiD 


LiH 


LiD 


1.54 

1.61 

-0.02 

-0.01 

-0.001 

-0.002 

195.15 

183.12 

-7.40 

-12.74 

-0.18 

-0.88 


3.11 

3.38 

1.36 

0.99 


171 . 13** 
215.50 
54. 10b 
42.40 


1.74 

1.91 

0.59 

0.43 


133. 12b 
177.28 
34. 15b 
29.13 


0.017 

0.035 

4.688 

4.494 

4.75 


5.01  2 

0.64  0 

620.89  466 

52.38  29 

0.226 
3.693 
3.76 


84 

28 

52 

71 


,  ^  U"'lts  arc  cm  ’  cxcePt  *s  *n  R  *n  bohr.  Conversion  factors  used  are:  1  hartrec  =  27  210  eV=2  1 94762 x  1  n  rm-i 

J  “ Y" °  f >167Xt0"  Cm‘  Th'  “*"*■"«*•  and  ,  *2+  are  from  Ref.  5;  />/,  and  instant) for towUZZ 

b  Determined  using  7(1),  G( 0)  and  the  zero  point  energy  from  A'mi.. 


potential  governing  the  vibration  of  the  nuclei.  For 
each  7  a  spectrum  of  vibrational  eigenvalues  E,.j  and 
corresponding  wavefunctions  P,.j  is  obtained  In 
systems  such  as  ours,  where  we  have  includec  no 
relativistic  effects  in  the  electronic  energy  calculation, 
we  can  really  consider  only  Hund’s  coupling  case  b. 
In  this  instance,  the  quantum  number  7  is  the  total 
angular  momentum  excluding  spin,  and  A  is  the  pro¬ 
jection  of  the  electronic  orbital  angular  momentum 
alons  the  intemuclear  axis.  If  spin-orbit  coupling  had 
been  accounted  for  in  the  electronic  energy  calculation, 
then  the  A  quantum  number  in  the  radial  Schrodingcr 
equation  should  be  0,  and  7  should  be  the  total  angular 
momentum. 

As  the  potential  U(R)  is  usually  obtained  at  a  few 
selected  points  F  it  is  more  convenient  to  solve  Eq. 
(2)  by  numerical  integration.  Since  the  number  of 
calculated  U(R)  points  are  too  sparse  for  a  direct 
numerical  integration  we  have  used  a  fifth  order 
polynomial  interpolation  to  get  the  required  inter¬ 
mediate  points.  For  R< 2.0  bohr  and  R>  12.0  bohr  an 
analytic  extrapolation  was  used  to  extend  the  potential 
curves.  Equation  (2)  was  numerically  integrated 
using  Numerov's  method  as  described  by  Cooley5  with 
certain  modifications  due  to  Blatt.*  From  the  calculated 
vibration-rotation  eigenvalues  spectroscopic  informa¬ 
tion  was  obtained  by  taking  the  appropriate  energy 
differences.  The  resulting  eigenfunctions  P.,j(R)  can 
be  used  to  vibrationally  average  certain  electronic 
properties,  to  give  more  realistic  observables. 

For  the  same  electronic  and  vibrational  state,  the 


energy  difference  between  adjacent  rotational  levels 
can  be  expressed  using  Herzberg’s4  notation  as 

F.(J+ 1  )~F,{J)  =  2(7+  (3) 

The  D,  contribution  is  often  three  orders  of  magnitude 
smaller  than  B„  and  can  usually  be  neglected.  If, 
however, 

[Ft(7+ 1)  -F,(7)]/2(7+ 1) 

is  not  constant  for  a  range  of  J  values  for  a  particular 
the  D,  term  cannot  be  neglected.  Consequently  a 
linear  least  squares  fit  to  (7+1)'  must  be  performed 
to  obtain  B,  and  D„  The  spectroscopic  constants  B, 
and  o,  can  then  be  obtained  by  a  linea-  least  squares 
fit  of  B,  to  (H-l/2)  according  to  the  equation 

B,~B,-a,{  t+1/2).  (4) 

The  AC,+ i/t  values  [where  AG,+1/j«G(»+l)-G(t>)] 
are  the  primary  spectroscopic  information  of  interest 
for  the  vibrational  levels.  For  2  states,  the  AG,+Irt’s 
are  obtained  directly  from  the  7-0  level  by  taking 
energy  differences  between  adjacent  vibrational  states. 
For  electronic  states  of  higher  symmetry,  where  there 
is  no  7-0  level,  the  appropriate  rotational  terms  arc 
subtracted  out.  Although  the  spectroscopic  constants 
u„  u^c„  and  u,y,  can  be  obtained  via  least  squares  fits 
to  the  G(v)  values,  the  most  satisfactory  comparison 
between  theory  and  experiment  is  not  made  with  these 
constants,  but  with  tint  A(/,+ i/j  values  themselves.  W'c 
present  the  computed  and  experimental  spectroscopic 
constants  for  all  four  itates  of  LiH  in  Table  I,  while 


11 
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Table  II.  Vibrational  energy  level  differences*:  X  >E+. 


V 

LiH 

LiD 

AG,+ in 
(calc) 

6G,t,/i 
(expil) b 

AG^.i/1 

(calc) 

AGn,/t 
(expil) b 

0 

1330  95 

1359.77 

1007.39 

1029.08 

i 

1284.93 

1314.85 

981.59 

1003.59 

- 

1241.47 

1270  90 

955.52 

978.56 

3 

1201  34 

931.60 

953.84 

4 

1160.82 

909.14 

5 

1118.47 

886.59 

6 

1076  77 

862.92 

7 

1035.58 

839.33 

8 

995.71 

815.48 

9 

955.75 

792.19 

10 

915.42 

769.32 

11 

874.21 

746.78 

12 

831  58 

724.32 

13 

786  66 

701.60 

14 

738  67 

678  69 

15 

686.25 

655.45 

16 

627.82 

631.59 

17 

561.77 

606.88 

18 

485.54 

581.09 

*  In  cm  ',  AG.„„«G(t>-H)-G(r). 
b  See  Ref.  5. 

the  ix1  ti+xri  End  B,  values  for  LiH  and  LiD  are  given 
together  v/ith  the  experimentally  known  quantities  in 
Tables  II  and  III  for  the  X  ‘2+  state,  Tables  IV  and  V 
for  the  A  ‘2+  state,  Tables  Vr  and  VII  for  the  B  'II, 
and  Tables  VIII  and  IX  for  the  *11. 

In  cases  where  the  theoretical  potential  curve  is 
shallower  than  the  true  curve,  the  energy  level  spacing 
will  be  smaller,  making  the  A.j,+i/t’s  smaller  than  the 
experimental  quantities.  As  we  calculate  a  dissociation 
energy  that  is  smaller  than  the  true  D.  in  every  case, 
the  calculated  AG.+ i/j’s  err  to  a  greater  or  lesser  extent 
in  the  expected  direction. 


Table  III.  Rotational  constrnta*:  X  'E*. 
UH  LID 


In  general,  the  deviation  of  the  B/s  from  the  experi¬ 
mental  values  is  on  the  order  of  0.2  cm-1,  while  for  the 
AGt+i/j's  the  difference  is  from  2  to  30  cm-1.  Although 
the  errors  r  j  approximately  l%-2%  of  the  quantities 
themselves,  the  difference  in  the  magnitudes  is  prob¬ 
ably  due  to  a  different  cancellation  of  error  in  the  two 
cases.  Adjacent  rotational  levels  with  identical  s’s,  the 
difference  of  which  ietermines  B„  lie  very  close  to¬ 
gether.  They  essentially  sample  the  same  region  of  the 
potential  curve— each  with  a  slightly  different  cen¬ 
trifugal  contribution.  The  energy  difference  between 
the  calculated  and  the  true  potential  curve  is  almost 
the  same  for  thest  wo  levels.  Thus  the  error  in  the 
computed  levels  is  approximately  the  same  and  cancels 
out  in  the  subtraction  process  provided  (1  /R})  is 


Table  IV.  Vibrational  energy  level  differences*:  A  'E*. 


V 

LiH 

LiD 

6G,ti„ 

(calc) 

AG,^/, 
(expil)  •» 

6G,fm 

(calc) 

6G„i  n 
(eipil)b 

0 

274.91 

280.96 

199.12 

l 

309.47 

312.96 

221.30 

224.6 

2 

333.52 

335.73 

237.95 

239.92 

3 

350.80 

352.80 

250.68 

252. 19 

4 

363.29 

365.85 

260.53 

262.03 

5 

372.55 

375.60 

268.36 

270. 14 

6 

379.38 

382.68 

274.58 

276  69 

7 

383.99 

387.55 

279.82 

282.00 

8 

386.73 

390.37 

283.79 

286.13 

9 

388.04 

391.59 

286.69 

289  28 

10 

387.76 

391.05 

288.81 

291.60 

11 

385.99 

389. 19 

290.30 

293.08 

12 

382.86 

385.94 

291.18 

293  78 

13 

378.17 

381.32 

291.28 

293.  X) 

14 

371.86 

290.78 

293.34 

15 

363.81 

289.71 

292  11 

16 

353.70 

288.00 

290  41 

17 

341.17 

285.71 

288  0 

18 

325.67 

282.76 

285.2 

*  In  cm**;  6C„,*-G(»+1)-C(-). 
k  Avenged  from  seven  1  band  origins;  see  Ref.  5. 


fl.  (c»lc)  B,  (eipil)k  Bf  (calc)  B.  (expil)* 


7.4067  4.10  4. 1882 

7.1950  4  01  4.0970 

(  9848  3.92  4.0082 

C  7782  3.83  3.9204 

3.75  3.833 

3.67 
3.58 
3  50 


*  In  cm  1 

•  See  Ref  5 


correct.  The  AG.+i/i’s,  however,  are  the  differences 
between  adjacent  vibrational  levels  for  7-0  where 
the  energy  spacing  is  ~100  times  greater  than  for  the 
rotational  levels.  Neighboring  vibrational  levels  sample 
different  regions  of  the  potential  curve  and  thus  have 
different  intrinsic  error  which  will  not  completely 
cancel  out  in  taking  th;  difference. 

Hecause  the  calculated  B,’%  agree  very  closely  wilh 
the  corresponding  expcr  mental  values,  the  R.' s  calcu¬ 
lated  from  these  0/ s  [/?.-.  1  HiuB.yn]  also  acrcc  well 
with  experiment.  These  RJt  do  net  agree,  in  most 
cases,  with  the  Rf s  obtained  by  interpolating  the 
calculated  potential  curve  points  to  obtain  the  min- 


0  7,26 

l  7.05 

k  2  6  83 

3  6  63 

4  6  44 

5  6  24 

6  6.04 

,  7  5  81 
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imum.  The  R  value  at  the  minimum  of  the  electronic  Tablf  \ 
potential  curve  will  be  denoted  Thus  the  spec™ 
scopic  #,  IS  not  always  the  minimum  of  the  electronic 
potential  energy  curve,  except  for  the  potential  curves 
very  harmonic  near  the  minimum.  In  comparing  the  *. 

theoretical  results  to  experiment,  then,  the  R,  ealeu-  '  • 

lated  from  B„  rather  than  the  Rmla,  should  be  com¬ 
pared  with  the  spectroscopic  R,  values.  0  66 

Using  the  electronic  potential  curve  for  each  bound  , 

state,  we  computed  vibration-rotation  levels  for  both  _ 

can  and  LiD  using  the  atomic  masses  TLi=  7.01600  .T  ~  ' 
D“?.0140.  Most  of  the  dbcu^Jn  hi* 
he  following  sections  wili  center  on  LiH  to  avoid 
repetition,  as  most  of  the  trends  observed  in  LiH  are 
seen  in  LiD  also. 


Table  VI.  Vibrational  energy  level  differences*:  B  'll. 


at;..,. 

66.,,., 

4  eapil)  *• 

'calc) 

lejqjtll* 

130  7 J 

67  || 

119  on 

45  90 

••• 

M  82 

i'(t-H.y) 

-B,)J{J+ 1) 

here  for  J 

- 1 

Table  V.  Rotational  constants*:  A  >2+. 


^5.  (calc)  B,  (expll)fc  fl.  (calc)  B,  (expil)* 


2  8536 
2.8897 
2.9044 
2.9083 
2.9057 
2.8959 
2.8804 
2.8589 
2.8333 
2.8022 
2.7707 
2.7322 
2.6895 
2.6442 
2.5942 


1  6238 
1.6316 
1.6365 
1.6383 
1.6382 
1.6358 
1.6310 
1.6243 
1.610/ 
1.6057 
I  5955 
1.5824 
1.5678 
t.5534 
1.5361 
1.5197 
1.5002 


*  In  cm*1. 

*  See  Rtf.  5. 


A.  X'V 

AC*f,n  V'JueS  for  th“  sUlc  aPP«ir  in  Table  II 
While  we  stopped  our  calculations  at  20  vibrational 

SISCy0Urh^  obscrvcd  spectroscopically.*-* 
The  20th  vibrational  level  for /-0  lies  at  £. -7  gw, 

h^rtree  at  ~96%  0f  the  well  depth.  The  calculated 

Iiin’neaT  W  lhe  experimental  ones  for 
LiII  in  each  case  by  ~30  cm"1.  This  is  to  be  expected 

as  the  calculated  potential  curve  is  too  shallow  by 

duc  10  ^datioi 

of  the  U  shell  and  neglect  of  the  intcrshell  lr  2<r  cor- 

sr  ?! y  ',nh  ng  m 19  etG"xn’t  in  • Hnear  »«* 

squyes  fit,  the  spectroscopic  constants  1387  5 
cm  and  22.2  cm"  (see  Table  I)  were  obtatoed 


fh-'r!ni!lLling.thC  f!rSt  lhree  calculated  AG*,/*’! s  from 
this  fit,  the  values  became  1402.1  and  22.8  cm  '1  rc- 

spcctively,  while  the  experimental  numbers  are  1405  6 
and  23.2  cm".  This  docs  not  necessarily  mean  that 
the  calculated  AG,fl/l’s  will  agree  more  closely  with 

e^nT.nt  f°r,  h‘ghcr  r‘ 11  does  indicatc  the  sensitivity 
of  the  fit  to  the  number  of  AG.fl/J’s  used,  suggesting 
he  inadequacy  of  the  fit.  Also,  the  experimental 
spectroscopic  constants  would  probably  be  quile 
d.ffercnt  from  the  present  ones  if  20  vibrational  levels 
had  been  observed.  Thus  it  seems  of  little  value  to 
compare  the  u,  and  u^r.’s. 

The  B,  values  for  this  state  arc  given  in  Table  III, 

!"*“*  arC,  than  ,hc  exPerimcntal  quanli- 

fnt^d  t"?h  °m  lhc  calculalcd  B-  {oi  LiII 

the  ,°  f  *’5)'  *‘~3  m9  b  obtained.  Within 
the  limit  of  our  interpolation,  this  is  exactly  equal  to 

*"ta. /5to"A0S  bohr^*  The  deviation  from  experi- 
ment  (#,-3.015  bohr)  is  approximately  1%. 

B.  A  «r+ 

Twenty  vibrational  levels  were  calculated  for  this 
state,  while  14  vibrational  levels  have  been  observed 

for,-LiHi-  Thc  hiKh”‘  vibSSS 

"“'(.ZZIXZ”  ,h' 

The  AU„,n’s  for  this  state,  shown  in  Table  IV 

uni  if*  an°TaloUS  bc!'*?or>  incrfasing  with  r  initially 
unnl  a  maximum  and  then  decreasing.  The  maximum 

,  , f0r  L,H  15  ^hfd  at  r-9,  while  for  LiD 
larger,  at  r-  13.  This  is  to  be  expected  from  thc 

Table  Vtt  Kouiional  contunn*  B  'tl 


» 

B.  <  tale  1 

B.  (rtpdl* 

B,  leak) 

*.  (*lpit)B 

0 

1  43 

IN 

144 

1.04 

1 

1  07 

1*0 

•  13 

I.SS 

•  la  «■**. 

■HnsaBBi 

*****  1. 
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Table  VIII  Vibrational  energy  level  differences*:  *11. 


p 

AG,„„  (LiH) 

AG.+1/i  (I.iD) 

0 

513  83 

403  57 

1 

413  83 

348.38 

2 

308  69 

290  92 

J 

199.71 

231.32 

4 

92  68 

169  96 

5 

108.19 

6 

49  37 

*  In  cm"1;  see  boot  note  (a)  ol  Table  VI. 


ratio  w.X'/u.y,  which  is  larger  for  Lil)  than  for  LiH. 
The  calculated  A(7tfin's  for  this  stale  are  smaller  than 
th"  cxj>crimcntal  ones  by  approximately  2  to  3  cm"1 
on  the  average.  This  small  difference  between  experi¬ 
mental  and  calculated  values,  in  contrast  to  the 
situation  in  the  .Y'S+  state,  reflects  the  fact  that 
there  is  very  little  correlation  remaining  unaccounted 
for  in  this  state.  The  calculattd  AG,Mrt's  follow  the 
experimental  trend  exactly,  peaking  at  the  same  t's 
as  do  the  spectroscopic  quantities.  Because  of  this 
anomalous  behavior,  however,  a  polynomial  representa¬ 
tion  in  (r+1  2)  to  obtain  the  spectroscopic  constants 
ujc„  etc.,  is  practically  meaningless,  as  Crawford 
and  Jorgensen  observed.* 

The  B,  s  in  Table  V  show  the  same  sort  of  anomalous 
behavior  as  the  AG^m's.  The  calculated  values  arc  on 
the  whole  ~0.05  cm-1  less  than  the  experimental 
quantities,  and  increase  to  a  maximum  at  around 
r-S,  and  then  decrease.  Again,  a  polynomial  fit  to 
the  /Vs  to  obtain  /?,  and  a,  is  not  very  satisfying. 
The  calculated  B.  docs  yield  an  /?.- 4  996  bohr  which 
is  closer  to  the  experimental  Zf.-4.906  bohr  than 
Zf-u,  which  is  at  5.12  bohr.  Thus  we  were  able  to 
reproduce  the  anomalous  spectroscopic  behavior  oi 
the  .4  'I*  state  very  accurately  within  the  framework 
of  the  Bom-Oppenheimer  approximation,  demonstrat- 
ing  that  Jeni's*  explanation  for  the  anomalies  in  this 
stale  as  due  to  a  break-down  of  the  Bom  -Oppenheimer 
approximrtion  a  incorrect. 

Rydberg)  Klein-  Rees  (RKk)  potential  curves  were 
generated  for  the  .V  'S*  and  A  '!*♦  states  using  the 
spectroscopic  constants  of  Crawford  and  Jorgensen* 
and  arc  illustrated  along  with  our  calculated  curves  in 
I'ig.  I.  For  this  figure  the  minima  ol  the  RKR  cune* 
were  obtained  using  the  experimental  D.’$  a-td  the 
llartrcc  Fock  atomic  dissociation  limits,  which  are  at 
—8.0252  and  —  7.9046  hartree  respectively.  The  ex¬ 
perimental  vibrational  levels  associated  with  the 
RKR  curves  are  the  solid  lines,  whereas  our  calculated 
vibrational  levels  for  7-0  arc  the  dashed  lines. 

RKR  potential  curves  are  only  accurate  insofar  as 
the  energy  can  be  expressed  in  a  power  series  or  (:-r 
I  and  7(7  +  1).  In  addition,  the  accuracy  of  the 
curves  is  limited  to  the  range  of  r  from  which  the 


experimental  spectroscopic  constants  were  derived. 
For  this  latter  reason,  it  is  not  surprising  that  the 
-Y'S-t  RKR  curve  docs  not  dissociate  correctly.  Only 
the  four  lowest  vibrational  levels  have  been  observed 
for  this  state.  The  .Y,2+  RKR  vibrational  levels  arc 
below  our  calculated  ones  in  every  instance  through 
r— 15.  At  r— 19,  however,  the  two  curves  deviate 
substantially  from  one  another  and  the  RKR  vibra 
tional  level  lies  above  ours.  This  just  indicates  that 
the  spectroscopic  constants  derived  for  the  levels 
r-0-3  arc  not  adequate  for  describing  the  higher 
part  of  the  potential  curve. 

In  the  A  state,  due  to  the  odd  shape  of  the 
pot'  n,ial  curve,  the  energy  cannot  be  represented  well 
in  u  Dunhain-typc  expansion.  The  spectroscopic  con¬ 
stants  used  i.i  generating  the  RKR  curve  arc  such 
that  for  crergics  higher  than  -7.885  hartree  (see 
Fig.  1)  the  R  values  of  the  eft  hand  turning  point 
either  stpy  the  same  or  become  larger.  The  result  of 
this  would  be  a  non-singlc-valucd  function  of  the  energy 
with  intcmuclcar  distance.  Since  this  is  physically  un¬ 
reasonable,  we  have  drawn  the  A  'S+  RKR  curve  only 
in  the  regions  where  the  curve  is  well  behaved  i.c. 
from  3.0  to  8.5  bohr. 


C.  B'n 

The  calculation  of  the  vibrali  an -rotation  levels  for 
this  state  was  greatly  affected  i>y  the  fact  that  only 
~50%  of  the  experimental  binding  energy  was  ob¬ 
tained.  Whereas  three  vibrational  stales  were  observed 
spectroscopically,’  we  were  able  to  calculate  only  two. 
The  highest  level,  for  7-2,  t-I  lay  at  -7.865(M2 
hartree,  rcvcral  wavenumbers  above  the  dissociation 
limit  for  the  rotationlcss  state.  The  &G,n,  as  shown  in 
Table  VI,  for  this  state  is  smaller  by  64  cm-1  than  the 
corresv  ..g  experimental  AG,*.  The  /Vs  agreed 
more  sely  with  experiment,  hut  the  B.  is  only  a 
two  point  fit.  It  is  not  surprising  then  that  R,  calcu¬ 
lated  fron  B,  is  '.688  bohr,  whereas  the  experimental 
R,  is  4.4?/,  bohr. 


D.  ‘IT 

Althcogh  this  state  has  not  yet  been  ofemnl  cx- 
perime  dally,  the  spectroscopic  quantities  of  interest 


Txasx  IX.  Kouiinnal  comuou*  »n 


t 

B,  (UK) 

B.  (LID) 

0 

4  (O 

2  62 

t 

4  08 

2  41 

2 

i  SO 

2  til 

J 

2  11 

t  Oi 

4 

7  03 

1  65 

S 

1  07 

1  M 

6 

0  Oi 

1 

0  » 
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are  given  in  Tables  VIII  and  IX.  The  behavior  of  the 
£,’s  and  A6',+i/j’s  is  fairly  normal.  The  highest  calcu¬ 
lated  state,  7  =  3,  t>  =  5  at  £=—7.865032  hartrcc  lies 
several  wa\enumbers  above  the  dissociation  limit  for 
the  rotationless  state.  The  R,  (  =  3.69  bohr)  calculated 
from  the  B,  for  LiH  is  0.076  smaller  than  the  £raii> 
due  to  the  anharmonicity  of  this  state.  As  the  experi¬ 
mental  B,’ s  are  expected  to  be  slightly  larger  than 
our  calculated  ones,  judging  from  our  experience 
with  the  other  states,  the  experimental  R,  should  be 
somewhat  less  than  3.69  bohr. 

n.  ONE-ELECTRON  EXPECTATION  VALUES 

As  it  is  important  to  look  be>ond  the  energy  as  the 
sole  criterion  for  judging  the  accuracy  of  a  calculated 
wavcfunction,  the  degree  to  which  an  approximate 
wavcfunction  approaches  the  exact  description  of  an 
electronic  system  can  be  deduced  by  comparing 
theoretical  and  experimental  values  for  certain  proper¬ 
ties.  This  affords  insight  into  the  accuracy  of  the 
wavcfunction  description  in  various  rcojons  of  space, 
since  different  operators  are  sensitive  to  different  re¬ 
gions  of  the  electronic  density  distribution.  The 
calculation  of  such  properties  as  the  dipole  moment  is 
also  of  great  predictive  value  in  the  case  of  excited 
states  where  no  measurements  have  been  made. 


Flo-  t  RKR  tad  computed  potential  curves  and  vfbratloail 
level*.  The  RKR  curve*  are  below  our  calculated  curve*  for 
both  Male*.  The  RKR  curves  art  referred  to  minima  obtained 
from  the  atomic  Hartret  lock  dimocialioa  limit*  u*ia<  lbe 
eipen menial  dimortalkm  eaerrie*  The  minim  art  -&0232 
hart  ret  for  X  ‘I*  and  -7  90W harlrtt  for  A  The  *ohd  hori 
rontaj  line*  indicate  vibratMul  tevel*  of  the  RKR  curve*,  while 
the  dashed  line*  art  our  cakulatrd  vibrational  level*  for  /» 0. 


Fig.  2.  Dipole  moments  of  five  states  of  UH  v*rsus  R-  The 
positive  sign  refer*  to  Li*H“. 

With  a  normalized  MCSCF  wavcfunction  4',  repre¬ 
sented  in  Paper  I  as  a  linear  combination  of  con¬ 
figuration  state  functions  (CSF’s)  $/,  we  can  write 
the  expectation  value  of  an  arbitrary  one-electron 
operator  Q=£i9i  (where  the  summation  >s  over  all 
n  electrons  in  the  system)  as 

<*l0l*>-£C,O<*,|0|*,>.  (5) 

u 

Each  CSF  is,  in  general,  a  linear  combination  of  Slater 
determinant  (s)  (SD’s)  which  arc  constructed  from  a  set 
of  orthonormal  orbitals  v\-  The  orbital  orthogonality 
greatly  reduces  the  number  of  terms  in  (5)  Indeed,  if 
configurations  4>/  and  differ  bv  mjre  than  one 
spin-orbital,  the  matrix  elements  of  Q  between  these 
two  configurations  is  zero.  In  terms  of  the  individual 
orbitals  (5)  can  be  rewritten 

(♦  I  Q  I  ♦)“  £  CiCj  £  <J//.o(i?<  1 9(1)  |  <Pj) 
u  *.1 

-£•«<*!  9(DI  *f>-  (6) 

The  one  electron  coupling  coefficient  <»//.</  is  determined 
by  the  orbitals  occupied  in  each  configuration,  the 
coupling  of  the  Slate'  determinants  within  each  CSF, 
and  the  symmetry  of  the  operator.  The  effective  co¬ 
efficient!  a n  are  defined  as 

*</■  JlCiCjOij.u  (7) 

u 

and  arc  in  the  case  of  totally  symmetric  operators  the 
elements  of  the  first  order  reduced  density  matrix  in 
the  space  spanned  by  the  orbitals.  The  operator  q 
which  we  used  has  the  general  form  r»*  sin  %  cm'ttX 
Ph,(cixSi)  expO'myn)  where  k  is  the  nudear  center 
which  is  used  as  the  origin  for  the  coordinates  (r,  9,  <f), 
and  Pim  is  a  normalized  assodicatcd  I-cgenJre  poly 
nominal.  The  expectation  values  for  seventeen  different 
operators  at  the  R  points  of  the  calculated  potential 
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Table  X  Expiation  values  of  one-electron  operators  for  X  ,S+.* 


R 

*Ll 

*H 

M(e-bohrs) 

r*(D) 

ftfcosfcO/rti* 

iycos0n)Aii1 

COS0Ll/n.i* 

cosSn /ra' 

2  0 

3  9687 

-4.0313 

1.9687 

5.0036 

0.1297 

0.2287 

0.2382 

-0.5527 

2  25 

4  2840 

-4  7160 

2.03 10 

5.1696 

0.1050 

0.2054 

-0.4311 

2  5 

4  6159 

-5.3841 

2.1159 

5.3778 

0.0847 

0.1310 

0.1839 

-0.4208 

2  75 

4.9592 

-6.0408 

2.2092 

5.6149 

0.0692 

0.1040 

0.1655 

-0.3706 

3.0 

5.3102 

-6.6898 

2.3102 

5.8716 

0.0572 

0.0844 

0.1500 

-0.3282 

3,25 

5  6653 

-7.3347 

2.4153 

6. 1387 

0.0470 

0.0699 

0.1399 

-0.2943 

3  5 

6.0238 

-7.9762 

2.5238 

6.4145 

0.0394 

0.0588 

0.1280 

-0.2632 

4.0 

6. 7353 

-9  2646 

2.7353 

6.9520 

0.0289 

0.0426 

0. 1054 

-0.2111 

4  5 

7.4128 

-10.5872 

2.9128 

7.4032 

0.0214 

0.0321 

0.0893 

-0.1720 

5  0 

8.0236 

-11  9763 

3.0236 

7.6848 

0.0156 

0.0250 

0.0788 

-0.1419 

5.5 

8  5150 

-13.4850 

3.0150 

7  6629 

0.0119 

0.0195 

0.0650 

-0. 1173 

6  0 

8  8182 

-15.1818 

2.8182 

7.1627 

0.0087 

0.0156 

0.0548 

-0.0978 

6  5 

8  9117 

-17.0883 

2.4117 

6.1296 

0.0062 

0.0124 

0.0459 

-0.0815 

7.5 

8.7911 

-21  2088 

1  2911 

3.2814 

0.0032 

0.0081 

0.0277 

-0.0581 

8  5 

9  0156 

-24.9844 

0.5156 

1.3104 

0.0017 

0.0053 

0.0173 

-0.0434 

10  0 

10  1130 

-29.8870 

0.1130 

0  2872 

0.0007 

0.0031 

0.0107 

-0.0307 

12  0 

12.0166 

-35  9834 

0  0166 

0.0422 

0.0001 

0.0017 

O.OC’3 

-0.0211 

R 

sinVLi/ai 

sinVii/m 

cosVli/o.1 

cosWm 

1/ti 

1/CH 

ai’ 

Of* 

«•*  jin'# 

ai 

fn 

2  0 

3.9320 

1.2638 

2.3705 

1.4736 

6.3025 

2.7375 

17.8764 

18.0015 

7.2140 

6.5433 

7.7744 

2  25 

3.8963 

1.2038 

2.3423 

1.3815 

6.2386 

2.5853 

19.5040 

20.4761 

7.3578 

6.8335 

8.3336 

2  5 

3.865' 

1.1493 

2.3148 

1.3018 

6.1799 

2.4511 

21.4206 

23.3410 

7.5714 

7.1513 

8.9193 

2.75 

3  8385 

1  1015 

2.2892 

1.2328 

6.1277 

2.3343 

23.5512 

26.5556 

7.8181 

7.4872 

9.5206 

3  0 

3.8160 

1 .0598 

2.2654 

1.1725 

6.0814 

2.2322 

25.9657 

30. 1047 

8.0902 

7.8361 

10.1327 

3.25 

3.7967 

1.0246 

2.2436 

1.1196 

6.0403 

2.1442 

28.5363 

33.9621 

8.3664 

8. 1922 

10.7488 

3.5 

x  7806 

0.9942 

2.2235 

1.0735 

6.00>1 

2.0677 

31.3186 

38.1520 

8.6544 

8.5564 

11.3719 

4.0 

3.7559 

0  9462 

2  1878 

0.9970 

5.9437 

1.9432 

37.3763 

47.4936 

9.2041 

9.2909 

12.6279 

4.5 

3.7400 

0  90 13 

2.1569 

0.9349 

5.8969 

1.8423 

44.0257 

58.3102 

9.7845 

10.0215 

13.9175 

5  0 

3.7315 

0  8762 

2.1297 

0.8844 

5.8612 

1.7606 

51.1384 

70.9018 

10.4275 

10. 7325 

15.2617 

5.5 

3  7303 

0.8462 

2.1058 

0.8415 

5.8361 

1.6877 

58.3518 

85.6866 

11.0816 

11.3882 

16.6930 

6.0 

3.7371 

0.8148 

2.0846 

0.8041 

5.8218 

1.6188 

65.2567 

103.4384 

11.8125 

11.9547 

18.2696 

6  5 

3.7506 

0  7827 

2.0664 

0.7708 

5.8170 

1.5535 

71.5282 

124.6762 

12.5384 

12.4112 

20.0111 

7.5 

3.7828 

0.7259 

2  0387 

0.7135 

5.8216 

1.4395 

82.9468 

176.0796 

13.7348 

13.1068 

23.7698 

8.5 

3.8021 

0.6963 

2.0210 

0  6696 

5.8231 

1.3659 

96.2728 

232.0080 

14.2831 

13.8382 

27.3006 

10  0 

3.8105 

9.6806 

2.0035 

0  6216 

5.8140 

'..3022 

122.3312 

320.0710 

14.4808 

15.1725 

32.0266 

12  0 

3.8116 

0  6741 

1.9873 

0.5762 

5.7989 

1.2503 

165.8058 

453.4078 

14.5053 

17.1134 

38.0059 

*  All  quantities  except  for  dipo'e  moment  in  powers  of  bohrs. 


curves  arc  given  for  the  -Y  A  '2+,  B  'll,  and  ’ll  states 
of  LiH  in  Tables  X  through  XIII.  For  the  '2*  state 
only  the  (*u)  expectation  value  was  obtained  for 
certain  intcrnucleai  distances  in  order  to  calculate  the 
dipole  moments.  These  arc  given  in  Table  XIV. 

The  property  which  is  probably  of  greatest  interest 
is  l he  dipole  moment,  which  gives  information  on  the 
over  all  arrangement  of  charges  in  the  particular 
state  of  the  system.  The  electric  dipole  moment  is 
invariant  to  the  placement  of  the  origin  for  neutral 
systems  as  long  as  one  evaluates  the  expectation 
value  of 

/i-r2>,-c£Z|/?r  (8) 

i  i 

where  the  latter  Urm  contains  nuclear  coordinates  Ri 


and  n  idcar  cha-gc  Zi.  Thus  for  LiH,  taking  into  ac¬ 
count  the  cylindrical  symmetry,  we  have  in  atomic 
units 

M(/0 -<*(*)  I  *LI  I  *(*»-* 

-<*(K)|*„|*(K)>+3J?,  (9) 

with  cos 8k  and  R  the  internuclear  distance.  The 

sign  of  the  dipole  moment  is  defined  such  that  positive 
indicates  Li+H-  and  negative,  Li~H+.  We  expect  the 
dipole  moment  to  approach  zero  for  bc‘h  large  and 
small  R  (at  the  separated  and  united  atom  limits). 
The  variation  of  the  dipole  moment  with  R  foi  all 
the  slates  of  LiH  is  displayed  graphically  in  Fig.  2. 
The  correct  behavior  is  observed  for  all  states  at 
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Table  XI.  Expectation  values  of  one-electron  operators  for  A  1E+.'1 


R 

*Ll 

*H 

H  (e-bolirs) 

m(D) 

Pj(cos9li)  Ali3 

Pj(cos0u)Au3 

cos0liAli! 

cosShAh3 

2.0 

-a* 

-8.0371 

-2.0371 

-5.1775 

0.1195 

0.2526 

0.1423 

-0.5604 

2.25 

-8.8255 

-5.2751 

0.1859 

-0.4765 

2.5 

0.4117 

-9.5883 

-2.0883 

-5.3076 

0.0790 

0.1407 

0.0860 

-0.4067 

7.75 

0.6726 

-10.3274 

-2.0774 

-5.2799 

0.0653 

0.1095 

0.0700 

-0.3508 

3.0 

0/7528 

-11.0472 

-2.0472 

-5.2031 

0.0546 

0.0867 

0.0572 

-0.3051 

3.25 

1 . 2556 

-11.7444 

-1.9944 

-5.0690 

0.0452 

0  0702 

0.0496 

-0.2708 

3  5 

1.5740 

-12.4260 

-1.9260 

-4.8951 

0.0387 

0.0577 

0.0405 

—0.2392 

4.0 

2.2672 

-13.7328 

-1,7328 

-4.4041 

0.0299 

0.0397 

0.0254 

-0.1874 

4.5 

3.C303 

-14.9697 

-1.4697 

-3.7354 

0.0235 

0.0283 

0.0164 

-0.1513 

5.0 

3.8979 

-16.1021 

-1.1021 

-2.8011 

0.0186 

0.0215 

0.0107 

-0.1250 

5.5 

4.9001 

-17.0999 

-0.5999 

-1.5247 

0.0159 

0.0162 

0.0079 

-0. 1045 

6  0 

6.0867 

-17.9133 

0.0867 

0.2204 

0.0137 

0.0128 

0.0070 

-0.0894 

6.5 

7.4695 

-18.5305 

0.9695 

2.4641 

0.0122 

0.0103 

0.0076 

-0.0777 

7.5 

10.4172 

-19.5828 

2.9172 

7.4143 

0.0109 

0.0076 

0.0124 

-0.0613 

8.5 

12.7077 

-21.2922 

4.2077 

10.6943 

0.0104 

0.0057 

0  0140 

-0.0485 

10.0 

14.2924 

-25.7075 

4.2924 

10.9095 

0.0126 

0.0037 

0.0116 

-0.0341 

12.0 

13.8196 

-34.1804 

1.8196 

4.6247 

0.0194 

0.0020 

0.0072 

-0.0217 

» 


R 

sin^iAti 

suAIhAh 

cos^liAli 

COS^h/Vh 

IAli 

IAh 

ai* 

rii* 

r’  sin’s 

'Ll 

'll 

2.0 

3.8758 

0.9289 

2.2970 

1.4412 

6.1728 

2.3701 

27.4379 

43.5863 

13.4908 

7.6210 

10.7765 

2.25 

3.8555 

0.8793 

2.2726 

1.3437 

6.1281 

2.2230 

28.8142 

48.2788 

13.7703 

7.8531 

11.5034 

2.5 

3.8376 

1.2611 

6.0878 

2.1012 

30.1885 

53. 1700 

13.9439 

8.0827 

12.2188 

2.75 

3.8226 

1.1905 

6.0527 

2.0002 

31.6077 

58. 1583 

14.0410 

8.3129 

12.9224 

3.0 

0.7864 

2.2121 

1.1298 

6.0221 

1.9162 

33. 1032 

63.3862 

14.0716 

8.5454 

13.6149 

3.25 

3.7994 

0.7694 

1.0768 

5.9949 

1.8461 

34.7130 

68.8607 

14.0735 

8.7831 

14.2946 

3.5 

0.7574 

1.0313 

5.9713 

1.7887 

36.468/ 

74.4516 

14.0365 

9.0270 

14.9647 

4.0 

0.7456 

2.1542 

0.9570 

5.9312 

1.7026 

40  5983 

86.3710 

13.9233 

9.5376 

16.2671 

4.5 

3.7659 

0.7432 

2.1319 

0.8981 

5.8978 

1.6413 

45.3880 

99.1151 

13.7631 

10.0867 

17.5219 

5.0 

3.7558 

2.1131 

0.8516 

5.8689 

1.5996 

51.2115 

112.2327 

13.5083 

10.6777 

18.6987 

5.5 

0.7581 

2.0972 

0.8136 

5.8412 

1.5717 

58.3281 

125.4268 

13.2313 

11.3372 

19.7747 

6.0 

3.7284 

0.7734 

2.0837 

0.7830 

5.8121 

1.5563 

67.0740 

138.0340 

12.8919 

12.0904 

20.7087 

6.5 

0.7931 

2.0719 

0.7585 

S.7804 

1.5516 

77.7314 

149.6282 

12.5535 

12.9538 

21.4849 

7.5 

3.6685 

6.8244 

0.7200 

5.7191 

1.5444 

103.5987 

172.3413 

12.1768 

14.8644 

22.8598 

8.5 

3.6467 

0.8273 

2.0319 

0.6871 

5.6786 

1.5143 

130.8756 

203.8438 

12.5238 

16.6112 

24.7102 

10.0 

3.6457 

0.7C84 

2.0156 

0.6412 

5.6613 

1.4296 

165.7453 

279.8965 

13.6036 

18.3886 

28.9180 

12.0 

3.6712 

0.7093 

2.0178 

0.5859 

5.6890 

1 . 2952 

193.2305 

437.5602 

14.1631 

19.1119 

36.6128 

*  All  quantities  except  for  dipole  moment  in  powers  of  bohrs. 
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large  R=  12.0  bohr.  At  22=2.0  bohr,  however,  the  ’II 
dipole  moment  is  tending  away  from  zero,  and  the 
moments  for  the  other  states,  although  tending  in  the 
right  direction  are  still  far  from  zero.  This  indicates 
that  at  22=2.0  bohr  we  are  still  far  from  the  united 
atom  limit. 

The  dipole  moment  of  the  ground  state  is  large  even 
at  2.0  bohr  in  the  direction  Li+H"‘,  increasing  to  a 
maximum  at  5.25  bohr,  the  region  in  which  the  X  ‘S+ 
potential  curve  has  maximum  interaction  with  the 
ionic  curve.  For  large  22,  the  dipole  moment  approaches 
zero  in  a  smooth  fashion  reflecting  the  fact  that  the 
state  dissociates  to  neutral  species.  Bender  and  David¬ 
son*  have  calculated  dipole  moments  at  various  points 
of  22,  obtaining  values  close  to  ours  for  22<3.0  bohr. 


For  the  region  3.0-6.0  bohr,  their  values  are  smaller, 
sometimes  by  as  much  as  0.3  bohr,  indicating  possibly 
that  their  basis  set  on  H  was  inadequate  to  describe 
the  diffuse  H_  orbital. 

For  the  A  I2+,  the  dipole  moment  shows  very  clearly 
the  large  changes  in  character  of  the  wavefunction  with 
22.  For  small  22  the  sign  of  the  dipole  moment  indicates 
a  charge  distribution  Li-H+,  due  to  the  3<r  orbital 
being  strongly  polarized  behind  Li.  The  slope  is  steep¬ 
est  in  the  curve-crossing  region  from  5.0  to  7.0  bohr. 
Here  the  wavefunction  is  becoming  rapidly  ionic  in 
the  direction  Li+H”,  with  a  maximum  reached  at 
~  10.25  bohr.  Dissociation  to  neutrals  forces  the  rapid 
drop-off  of  the  dipole  moment  at  12.0  bohr.  Bender  and 
Davidson’s  dipole  moments  for  this  state  are  again 
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Table  XII.  Expectation  values  of  one-electron  operators  for  B  *n.* 

Jn  p  (e.bohrs)  y  (D)  P,  (costa) /rti*  P,(cosBb) /rn'  cvtiu/ru1  cosSnAn’ 


2.0 

1.9490 

2.25 

-6.8497 

2.5 

2.3631 

-7.6369 

2.75 

2.5853 

-8.4147 

3.0 

2.8169 

-9.1831 

3.25 

-9.9424 

3.5 

3.3052 

-  10.6948 

4.0 

3.8191 

-12.1809 

4.5 

4.3478 

-13.6522 

5.0 

4.o302 

-15.1198 

5.5 

5.4096 

-16.5904 

6.0 

5.9334 

-18.0666 

6.5 

6.4513 

-19.5486 

7.5 

7.4736 

-22.5263 

8.5 

8.4849 

-25.5150 

10.0 

9.9925 

-30.9974 

12.0 

11.9965 

-36.0035 

-0.1296 

0.0901 

-0.0997 

-0.2534 

-0.1369 

-0.3479 

BnrjTjj 

-0. 1647 

-0.4186 

-0.1831 

-0.4654 

-0.1924 

0.0213 

-0.1948 

-0.4951 

0.0154 

-0,4598 

-0.1522 

-0,3868 

-0.1198 

-0.2298 

-0.0666 

-0,1693 

-0.0487 

-0.1238 

Eijliliyll 

-0.0264 

•v Bi  *» 

-0.0151 

■  llA1.  KM 

sjxcj2] 

EMU 

0.2463 
0.1795 
0. 1358 
0. 1056 
0.0840 
0.0680 
0.0558 
0.0389 
0.0283 
0.0212 
0.0163 
0.0128 
0.0102 
0.0068 
0.0047 
0.0029 
0.0017 


ESI 

1  nyiiM  1 

BI1FM1 

•  ,  i  ■  m 

mrm 

rm 

lifts  M 

R 

sin^L./rLi  sin’fln/m  cos’taAu  cosVhAh  IAjli  lAn 

at* 

m1 

Esin’S 

0.1 

m 

2.0 

3.9261 

0.9924 

2.2051 

1.3705 

5.25 

3.9027 

0.9383 

2.1817 

1.2774 

2.5 

3  8830 

0.8946 

2.1605 

1.1992 

2.75 

3.8667 

0.8594 

2.1412 

1.1329 

3.0 

3.8534 

0.8314 

2.1237 

1.0764 

3.25 

3.8425 

0.8091 

2.1079 

1.0280 

3.5 

3.8337 

0.7914 

2.0934 

0.9S62 

4.0 

3.8209 

0.7660 

2.0682 

0.9180 

4.5 

3.8126 

0.7488 

2.0471 

0.8647 

5.0 

3.8072 

0.7364 

2.0294 

0.8217 

5.5 

3.8035 

0.7266 

2.0143 

0.7860 

6.0 

3.8008 

0.7185 

2.0014 

0.7556 

6.5 

3.7989 

0.7116 

1.9902 

0.7294 

7.5 

3.7964 

0.7007 

1.9719 

0.6859 

8.5 

3.7950 

0.6926 

1.9576 

0.6511 

10.0 

3.7937 

0.6843 

1.9411 

0.6100 

12.0 

3.7929 

0.6778 

1.9252 

0.5689 

6.1312 

2.3629 

35. 7093 

43.9131 

24.9883 

8. 3608 

10.7228 

6.0844 

2.2157 

37.2302 

47.8039 

25.5151 

8.6041 

11.3849 

6.0434 

2.0937 

38.7309 

51.9152 

25.9076 

8.8371 

12.0458 

6.0079 

1.9923 

40.2082 

56.2390 

26.1648 

9.0661 

12.7026 

5.9771 

1.0078 

41.6882 

60.7869 

26.3023 

9.2920 

13.3549 

5.9504 

1.8371 

43. 1987 

'65.5743 

26.3378 

9.5162 

14.0030 

5.9272 

1.7776 

44.7662 

70.6299 

26.2951 

9.7398 

14.6486 

5.8892 

1.6840 

48.1797 

81.6271 

26.0550 

10.1895 

15.9374 

5.8598 

1.6135 

52.1123 

93.9824 

25.7499 

10.6490 

17.2356 

5.836o 

1.5580 

56.6402 

107.8385 

25.4774 

11.1197 

18.5527 

5.8178 

1 .5120 

61.7475 

123.2416 

25.2565 

11.5983 

19.8909 

5.8022 

1.4742 

67.4456 

140.2449 

25.1145 

12  0846 

21.2517 

5.7892 

1.4410 

73.6893 

158.8218 

25.0230 

12.o749 

22.6313 

5.7684 

1.3865 

87.7313 

200.6263 

24.9299 

13.5612 

25.4344 

5.7526 

1.3437 

103. 7879 

248.5441 

24.8953 

14.5509 

28.2802 

5.7348 

1.2943 

131.6037 

331.7528 

24.8786 

16.0382 

32.6022 

5.7182 

1.2467 

175.6518 

463.7358 

24.8692 

18.0243 

38.4285 

4  All  quantities  except  for  dipole  moment  ir.  powers  of  bohrs. 

smaller  than  ours  in  magnitude,  indicating  a  less 
flexible  basis  for  describing  the  charge  distribution. 

The  II  states  have  very  little  charge  transfer  and 
are.  essentially  neutral.  The  dipole  moments,  though 
small,  do  differ  in  sign — positive  for  the  ’II  and  nega¬ 
tive  for  the  ‘II.  For  the  ’2+  state  there  is  a  substantial 
polarization  of  charge  onto  the  Li,  yielding  a  negative 
dipole  moment  which  approaches  zero  at  large  R. 
Bender  and  Davidson’s  results  for  these  states  are 
very  similar  to  ours. 

Another  property  of  interest  is  the  field  gradient  say 
at  nucleus  A,  which  in  a  diatomic  molecule  may  be 
expressed  as 

qA(R)  =2<¥(tf)  |  P2  (cos 8A)/rA>  \  *(R)  )+2ZB/R>. 

(10) 


The  interaction  of  the  field  gradient  q A  with  the  nuclear 
quadrupole  moment  Qa  causes  a  shift  in  the  hyperfine 
structure  splitting  which  is  proportional  to  eqAQA.  In 
the  case  of  7Li,  where  the  nuclear  quadrupole  moment 
is  not  known,  it  can  be  obtained  from  the  experi¬ 
mentally  measured  nuclear  quadrupole  coupling  con¬ 
stant  e'qu'Qu/h  of  7Li  in  LiK  and  the  calculated  fie:d 
gradient  qu. 

Several  other  molecular  properties  may  be  obtained 
from  the  expectation  values  listed  in  Tables  X-XIII. 
Among  these  are: 

(a)  the  diamagnetic  contribution  to  the  magnetic 
susceptibility 

X(R)  — 1/6  «*<¥(*)  |r’  |  ♦(*)>,  (11) 
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Table  XIII.  Expectation  values  of  one-electron  operators  for  ’ll.* 

H  (e-bohrs)  m  (D)  Pi(cos9Li)ru'  TVcostfnlAn1  co^u/'u1  cos^Aid 


2.0 

2.2934 

-5.7066 

0.2934 

2.25 

0.6354 

2.5 

2.7130 

-7.2870 

0.5414 

2.75 

2.9308 

0.4595 

3.0 

3.1526 

-8.8474 

0.1526 

0.3878 

3.25 

3.3779 

-9.6221 

0.1279 

0.3251 

3.5 

3.6063 

4.0 

4.0717 

-11.9282 

0.1822 

4.5 

4.5469 

0.1192 

5.0 

-14.9704 

5.5 

5.5171 

-16.4829 

6.0 

-17.9915 

6.5 

6.5027 

-  "  4973 

7.5 

7.49o6 

-0.0086 

8.5 

8.4948 

10.0 

9.9953 

-30.0047 

12.0 

11.9969 

-36.0030 

0.2386 

-0.5656 

0.1731 

0.1593 

-0.4787 

0.0464 

0. 1305 

0.1363 

-0.4111 

0.1181 

-0.3568 

wmm 

fiMSm 

Erf 

0.0652 

-0.2745 

0.0536 

-0  2427 

Mgfl 

0.0376 

0.0632 

0.0274 

- 

-0.1541 

0.0206 

c '  SS 

-0.1254 

0.0159 

0.0338 

-0.1036 

0.0126 

0.0283 

0.0179 

0.0139 

i  j 

R  sin^Li/ai  sin^H/rH  cosVu/rLi 


2.0 

3.9586 

2.25 

3.9313 

0.9487 

2.1857 

2.5 

3.9078 

2.1651 

2.75 

3.8878 

0.8648 

2.1462 

3.0 

8.8709 

0.8344 

2.1289 

3.25 

3.8566 

2.1130 

3.5 

3. 8446 

2.0984 

4.0 

3.8266 

0.7627 

2.0724 

4.5 

3.8146 

0.7449 

5.0 

3.8070 

0.7328 

2.0317 

5.5 

3.8024 

0.7238 

2.0158 

6.0 

3.7995 

0.7165 

6.5 

3.7976 

mmm 

1.9908 

7.5 

3.7956 

1.9721 

8.5 

3.7945 

0.6924 

1.9576 

10.0 

3.7936 

0.6843 

1.9411 

12.0 

3.7928 

0.6778 

1.9252 

costn/m  1/n.i  !/>ii  ai* 


1.3635 

6.1666 

2.3687 

29.0391 

6.1170 

2.2197 

30.8864 

1.1931 

6.0730 

2.0955 

32.7715 

1.1269 

6.0340 

1.9918 

34.7443 

5.9998 

1.9048 

36.8052 

5.9696 

1.8320 

38.9445 

5.9430 

1.7707 

41.1570 

VjjP 

5.8990 

1.6751 

45.7883 

5.8650 

1.6047 

50. 7023 

0.8177 

5.8387 

1.5505 

55.9085 

'1.7829 

5.8182 

1.5068 

61.4640 

5.8018 

1.4699 

67.4042 

BtWfl 

5.7884 

!  .4381 

73.7685 

5.7677 

1.3852 

37.8669 

5.7521 

1.3431 

103.8926 

5.7347 

1 . 2942 

131.6532 

5.7181 

1.2467 

175.6710 

fR* 

r*  sinl0 

rLl 

'H 

35.9155 

19.4615 

7.7749 

10.0333 

39.8862 

20.1786 

8.0434 

10.7191 

44.2065 

20.8566 

8.3177 

11.4136 

48.8750 

21.4937 

8.5959 

12.1133 

53.8898 

22.0871 

8.8765 

12.8160 

59.2382 

22.6264 

9.1578 

13.5192 

64.9125 

23. 1059 

9.4385 

14.2218 

77.2144 

23.8722 

9.9936 

15.6218 

90.7797 

24.3962 

10.5366 

17.0155 

105.6132 

24.7101 

11.0643 

18.4052 

121.7761 

24.8858 

11.5796 

19.7966 

139.3022 

24.9690 

12.0852 

21.1924 

158.2331 

24.9999 

12.5844 

22.5947 

200.4170 

24.9889 

13.5736 

25.4212 

248.4800 

24.9519 

14.5598 

28.2758 

331.7475 

24.9078 

16-0421 

32.6014 

463.7439 

24.8822 

18.0257 

38.4286 

»  All  quantities  except  for  dipole  moment  in  powers  of  bohrs. 

where  a  is  the  fine  structure  constant  and  r  has  the 
center  of  the  electronic  charge  as  origin, 

(b)  the  diamagnetic  contribution  to  the  nuclear 
shielding  factor  at  nucleus  A 

trA(lt)  =  l/3<x‘(*(]t)\l/rA\*Vi)),  (12) 

(c)  the  molecular  quadrupole  moment 

6(R)=  £  ZM- <¥(/?)  |  z*-l/2p*  | ¥(/?) ),  (13) 

k 

where  is  the  distance  of  nucleus  k  with  charge  Z* 
from  the  center  of  mass,  z  has  the  center  of  mass  as 
origin  and  yJ=r2sinJ5,  the  distance  squared 

from  the  nuclear  axis,  is  origin  independent. 

Many  more  properties  could  be  obtained,  in  par¬ 
ticular  if  the  computed  expectation  values  are  com¬ 


bined  with  experimentally  measured  results.  These 
include  the  parallel  and  perpendicular  part  of  the 
diamagnetic  susceptibility  as  well  as  its  high  fre 
quency  part,  and  the  molecular  g  factor.  This  is  dis¬ 
cussed  in  detail  elsewhere.* 

When  comparing  computed  properties,  such  as 
dipole  or  quadrupole  moments  and  the  like,  with 
experimentally  observed  quantities,  it  is  important  to 
realize  that  the  experimental  values  are  obtained  for 
specific  rotation-vibrational  states.  It  is  t  icrefore 
necessary  to  average  the  computed  propertier,  which 
vary  with  the  internuclear  distance,  over  tl  a  rotation- 
vibrational  wavefunctions.  We  have  performed  such 
rotation-vibrational  averaging  for  some  of  the  proper¬ 
ties  using  the  rotation-vibrational  wavefunctions 
obtained  from  the  computed  potential  curves.  In 
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Table  XIV.  Expedition  value  of  z  and  dipole  moment  for  ,2+. 


K 

zli  (bohrs) 

H  (e- bohrs) 

M't>) 

2.0 

0.3447 

-1.4474 

-3.6787 

2.5 

0.7499 

-1.7501 

-4.4480 

3.0 

1.2317 

-1.7683 

-4.4943 

3.5 

1.8730 

-1.6270 

-4.1352 

4.0 

2.5965 

-1.4035 

-3.5671 

5.0 

4.0847 

-0.9153 

-2.3263 

6.0 

5.5128 

-0.4872 

-1.2383 

7.5 

7.3248 

-0.1752 

— 0.445 J 

12.0 

11.9922 

-0.0078 

-0.0198 

orbital.  In  particular  it  will  depend  critically  on  the 
da  basis  function  used  to  polarice  this  orbital.  A  careful 
study  of  this22  has  led  recently  to  the  best  value  for 
Qr<u  of  about  —  4.1  XlO-28  cm2,  somewhat  larger  than 
our  value. 

Working  in  the  other  direction  and  using  the  field 
gradient  on  hydrogen  together  with  the  known  nuclear 
quadrupole  moment  of  deuterium  (Qd=2.738X10-27 
cm2)  we  obtain  a  quadrupole  coupling  constant  for 
LiD  in  excellent  agreement  with  the  experimental 
value.18 

IH.  TRANSITION  MOMENTS 


Table  XV  are  presented  a  selected  set  of  these  rota¬ 
tion-vibration  averaged  properties,  which  are  obtained 
generally  as 

Q(v,j]v,j,)  =  (P,AR)  \Q(R)  \P.-AR)),  (14) 

with  Q(R)  the  property  as  a  function  of  the  inter- 
nuclear  distance  and  P,.j{R )  the  rotation-vibrational 
wavefunction  for  vibrational  state  v  and  rotational 
state  J. 

Since  practically  no  measurements  or  calculations  of 
excited  state  properties  were  found  to  exist,  we  con¬ 
centrate  on  comparisons  for  the  ground  X‘2+  state 
alone.  In  Table  XVI  various  expectation  values  (at  3.0 
bohr  unless  otherwise  noted)  as  well  as  rotation- 
vibration  averaged  values  are  presented  and  compared 
with  other  computed  values  and  with  experiment.  Our 
values  always  appear  in  the  first  row,  with  any  existing 
experimental  values  directly  beneath  them. 

The  dipole  moment  of  LiH  has  been  measured18  for 
J=1  of  the  three  vibrational  states,  u=0,  1  and  2. 
The  computed  values  are  found  to  be  consistently  too 
large  by  about  0.1  D,  a  quite  gratifying  agreement. 
However,  were  we  to  compare  the  value  obtained  for 
H.  (5.886  D)  with  the  experimental  value  for  go  (5.882 
D)  the  agreement  would  appear  to  even  better. 
Another  experimental  parameter,  related  to  the  dipole 
moment  and  its  derivative 


The  literature  does  not  lack  for  calculations  and 
discussions  of  atomic  transition  probabilities.  Much  less 
is  known,  however,  about  molecular  transition  proba¬ 
bilities,  even  though  Mulliken  and  Rieke,2“  in  1941, 
published  a  comprehensive  review  of  the  research  on 
the  subject.  Since  then,  with  the  availability  of  large 
computers,  much  more  accurate  molecular  wave- 
functions  can  be  calculated,  and  thus  theoretical 
transition  probabilities  should  become  more  accessible. 
Several  recent  theoretical  studies  have  appeared  in 
which  transition  moments  were  calculated  using 
molecular  Hartree-Fock  functions.  The  systems  calcu¬ 
lated  were  NH(i4-X,  c-a,  c-b)  and  CH(/1-X,  B-X, 
C-X )  by  Huo24  and  the  A-X  band  systems  in  OH, 
BeH,  MgH,  and  SH  by  Henneker  and  Popkie.25  Huo 
has  concluded  that  oscillator  strengths  computed  in 
this  manner  have  order  of  magnitude  accuracy  only. 
On  the  Other  hand,  Wolniewicz”  has  obtained  excellent 
theoretical  results  for  the  B-X,  C-X  and  E,  F-B 
transitions  in  the  hydrogen  molecule  using  the  very- 
accurate  electronic  wavefunctions  calculated  by  Kolos 
and  Wolniewicz.27-22 


Table  XV.  Selected  properties  (n  is  the  dipole  moment,  6  is 
the  quadrupole  moment,  q  is  the  field  gradient)  vibrationally 
averaged,  Q(v,  J\  vJ)  -  I  Q(R)  1  P*.j(R)  )  J=0  for 

S  states  and  7=1  for  n  states.  All  values  in  atomic  units. 


(dp/dR)R 


(15) 


which  is  obtained  from  relative  line  intensities  in  the 
infrared  spectrum12  agrees  exceptionally  well  with  our 
computed  value. 

Using  the  quadrupole  coupling  constant  for  7Li  in 
LiH  measured  by  Wharton  et  al.,K  and  the  computed 
field  gradient  at  the  Li  nucleus  in  the  r  =  0  state,  we 
obtain  a  nuclear  quadrupole  moment  for  7Li  somewhat 
smaller  in  magnitude  than  many  of  those  calculated 
previously.  However,  our  value  is  close,  though  some¬ 
what  larger  than  the  one  obtained  recently  by,, Green,*1 
using  the  Cade  and  Huo  basis  set  in  a  200  configuration 
Cl  calculation.  It  should  be  noted  here  that  the  field 
gradient  operator,  going  as  Pi  (cos£>)/r*,  for  Li  will 
depend  strongly  on  the  description  of  the  1  a  or  K  shell 


V 

«(r) 

e(v) 

?Ll(f) 

?h(i>) 

X‘S+ 

0 

2.350 

-3.236 

-0.0383 

0.0488 

5 

2.559 

-4.210 

-0.0304 

0.0429 

10 

2.711 

-5.244 

-0.0232 

0.0356 

A 

0 

-0.941 

-7.931 

-0  9216 

0.0055 

5 

-0.011 

-11.741 

-0.0220 

0.0078 

10 

0.882 

-15.812 

-0.0217 

0.0086 

15 

1.650 

-19.880 

-0.0216 

0.0086 

20 

2.228 

-23.676 

-0  0240 

0.0069 

sin 

0 

-0.096 

6.285 

0  0204 

0.0046 

1 

-0.024 

5.329 

0.0197 

0.0010 

»n 

0 

0.080 

6.019 

0.0178 

0.0226 

2 

0.050 

6.056 

0.0193 

0.0149 

4 

0.016 

5.923 

0.0208 

0.0060 
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Table  XVI.  Expectation  values  and  properties  of  X'1S+  state  at  25=3.0  b.* 


(?/2«)h 

(?/2«)li 

1/fH 

1/ai  *li 

m 

■Pi(coseu)  An’ 

PiIcosShIAh1 

0.0267 

-0.0202 

2.2322 

6.0814  7.8361 

10.1327 

0.1500 

-0.3282 

0.0263b 

— 0.01 74b 

2.2376b 

6.0820b  7 . 8288b 

10. 1412b 

0. 1144b 

— 0.3260b 

0.0230° 

-0  0187° 

2.2404° 

6.0748°  7.8292° 

10. 1008* 

0.1148° 

-0.3312° 

0.0292d 

-  J. 0202" 

2.2239d 

6.0848d 

0.0256° 

-0.0173° 

0.0274' 

-0.0166' 

-0.0195* 

ra* 

rtf 

Pi(cos5li)/Vli‘  IMcosSh)  Ah’ 

<th<<0  X 10° 

ffLl'^XlO4 

XWX10° 

30.1047 

25.9657 

0.0572 

0.0844 

0.3953 

1.079C 

-1.6788 

30. 2 240 *■ 

25.9296» 

0.0536b 

0.0832b 

30.615° 

25.827° 

0.0548° 

0.0864° 

0.3922* 

1.0775* 

0.0521° 

0.0777* 

M-.(O) 

,  */K‘ 

Q7ii(10~m  cm1) 

(cqQ/h)  B  kc 

"*  (d»/dR)R. 

5.886b 

5.974* 

6.0831 

6.193' 

1.86 

— 3.75h 

34.4“ 

5  828' 

5.882±0.00o'° 

5.990±0.003°“ 

6.098±0.003m 

1.8±0.3» 

-3.96° 

31.4° 

5.853b 

5.645d 

5.93° 

6.00° 

6.05* 

1.74° 

-4.44' 

33±1“ 

6.002' 

2.5“ 

-4.3' 

33.3' 

5.965° 

4.5“ 

5.93° 

1.75k 

5.888' 

5.89k 

•  All  our  values  appear  first  in  each  column;  they  are  at  75  =  3.0  bohr  and  in  atomic  units  unless  specified  differently. 
b  At  25—3.U15.  See  Ref.  10. 

°  At  75=3.015.  See  Ref.  11. 
d  At  75  =  3.015'  See  Ref.  12. 

•  At  75=3.046.  See  Ref.  13. 

1  At  75=3.042.  See  Ref.  14. 

•  At  75= 3.046.  See  Ref.  IS. 

h  Obtained  at  75= 3.015  bohr  by  interpolation  of  our  calculated  values. 

'  Obtained  by  linear  fit  to  (s-f  1/2)  of  mo  and  #ii  experimental  values, 
i  At  75=3.015  bohr.  See  Ref.  16. 
k  At  75=3.060  bohr.  See  Ref.  17. 

1  Our  vibrationally  averaged  value  is  for  /=  1  state. 
m  See  Ref.  18. 

»  See  Ref.  19. 

•  See  Ref.  8. 
a  See  Ref.  20. 

o  Calculated  using  (j/ 2«)h  and  Qd31  2.738X  10-17  cm*. 
t  Using  the  vibrationally  averaged  values  j(c=  1) ;  sec  Table  XV. 


Several  factors  can  be  said  to  account  for  the  dearth 
of  transition  probability  calculations  for  molecular 
systems.  The  first  is  that  molecular  wavefunctions  even 
of  Hartree-Fock  quality  are  relatively  scarce  for 
excited  States  of  molecules.  Because,  in  general,  the 
transition  moment  varies  with  the  intemuclear  dis¬ 
tance  R,  one  should  also  have  ground  and  excited  state 
electronic  wavefunctions  at  various  R  values,  in  order 
to  calculate  band  intensities  or  line  strengths.  The 


Hartree-Fock  potential  curves,  especially  for  large  R, 
can  be  notoriously  poor,  leading  to  incorrect  dis¬ 
sociation  products.  In  addition,  the  effects  of  electron 
correlation,  unaccounted  for  in  the  HF  wavefunction, 
on  the  transition  moment  are  difficult  to  predict.  Thus, 
indications  are  that  molecular  wavefunctions  to  be 
used  in  transition  probability  calculations  should  go 
beyond  the  Hartree-Fock  model,  both  in  flexibility 
and  in  correcting  for  electron  correlation.  In  order  to 
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obtain  results  which  can  be  compared  with  experiment, 
the  nuclear  motion  ust  also  be  considered  Since  the 
electronic  energies,  wavefunctions,  and  transition 
moments  are  obtained  within  the  framework  of  the 
Born-Oppenheimer  approximation,  these  quantities 
depend  parametrically  on  R.  The  dependence  of  the 
square  of  the  transition  moment  on  R  is  not  directly 
observed  experimentally.  Therefore,  an  average  over 
the  nuclear  coordinate  using  vibrational  wavefunctions 
is  necessary. 

The  length  form  of  the  general  transition  moment 
operator  is  defined  just  as  the  dipole  moment  operator 
was  in  Sec.  II. 

m=e’Zu,-e'ZZIRi',  (16) 

-  i  l 

except  that  the  coordinates  are  with  respect  to  the 
laboratory  fixed  frame  of  reference.  The  transition 
moment  between  two  states,  A  and  B,  represented  by 
orthogonal  wavefunctions,  is  independent  of  the 
second  term,  since  the  matrix  element  over  the  second 
term  above  vanishes  for  all  R.  With  the  total  wave- 
function  defined  as 

*a,  «oui=^,./(r,' ',*')  (l/tf)/V/(tf)  ?,*„(*,  x) 

(17) 

(with  the  quantum  numbers  and  notation  of  the  previ¬ 
ous  section) ,  the  transition  moment  can  be  written 

<^,t0U1 1  eZ  r,'  |  ¥fl.toUl). 
i 

(18) 

Transforming  coordinates  r/  to  r,  in  the  molecule 
fixed  system,  and  integrating  over  the  electronic 
coordinates  n  with  the  electronic  transition  moment 
defined  as 

A//D(J?)  =  (^.w(r<,  R)  leEril^^r,-,*)),  (19) 

i 

we  can  write 

=  (P."J"A(R)  |  MAB{R)  |  Prrn{R)) 

X(P>«A".V"  |  D(e,ip,x )  |  Yj'h'M').  (20) 

The  D{6,  <p,  x)  in  the  last  matrix  element  relates  the 
molecule-fixed  coordinate  system  to  the  laboratory- 
fixed  axes.  In  order  to  obtain  the  line  strength  for  an 
electronic  transition  between  vibrational  and  rota¬ 
tional  states  v"J"—+v'J'  we  must  square  the  quantity 
and  sum  over  the  degenerate 
quantum  numbers  M'  and  Id".  This  gives 

. (21) 

where  Sj" yJ'A'  is  the  Honl-London  factor4  and 

j  (P,,.j„A(R)  |  MAB{R)  |  P-jB(R))  |2. 

(22) 


In  this  work,  only  the  length  form  of  the  dipole 
operator  was  used,  as  the  integrals  program  was  not 
adapted  to  compute  the  velocity  operator.  The  pro¬ 
cedure  we  followed  to  obtain  individual  line  strengths 
was  to  calculate  MCAB(R)  using  the  electronic  wave- 
functions  determined  at  the  various  R  values  given  in 
Paper  I.  Then  p,’,"J,J"  was  obtained  by  averaging 
over  the  particular  vibration-rotation  wavefunctions. 
The  actual  sign  of  MCAB(R)  is  insignificant,  depending 
only  on  the  relative  phases  of  the  two  wavefunctions 
involved.  A  polynomial  interpolation  of  the  calculated 
M„AB(R)  points  is  necessary  in  order  to  obtain  the 
electronic  transition  moment  at  each  point  on  the 
numerical  integration  grid  for  which  we  have  vibra¬ 
tion-rotation  wavefunctions. 

If  the  electronic  wavefunctions  4^  and  4'/,  are  con¬ 
structed  from  a  common  set  of  orthonormal  orbitals, 
M,AB(R)  can  be  computed  using  Eqs.  (5)  and  (6)  in 
Sec.  II  of  this  paper.  This  is  the  case  for  the  two  '2+ 
states  computed  using  the  “averaged  field”  described 
in  Paper  I.  The  calculation  of  the  transition  moment 
between  two  states  with  nonorthogonal  orbitals  will 
be  discussed  below. 

Whether  or  not  the  molecular  orbitals  for  the  two 
states  are  orthogonal,  when  both  states  are  calculated 
with  the  same  basis  set,  the  computation  of  the  one- 
electron  integrals  of  the  transition  moment  over  the 
basis  functions  is  greatly  simplified.  This  was  the 
case  for  four  of  the  states  of  LiH.  Since  the  basis  for 
the  32+  differed  by  only  three  functions,  the  transition 
moment  integrals  for  the  32+-3n  were  obtained  with 
the  larger  basis.  In  the  a2+  wavefunction,  orbital  co¬ 
efficients  of  zero  were  then  inserted  for  these  basis 
functions.  The  32+  wavefunction  was  also  not  available 
at  all  the  R  values  of  the  3n,  and  thus  transition 
moments  were  only  computed  for  the  nine  R  values 
which  matched  in  each  state. 

The  treatment  for  nonorthogonal  orbitals  is  very 
similar  to  that  in  Sec.  II.  For  clarity,  we  rewrite  Eq. 
(5)  of  that  section  as 

m.ab{R)  =  z  £  <VG«<<V(*)  I £  n  I  *JB(R) ), 

ICA  C  B  i 

(-23) 

where  the  sums  are  over  the  CSF's  of  states  A  and  B. 
The  configuration  state  functions  $/  may  themselves  be 
linear  combinations  of  Slater  determinants  4q,  enabling 
us  to  write 

*r=  E  5A,  (24) 

KCl 

where  the  summation  is  over  all  SD’s  in  CSF  I.  Then 
defining  Aik=CiBk,  we  can  write 


^ £  E  £  £  Ajkaajlb 

ICA  JCB  KCl  LCJ 


(*ka  I  £  r<  1 4 >L°). 

i 


(25) 

Because  of  the  nonorthogonality  of  orbitals  belonging 
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to  states  A  and  B,  we  have  an  orbital  overlap  matrix 
between  SB’s  '&ka  and  denoted  SKL  with  elements 

iCK  a.ndjC.L.  (26) 

Thus  we  can  write 

(*ka  I  £  r.  I  £  £  W  I  r(l)  I 

i  iCK  jGL 

(27) 

where  Di}RL  is  the  cofactor  of  the  overlap  matrix  SKL 
formed  by  omitting  row  i  and  column  j  and  taking 
the  determinant  of  the  remaining  matrix. 

If  we  use  spin-orbitals,  SKL  will  be  a  square  matrix, 
which  can  be  blocked  into  an  a  and  a  /3-spin  sub¬ 
matrix.  Since  our  operators  are  spin-independent,  no 
matrix  elements  over  orbitals  of  different  spins  will 
appear,  and  tbe  cofactor  DnKL  reduces  to  a  product 
of  the  cofactor  within  a  particular  spin  block  and  the 
determinant  of  tiie  other  spin  block.  The  actual  calcu¬ 
lation  of  cofactors  was  accomplished  utilizing  a  method 
suggested  by  Prosser  and  Hagstrom.30  Details  of  the 
over-all  procedure  have  been  presented  more  fully 
elsewhere.*1 

Transition  moments  were  calculated  for  the  following 
four  systems  of  LiH:  X  l2,+-A  ‘S*,  X 12+-5  ‘II,  A  ,2+- 
B  ‘n,  and  *2+-*II.  Since  the  X  ‘£+  and  A  ‘2+  states 
were  calculated  using  the  “averaged  field”  their 
orbitals  were  mutually  orthonormal  and  the  first 
transition  moment  above  could  be  obtained  using 
Eq.  (6)  in  Sec.  II.  For  the  other  transition  moments, 
the  procedure  for  nonorthogonal  orbitals  just  outlined 
was  used.  The  actual  values  are  listed  in  Table  XVII 


Table  XVII.  Electronic  transition  moments.* 


R 

X  l2+-i4  ‘2+ 

X‘2+-B>n 

A  ‘S+-B  ‘II 

«s+jn** 

2.0 

0.6247 

1.8222 

-2.5837 

2.8811 

2. 25 

0.7034 

1.8321 

-2.6048 

2.5 

0.7855 

1.8570 

-2.6096 

2.9578 

2.75 

0.8714 

1.8874 

-2.6032 

3.0 

0.9599 

1.9223 

-2.5870 

3.0057 

3.25 

1.0530 

1.9586 

-2.5696 

3.5 

1.1516 

1.9960 

-2.5445 

3.0696 

4.0 

1.3739 

2.0697 

-2.4936 

3.1314 

4.5 

1.6323 

2.1612 

-2.4269 

5.0 

1.9448 

2.2846 

-2.3298 

3.2203 

5.5 

2.3100 

2.4342 

-2. 1949 

6.0 

2.6956 

2.6213 

-1.9912 

3.2881 

6.5 

3.0202 

2.8221 

-1.7220 

7.5 

3.1453 

3.1556 

-1.0597 

3.3230 

8.5 

2.7686 

3.3051 

-0.5209 

10.0 

2.3613 

3.3610 

-0. 1020 

12.0 

2.3425 

3.3715 

0.0434 

3.3589 

•  In  atomic  units,  i.e.,  e-bolirs. 

b  The  ,2+  state  was  calculated  at  a  slightly  different  set  of  R 
values  from  the  others.  The  transition  moment  *2+-Jn  was  calcu¬ 
lated  only  at  identical  R' s  in  each  set. 
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R  (bohrs) 

Fig.  3.  Transition  moments  of  four  systems  in  LiH  versus  R. 

and  presented  graphically  in  Fig.  3.  In  order  to  under¬ 
stand  how  these  transition  moments  should  behave 
theoretically  as  a  function  of  R,  it  is  instructive  to  look 
at  the  states  in  the  united  atom  (22=0)  and  separated 
atom  (/?=«>)  limits.  This  can  be  represented  sche¬ 
matically  as 

Be(li*2i*;  >5)-»LiH(la*2a*;  X  '2+) 

->Li(*S)+H(*S) 

LiH(lo32o-3o-;  *2+) 

Be(lj*2j2/>;  */>) 

LiH(l0*2rlir;  *11 

LiH(l<d2<x3<x;  A  ‘2+)  Li(*P)+H(*S) 

Be(lj32j2p;'P) 

LiH(loJ2o’lir;  B  ‘II) 

Thus  for  22  =  0,  since  the  A  *2+  and  B  *n  as  well  as 
the  *n  and  *2+  states  become  degenerate,  the  transition 
moments  of  A  ‘2  +-B  'II  and  *2+-*II  should  approach 
zero.  As  can  be  seen  from  Fig.  2,  this  is  not  yet  the 
case  in  our  calculated  values  at  22=2.0  bohr.  We  might 
expect  also  that  the  sum  of  the  oscillator  strengths  for 
X  l2  +-B  ‘II  and  X  *2 +-A  ‘2+  approaches  that  of  the 
Be  lS—*lP)  transition.  This  is  definitely  not  the  case, 
as  the  oscillator  strength  [defined  in  atomic  units  as 
/ab=2/3(Ea  —  Eb)Sab]  of  the  atomic  transition  is 
1.36,**  whereas  ours  sum  to  0.44.  At  2.0  bohr,  there¬ 
fore,  we  are  still  quite  far  from  the  united  atom  limit. 

At  large  22  we  observe  exactly  what  we  would  expect 
from  the  separated  atom  point  of  view.  The  transition 
moment  of  A  ‘2+-ZJ  *11  has  reached  zero  by  12.0  bohr, 
since  these  states  dissociate  to  the  same  atomic  limit. 
The  X  l2 +-B  ln  and  X  lX+-A  12+  transitions  have 
attained  constant  values  at  this  distance.  The  square 
of  the  transition  moment  for  the  X  '2 +-B  ‘II  transi  lion 
is  just  2.07  times  the  square  of  the  X  12+-/i  '2+ 
moment  of  22=  12.0  bohr.  This  is  very  good  agreement 
considering  that  purely  theoretically  we  expect  a  factor 
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Table  XVIII.  Line  strengths  Pvr"J,J"  for  selected  bands  in  the  X  l£+-d  *2+  transition  (in  10_1  e,*bohrs’). 


J 

P(J) 

R(J) 

P(J) 

R(J) 

0-0 

1-0 

0 

0.068 

0.477 

1 

0  070 

0.065 

0.489 

0.462 

2 

0.069 

0.060 

0.486 

0.441 

3 

0.067 

0.055 

0.476 

0.415 

4 

0.064 

0.050 

0.461 

0.386 

5 

0.059 

0.044 

0.440 

0.353 

6 

0  054 

0.038 

0.414 

0.320 

7 

0.048 

0.032 

0.384 

0.285 

8 

0.042 

0.027 

0.352 

0.250 

9 

0.037 

0.022 

0.318 

0.217 

10 

0.031 

0.018 

0.284 

0.185 

11 

0,026 

0.014 

0.250 

0.156 

12 

0.021 

0.011 

0.216 

0.130 

13 

0.017 

0.009 

0.185 

0.107 

14 

0.014 

0.007 

0.157 

0.087 

IS 

0.011 

0.005 

0.131 

0.070 

16 

0.009 

0.004 

0.108 

0.056 

17 

0.007 

0.003 

0.089 

0.044 

18 

0.005 

0.002 

0.072 

0.035 

19 

0.004 

0.058 

5-0 

6-0 

0 

9.288 

11.46 

1 

9  380 

9.200 

11.54 

11.40 

2 

9.384 

9.084 

11.55 

11.31 

3 

9.360 

8.940 

11.55 

11.21 

4 

9.308 

8.768 

11.52 

11.08 

5 

9.227 

8.567 

11.48 

10.93 

6 

9.117 

8.338 

11.42 

10.76 

7 

8.977 

8.081 

11.34 

10.56 

8 

8.807 

7.798 

11.23 

10.33 

9 

8.608 

7.488 

11.10 

10.07 

10 

8.379 

7.156 

10.93 

9.79 

11 

8.120 

6.803 

10.74 

9.47 

12 

7.834 

6.431 

10.52 

9.12 

13 

7.522 

6.046 

10.27 

8.75 

14 

7.187 

5.651 

9.98 

0.35 

15 

6.831 

5.250 

9.66 

7.93 

16 

6.458 

4.848 

9.32 

7.49 

17 

6.073 

4.451 

8.94 

7.03 

18 

5.679 

4.061 

8.54 

6.57 

19 

5.281 

8.12 

7-0 

8-0 

0 

12.44 

12.14 

1 

12. 48 

12.41 

12.15 

12.15 

2 

12  50 

12.38 

12.17 

12.17 

3 

12.52 

12.34 

12.21 

12.20 

4 

12.53 

12.29 

12.25 

12.23 

5 

12.54 

12.22 

12.30 

12.26 

6 

12.54 

12.15 

12.36 

12.29 

7 

12.54 

12.05 

12  43 

12.31 

8 

12  52 

11  94 

12.50 

12.33 

J 

P(J) 

R(J) 

P(J) 

R(J) 

9 

12.49 

11.80 

12.57 

12.33 

10 

12.44 

11.63 

12.64 

12.32 

11 

12.37 

11.43 

12.70 

12.28 

12 

12.27 

11.20 

12.75 

12.21 

13 

12.15 

10.93 

12.78 

12.12 

14 

11.99 

10.63 

12.79 

11.99 

15 

11.80 

10.29 

12.78 

11.82 

16 

11.58 

9.92 

12.74 

11.61 

17 

11.32 

9.52 

12.66 

11.35 

18 

11.02 

9.09 

12.54 

11.06 

19 

10.68 

12.38 

9-0 

11-0 

0 

10.88 

7.04 

1 

10.86 

10.92 

6.99 

7.11 

2 

10.88 

10.98 

7.00 

7.20 

3 

10.92 

11.06 

7.04 

7.32 

4 

10.98 

11.15 

7.11 

7.47 

5 

11.06 

11.26 

7.20 

7.63 

6 

11.16 

11.37 

7.32 

7.83 

7 

11  28 

11.50 

7.46 

8.04 

8 

11.41 

11.62 

7.64 

8.27 

9 

11.56 

11.75 

7.83 

8.53 

10 

11.72 

11.87 

8.06 

8.80 

11 

11.88 

11.99 

8. .30 

9.08 

12 

12.05 

12.08 

8.57 

9.38 

13 

12.21 

12.16 

8.86 

9.68 

14 

12.37 

12.22 

9.16 

9.98 

15 

12.52 

12.24 

9.48 

10.28 

16 

12.65 

12.22 

9.81 

10.58 

17 

12.76 

12.17 

10.15 

10.86 

18 

12.84 

12.07 

10.49 

11.12 

19 

12.89 

10.84 

12-0 

0 

5.19 

l 

5.14 

5.25 

2 

5.14 

5.34 

3 

5.17 

5.45 

4 

5.23 

5.59 

5 

5.31 

5.75 

6 

5.42 

5.94 

7 

5.55 

6.14 

8 

5.71 

6.38 

9 

5.89 

6.63 

10 

6.10 

6.91 

11 

6.33 

7.21 

12 

6.59 

7.53 

13 

6.87 

7.86 

14 

7.18 

8.20 

15 

7.50 

8.56 

16 

7.85 

8.92 

17 

8.22 

9.28 

18 

8.59 

9.64 

19 

8.98 

24 
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of  2  due  to  the  doubly  degenerate  2 pr  versus  the  non- 
degenerate  2 pa  arising  from  Li(lf*2^).  The 
transition  moment  becomes  equal  to  the  AT  *2+—^  *11 
moment,  which  is  just  what  we  would  anticipate  for 
analogous  terms  within  the  singlet  and  triplet  sequences. 

The  sum  of  the  oscillator  strengths  ol  the  X  'E4- 
A  '24  and  X  'E4-/?  'II  transitions  is  0.763  if  we  use 
the  experimental  energy  splitting  of  Li(’P)— >Li(*5) 
and  our  calculated  transition  moments.  Weiss,**  using 
a  45-configuration  wavefunction  calculated  the  oscil¬ 
lator  strength  of  the  Li(’S)— *Li(*P)  transition  to  be 
0.753.  The  Hartree-Fock  /  value  is  0.768,  also  calcu¬ 
lated  by  Weiss*1  using  the  dipole  length  operator  and 
the  experimental  splitting.  It  is  reasonable  that  the 
Hartree-Fock  model  predicts  too  large  a  transition 
moment,  because  lack  of  electron  correlation  tends  to 
create  a  more  diffuse  charge  distribution  than  is 
actually  the  case.  Since,  at  the  dissociation  limit,  our 
calculated  molecular  states  dissociate  to  Hartree-Fock 
atoms,  we  expect  to  approach  the  Hartree-Fock  value 
for  the  Li(*5)— »Li(*P)  transition,  and  our  value  of 
0.7M  attests  to  this.  If  we  had  calculated  the  oscillator 
strength  using  our  calculated  energy  splitting  we 
would  have  obtained  a  value  of  0.755— very  close  to 
the  most  accurate  value.  This  is  due  to  a  fortuitous 
cancellation  of  errors:  the  larger  Hartree-Fock  transi¬ 
tion  moment  is  multiplied  by  the  Hartree-Fock  energy 
splitting,  which  is  smaller  (due  to  more  correlation  in 
the  *5  than  the  *P  states  of  Li)  than  the  experimental 
value. 


Table  XIX.  line  strengths  PfvJ'J"  lor  lwo  bands  in 
ground  stale  infrared  ipeclrum  (in  10'*  e'-bohra*). 


J 

O-l 

1-2 

P(J ) 

RU) 

PIJ) 

R(J) 

0 

0.813 

1.653 

1 

0.952 

0.749 

1.936 

1.520 

2 

1.026 

0.687 

2  088 

1.395 

3 

1.103 

C.629 

2.246 

1.275 

4 

1.184 

0.573 

2.411 

1.162 

S 

1  268 

0.521 

2.582 

1.055 

6 

1.355 

0.472 

2.761 

0.953 

7 

1  446 

0.425 

2.946 

0  858 

8 

1.540 

0.381 

3  138 

0.768 

9 

1.638 

0  340 

3.336 

0.684 

10 

1  739 

0.302 

3.542 

0.605 

11 

1  843 

0.266 

3.755 

0.532 

12 

1.951 

0.233 

3.974 

0.464 

13 

2.062 

0.202 

4.200 

0  401 

M 

2.177 

0.174 

4  433 

0.343 

15 

2.295 

0.148 

4.673 

0,290 

16 

2.417 

0.124 

4.920 

0.241 

17 

2  542 

0.103 

5  173 

0  198 

18 

2.671 

0.084 

5  432 

0, 159 

19 

2  803 

5  698 

Another  feature  of  the  X  ‘2+-/1  T4  transition 
moment  curve  which  can  be  observed  is  the  maximum 
in  the  region  5.0  to  9.0  bohr.  This  is  the  region  of 
greatest  interaction  between  the  two  states;  the  wave- 
functions  are  changing  character  from  ionic  to  neutral 
or  neutral  to  ionic. 

Bender  and  Davidson*  have  calculated  the  absolute 
oscillator  strengths  for  the  four  transitions  at  various 
R  values.  Since  the  oscillator  strength  contains  both 
the  energy  splitting  and  the  square  of  the  transition 
moment,  we  have  to  divide  by  their  calculated  cnerg) 
splittings  to  obtain  the  behavior  of  the  transition 
moments.  All  their  calculations  arc  carried  out  at 
P<6.0  bohr.  For  the  A”- /I  transition,  their  transition 
moment  is  uniformly  larger  than  ours  by  ~0.1  bobr. 
This  is  not  surprising,  as  our  wavefunctions  were 
better  correlated  than  theirs.  For  the  .VS*- /I'll, 
A  tZ*'-B  'll,  and  ‘S4-*!!  transitions,  however,  Bender 
and  Davidson  obtain  moments  smaller  in  •  agnitude 
than  ours,  on  the  aveiage  by  0.5,  0.8,  and  1.0  bohr, 
respectively.  The  B  'II  is  very  poorly  determined  in 
their  case — not  even  bound.  Although  they  obtain  a 
bound  *n,  the  charge  distribution  for  this  state  may 
be  poor  also  due  to  the  lack  of  diffuse  2 pr  functions  on 
H  in  their  basis  set.  It  is  this  lack  oi  diffuse  basis  func¬ 
tions  which  presumably  yields  their  smaller  transition 
moments  for  the  £-11  systems. 

IV.  LINE  STRENGTHS 

We  have  computed  the  transition  matrix  elements 
between  various  vibration-rotation  states  for  the 
transitions  X  >2+-A  'I4,  A'  '2+-B  'll,  A  ‘Z+-B  'll,  and 
the  infrared  vibration-rotation  transitions  in  the 
ground  state.  Selected  values  are  given  in  Tables 
XVIII  and  XIX.  Since  the  *24  state  is  repulsive  and 
no  continuum  wavefunctions  were  calculated,  no 
transition  matrix  elements  were  obtained  from  the 
electronic  transition  moments  for  *27*--*Il.  The  signs 
of  the  computed  matrix  elements  are  unimportant,  as 
the  square  of  the  transition  matrix  element  is  the  only 
measurable  quantity. 

The  line  strengths,  prfJ'J",  vAlhoul  the  Honl- 
London  factors,  are  presented  for  several  selected 
bands  of  the  X  '2+-A  '£♦  transition  in  Table  XVIII. 
As  can  be  seen,  the  t'-7-*t/,-0  band  would  be  that 
of  maximum  intensity  within  the  r"«0  progression, 
however  in  cases  where  the  Boltzman  factor  weights 
high  J"  values  heavily  (i.e.,  high  rotational  tempera¬ 
ture)  the  8-0  band  should  be  most  intense.  From  a 
study  of  Fig.  2  in  which  the  vibrational  levels  of  the 
„Y  ar.d  A  T4  potential  curves  are  depicted,  we  could 
have  anticipated  this  behavior  by  a  straightforward 
application  of  the  Franck- Condon  principle.  Halmann 
and  Laulicht,*4  computing  Franck-Cor'djn  factors  and 
r  centroids  for  this  progression  using  RKR  potentials 
predicted  an  intensity  maximum  in  the  absorption 
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spectrum  for  the  8-  0  band  of  the  A'  '2+-/t  '2+  transi¬ 
tion. 

Absolute  intensity  measurements  in  absorption  have 
been  carried  out  for  the  r"-0  progression  of  the 
\  ‘2*  A  •2+  transition.  Velasco  and  Fcrnandcz-Florcz** 
obtain  a  maximum  in  the  intensity  distribution  at 
8  0  and  a  second  maximum  of  almost  the  same  relative 
intensity  at  12-0.  Comparing  the  for  the 

11  0  and  12  0  bands  it  is  evident  that  in  our  calcula¬ 
tions  the  intensity  distribution  for  the  12-0  band  will 
definitely  be  less  than  in  the  11-0  band,  and  both  arc 
less  than  in  the  7-0  and  8  0  bands.  Using  equation 
relating  the  integrated  absorption  coefficient  to  the 
line  strengths, 

JM.-(8rW3Ac)A’..|K«  !\  (28) 

Velasco  and  Fcmandez-Florcx  have  also  presented  the 
values  of  j  R  *  for  the  various  lines  in  the  P  and  R 
branches  of  the  6  0  band.  The  |  /?  |*  values  vary 
greatly— by  a  factor  of  16—  from  Pt  to  /*•*  and  R%  to 
R-x  with  the  largest  values  for  P\  and  R+  In  the  11-0 
and  12-0  bands  they  observe  several  maxima  and 
minima  in  the  region  7'«4  to  J'- 19  when  |  R  |**+ 
j  R  l/-1  is  calculated. 

Since  we  were  unable  to  determine  what  the  factor 
•V.  in  Velasco's  article  contains,  it  is  not  clear  to  us 
what  their  |  R  |*  r»  presents.  Our  s  do  not 

behave  at  all  like  the  --.perimental  |  R  I1  values  pre¬ 
sented  by  Velasco  and  Fernand cz-  Florez.  Even  re¬ 
garding  their  measurements  as  relative  intensities  does 
not  help  to  resolve  the  discrepancy.  Decause  we  were 
able  to  reproduce  very  well  the  anomalous  behavior  in 
the  spectroscopic  constants  of  the  A  '2*  state,  we 
would  expect  to  be  able  to  pick  up  the  trends  in  the 
line  strengths. 

Recently,  Velasco**  has  indicated  that  absolute 
intensity  measurements  in  absorption  are  in  progress 
for  the  .V  T*-/)  'II  transition.  It  will  be  interesting  to 
compare  our  results  for  this  system  with  experiment 
to  see  if  perhaps  theory  and  experiment  can  become 
less  inconsistent. 

For  tie  infrared  transitions  in  the  ground  state,  we 
present  the  values  for  two  bands:  CM  and 

1-2  in  Table  XIX.  llecause  these  two  bands  arise  from 
different  vibrational  states,  their  intensity  relative  to 
each  other  in  absorption  will  be  wholly  determined  by 
thr  population  of  the  t-0  and  t-  1  vibrational  states. 
Almough  relative  intensity  measurements  have  been 
v'rncd  out  for  these  bands  by  james,  Norris  and 
Klemperer, •’  the  line  strengths  calculated  by  these 
authors  contain  an  unknown  Boltzmann  factor  which 


makes  comparison  of  our  absolute  values  with  their 
relative  values  impossible. 
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A  l  M  Cl  calculations  have  btm  performed  ow  a  wide  rsBge  ot  later-nuclear  -tiitinces  to  obtain 
tbc  potential  curve*  for  three  low-lying  netted  electronic  states,  « *!“.  A  •A.  A  'Z~,  el  CH  With  the  com. 
putw  prtwlkl  curm,  vibration-  touttootl  levels  are  obtained  by  numerical  intetntlon  el  the  radial 
5c«rtdiii|n  njuttJom  lor  the  motion  o 4  tfct  nuclei  The  item  value*  arc  analysed  to  yield  tbc  (MvtnUoiul 
fZ*™*  WMtAOH.  Results,  with  known  espcrtrerotal  value*  in  parentheses.  ..re  JUA'A)  - 
a.*a»r*)-j208iJ7oo)  a.u,.  a.(o*r-)-jo<7  d.va'.*)  -  •j'Mj.bi)  tv, 

’a^')“0.|7(~O40)  fV,  and  /),•(« *r  )»JJS  eV  The  computed  spectroscope  c.mtint*  art  found 
to  be  within  4%  of  known  esperimental  eahres.  A  potential  muimum  of  bestht  KOO  cm  •  occurs  in  the 
ewnputed  potential  curve  of  the  a»r~  state  The  o*r-  state,  not  known  e.perimmtaUy  is  estimated  to 
Ue  between  OAJ  eV  and  0.7S  eV  above  the  X  *H  pound  uatr 


I.  INTRODUCTION 

The  CH  radical  has  been  found  to  be  one  of  the 
more  abundant  molecule*  In  comets,  stellar  atmos¬ 
phere*.  and  interstellar  space.1  It  may  play  a  sig- 
nificant  role  in  the  formation  of  larger  molecules  in 
interstellar  space.  It  is  also  of  importance  in  flames. 
Consequently,  considerable  effort  has  gone  into  the 
experimental  determination  and  classification  of  its 
spectrum.  Several  electronic  stales  have  been  iden¬ 
tified  and  characterized  using  high  resolution  uv  spec¬ 
troscopy*;  most  nolably  the  low-lying  A  'A, 

•rd  C’l*,  as  well  as  the  X  HI  ground  state.  However, 
one  low-lying  state,  the  a  *1",  which  is  expected  to 
be  below  the  A  ’A  state  in  energy,  has  not  been  ob¬ 
served  to  date.  This  is  because  transitions  between 
this  and  the  other  low-lying  states  arc  strongly  for¬ 
bidden.  Also,  no  properties,  other  than  the  spectro¬ 
scopic  properties,  have  been  determined  experimentally 
for  the  various  low-lying  states  of  CH.  Molecular 
properties  such  as  dipole  and  quadruple  moments 
are  difficult  to  obtain  czperimen tally  for  reactive 
radicals  and  for  exriled  states.  However,  these  prop¬ 
erties  arc  easily  calculated  once  approximate  wave 
functions  for  the  molecule  are  determined  by  a  priori 
calculations. 

It  is  also  difficult  to  obtain,  experimm tally,  the 
long  range  behavior  of  the  potential  curve*.  This  long 
range  behavior  is  of  importance  in  elastic  and  reactive 
scattering,  and  of  potential  significance  in  interstellar 
molecule  formation.  Here  again,  o  priori  calculations 
can  supply  the  needed  Information,  if  the  calculations 
arc  carried  beyond  the  Hartree-Fock  limit  to  include 
the  nectssary  electron  ccerelation. 

Several  calculations  on  CH  have  been  reported  in 
the  literature.*  *  Most  of  these  arc  limited  to  either 
the  A  MI  ground  state  or  the  Hartree-Fock  approxi¬ 
mation.  Exceptions  are  a  minimal  basis  set,  limited 
Cl  calculation  by  Htgushi'  for  six  lowest-lying  state* 


in  C1I  and  a  recent  calculation  by  Liu  and  Verhaegcn* 
for  the  same  six  states.  In  the  latter  calculation  the 
Hartree-Fock  results  obtained  are  corrected  semi- 
empirically  for  the  correlation  error.  In  both  of  these 
calculations  the  agreements  between  computed  and 
experimental  /?„  and  term  splittings  are  rather 
good.  The  dissociation  energies  obtained  by  lligushi 
are  poor,  whereas  those  obtained  by  the  semiempiriea! 
method  are  very  good  In  this  paper  we  report  the 
results  of  an  extensive  and  accurate  ob  initio  wave 
mechanical  calculation  on  three  excited  states,  A  *A, 
5  ,  and  a  *r-  of  CH,  all  arising  from  the  configu¬ 
ration  Potential  curves  for  these  states 

arc  determined  for  a  wide  range  of  intemudear  sepa¬ 
rations,  considerably  beyond  the  scope  of  previous 
calculations. 

The  agreement  between  computed  quantities  and 
experimental  results,  where  known,  is  in  general  satis¬ 
factory.  An  outline  of  the  method  used  in  these  com¬ 
putations  is  depicted  in  Sec.  II.  The  results  are  dis¬ 
cussed  in  Sec.  III. 

Since  all  calculatiors  with  accuracy  beyond  Hartree- 
Fock  indicate  that  vc  yet  unobserved  *£"  state  is 
above  the  experimentally  observed  ground  state  .V  MI, 
we  shall  follow  the  spectroscopic  convention  in  the 
following  and  denote  the  state  with  the  prefix  a,  i.c„ 
*  As  a  matter  of  fact,  from  the  observation  of 
the  lines  of  lowest  J  In  the  three  0-0  bands  of  A-X, 
B-X,  and  C-X  in  interstellar  absorption,  Henberg 
and  Johns*  have  concluded  that  the  predicted  low- 
lying  *S~  state  mutt  lie  above  the  .V  MI  state. 

II.  METHOD 

In  the  calculation  of  the  wavrfimcliont  for  the 
molecule,  the  nonrelativistic  Botn-Oppcnhcimer  ap¬ 
proximation  it  used.  That  h,  the  wavdunction  for 
the  molecule  is  separated  Into  a  product  of  the  elec¬ 
tronic  and  the  midear  wavtfunttions,  by  neglecting 
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wall  terms  in  the  Hamiltonian,  two  uncoupled  wave- 
equations  are  obtained  ami  solved  separately.  The 
first  equation  is  (or  the  motion  o(  the  electrons  in  the 
field  of  the  (iced  nuclei:  the  eigenvalue*  and  eigen¬ 
functions  art  therefore  dependent  parametrically  on 
the  intemudear  distance  The  second  equation  is  for 
the  motion  of  the  two  nuclei  In  the  potential  de¬ 
termined  by  the  electrons.  The  assumption  of  sepa¬ 
rability  here,  again  neglecting  small  coupling  terms 
in  the  Hamiltonian,  leads  to  the  independent  nudear 
vibrational  and  rotational  motions,  w."d  the  solutions 
for  them  give  nse  to  vibration-rotatiot  al  states  char 
actcii/ed  by  the  vibrational  quantum  number  r  and 
the  rotational  quantum  numbers  A  and  if,  (Itund's 
coupling  b  is  assumed.) 

To  solve  the  dectronic  wave  equation,  the  usual 
llartrte-  lock  Koothaan  self-consistent  method  is  used 
first,  which  Is  followed  by  a  large  scale  configuration 
interaction*  calculation  in  order  to  introduce  the 
necessary  electron  correlation.  An  extended  set  of 
Slater  type  functions  is  used  for  the  expansion  of 
the  orbitals.  Some  cvponcnts  of  the  *  and  w  type 
functions  were  optimized  within  the  Ilartrev'Fock 
a|ijiroximation  for  the  A*  Ml  ground  state  at  the  ex¬ 
perimental  equilibrium  distance  It  was  found  that, 
with  the  extensive  set  used,  exponent  optimisation 
lowcrrd  the  energy  only  little,  lew  than  0.0005  a.u. 
Therefore,  it  apt  wared  reasonable  to  use  the  same  set 
of  basis  functions,  given  in  Table  I.  throughout  for 
all  states  ami  intemudear  separations.  Using  the  set 
given  in  Table  I,  the  SCF  result  for  the  X  Ml  state 


is  0.00008  a.u.  lower  than  the  result  of  Cade  and 
Huo.4  The  computed  energies  for  the  three  excited 
states  reported  here  arc  ail  found  to  satisfy  the  virial 
theorem  to  within  0.01%  at  the  computed  equilibrium 
intemudear  distance,  indicating  that  the  basis  set 
used  was  satisfactory. 

Initial  SCF  calculations  were  earned  out  at  each 
intemudear  separation  with  the  single  restricted  con¬ 
figuration  le*2e*A«lr*,  properly  coupled  to  yidd  the 
appropriate  *A,  and  42"  configuration  state  func¬ 
tions.  It  should  be  noted  that  the  restricted  Hartrce- 
Fock  functions  for  the  states  considered  here  dissociate 
properly;  ‘A-*C('/))-FH(»S),  *r-,  and  ‘l"— C('7'H 
H(*S).  This  is  not  so  for  the  Ml  ground  state,  which 
arises  from  the  configuration  l**2«*.W,!r  at  the  equi 
librium  distance,  but  would  need,  (or  proper  dissocia¬ 
tion  at  large  distances,  also  the  configurations 
W*2#*AH«tr  ami  l**2**l#Mr. 

The  orbitals,  occupied  and  empty,  resulting  front 
the  initial  SCF  calculations,  are  used  in  the  following 
Cl  calculations.  In  these  Cl  calculations  the  I*  or¬ 
bital.  representing  the  carbon  A”  shdl,  is  held  fixed 
and  always  doubly  occupied.  This  is  done  in  order 
to  reduce  the  number  of  configurations  needed,  and 
since  it  appears  reasonable  that  the  A*  shell  correla¬ 
tion  will  not  change  significantly  in  molenil^  forma 
tion,  s.  conjecture  which  we  intend  to  lest  in  fnturr 
calculations  Three  types  of  configurations  arr  included 
in  the  Cl  calculations; 

(a)  All  configuration  slate  functions  of  proper  sym¬ 
metry  arising  from  the  distribution  of  five  electrons 
in  the  orbitals  2*,  3«,  4v,  and  lr; 

(li)  any  possible  single  rqdaccmcnts  from  con 
figurations  of  type  (a); 

(c)  any  possible  double  rqdaccmenii  from  con¬ 
figurations  of  tyqw  ta),  provided  the  matrix  element 
between  such  a  configuration  and  the  reference  state, 
i.c.,  the  Harirre-F’ock  configuration,  is  nonzero. 

This  last  restriction  significantly  reduces  the  nunibci 
of  configuration  states  used  and,  furthermore,  is  jus 
lifted  from  a  perturbation  theory  point  of  view.  The 
actual  number  of  configuration  state  functions  used 
arc  2166,  2558,  am!  2159  for  A  *A,  /J*r ",  am!  a  'Z  , 
respectively. 

Once  the  electronic  wavefunctions  and  potrntia! 
curv'd  arc  obtained,  the  equations  for  the  nuclear 
motion  can  be  solved.  The  solutions  for  the  angular 
part  of  the  nuclear  motion,  i.c.,  the  molecular  rota¬ 
tion,  can  be  obtained  analytically  as  the  '•generalized” 
spherical  harmonic  function,4  with  the  quantum  num 
bets  A,  A\  and  Af.  The  total  angular  momentum  J  is 
n<:  needed  at  this  stage  since  the  three  states  con¬ 
sidered  here  follow  llund’s  couphng  case  b  This  is 
obvious  for  the  two  1“  states,  for  the  ’A  state  Her/ 
berg  and  Johns*  found  from  cx|Krimcntal  data  that 
St  is  close  to  case  b  also.  The  centrifugal  correct  inns 
for  given  K  values  are  added  to  the  computed  cicx 
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Tailc  1 1  IVlmiUl  curve  lot  CH  A  'A  Hale  * 


K 

fact 

fat 

E*o»-Kct 

Dipole* 

(c-in 

1  $5 

-58  102022 

-58  205910 

0  1069 

0  429 

1  65 

-58  15604* 

-58  245161 

0  1071 

0  490 

1  M 

-58  165790 

-58  275596 

0  1078 

0  557 

1  w 

-58  1 75525 

-58  284011 

0  1065 

0  656 

2  00 

-58  179572 

-58  285894 

0  1095 

0  724 

2  10 

-58  179455 

-58  289729 

0  1105 

0  795 

2  20 

-58  176275 

-58  287656 

0  1114 

0  866 

2  50 

-58  171006 

-58  285561 

0  1126 

0  955 

2  40 

-58  164570 

-58  278145 

0  1158 

0  994 

2  <fl 

-58  I49SJ9 

-58  265450 

0  1159 

1  090 

2  80 

-58  157666 

-58  2S7SJ9 

0  1149 

1  too 

5  00 

-58  IJIVM 

-58  241809 

0  ICWS 

1  029 

5  20 

-58  129655 

-58.254168 

0  1045 

0  907 

5  JO 

-58  128715 

-58  2272J9 

0  0985 

0  689 

5  Hr 

-58  178970 

-58  225797 

0  0948 

0  490 

5  to 

-58  150697 

-58  2207 56 

0  0001 

0  102 

6  (O 

-58  151085 

-18  220457 

0  0594 

0  0268 

8  00 

-58  151 165 

-58  220275 

0  0891 

0  00185 

10  00 

-58  151 165 

-58  220254 

0.0*91 

0  000555 

12  CM 

-58  I5II6I 

-58  220255 

0  0891 

0  000280 

IS  O) 

-58  151161 

-58  220254 

0  0591 

o  oooieo 

20  00 

-58  151165 

-58  220255 

0  0*91 

0  000052 

*  Kami/ are  in  atomic  unit*  (I  HoheO  529|i7  A,  I  Hi  Mitt  - 
27  21165!  rV),  dipole  in  deb)-e, 

*•  Calculated  (root  C(  vaniitiicllou. 


Tailc  III  IVurnilil  rent  l«  Cll  (I lUlr.* 


K 

/Vt  ret 

Facr-Fet 

Dipole*' 

<C-tl‘) 

1  80 

-58  158J11  -58  256405 

0  1181 

0  882 

1  90 

-58  149862  -  58  269191 

0  1195 

0  985 

2  ftl 

-58  154/126  -5*  27Mi95 

0  1207 

1  082 

2  10 

-58  158447  -  58  250419 

0  1220 

1  176 

2  20 

-58.158528  -  58  2*1559 

0  1250 

1  260 

2  50 

-58  157588  -  58  280954 

0  1255 

1  526 

2  40 

-58  156846  -  58  279246 

0  1224 

1  570 

240 

-58  1  57888  -58  274785 

0  1169 

1  570 

2  80 

-58  161217  -58  271042 

0.1098 

1  275 

5  00 

-58  165557  -58  268851 

0  1055 

1  no 

5  20 

-58  169461  -58  268059 

0  09*6 

0  915 

5  50 

-58  174905  -  58  268665 

0  0958 

0  650 

5  80 

-58  179140  -58  270165 

0  0910 

0  457 

4  20 

-58  185057  -  58  272178 

0  0*91 

(0  265)* 

5  00 

-58  186*05  -  58  274505 

0  0877 

(0  0945)* 

600 

-58  188142  -5*  275294 

0  0872 

0  0262 

8  00 

-58  188472  -  58  275579 

0  0869 

0  00246 

10  00 

-58  188482  -  58  275556 

0  0*69 

0  000757 

12  00 

-So  188482  -  58  275549 

0  0869 

0  000589 

15  00 

-58  1884*1  -58  275547 

0  0*69 

0  000158 

20  00 

-58  1884*1  -58  275546 

0  0*69 

0  000050 

•  Fand  /  are  In  atomic  uniu  (I  l>nhr»0  529177  A,  1  hartree- 
27.211652  tV),  dipole  in  debye 

k  Calculated  from  Cl  waveluncliom 

*  Interpolated,  with  Af-a  lo*f  dipole? +8,  from  T-5,20,  5  50 
5  80,  and  6  00  a  u 


Tailx  IV  Potential  curve  lot  Cll  «  *2*  »uir  • 


R 

fact 

fal 

Kan? — Ect 

Dipole* 

(C-ll*) 

1  45 

-58  166570 

-58  254642 

0  0885 

0  565 

1  60 

-58  255855 

-58  522589 

0  0886 

0  429 

1  80 

-58  277599 

-58  566860 

0  0895 

0  521 

1  90 

-58  286594 

-58  576517 

0  0901 

0  $69 

2  00 

-58  289660 

-58  580585 

0  0909 

0  620 

2  10 

—  58  288695 

-58  580554 

0  0918 

0  668 

2  20 

-58  284590 

-58  5774*6 

0  0929 

0  719 

2  40 

-58  270247 

-58  565664 

0  0954 

0  821 

2  60 

-58  251458 

-58  549975 

0.09*5 

0  915 

2  80 

-58  251240 

-58  555454 

0  1022 

0  985 

5  00 

-58  211955 

-58  518224 

0  1065 

1  014 

5  20 

-58  199827 

-58  505495 

0  1057 

0  892 

5  50 

-58  195598 

-58  292225 

0  0988 

0  714 

5  80 

-58  190815 

-58  284691 

0  0959 

0  551 

4  20 

-58  189442 

-58  279778 

0  0905 

0  550 

5  00 

-58  188725 

-58  276628 

0  0879 

C  117 

6  05 

-58  188547 

-58  275721 

0  0*72 

0  05IR 

8  00 

-58  188488 

-58  275595 

0  0*69 

0  00285 

10  00 

—  58  188485 

-58  275557 

0  0*69 

U  000775 

12  00 

-58  1 88482 

-58  275549 

0  0*69 

0  000589 

15  00 

-58  188481 

-58  275547 

0  0869 

0  000158 

20  00 

-58  188481 

-58.275546 

0  0*69 

0  000050 

•  2?  and  K art  in  atomic  unit*  (I  bohr-0  529177  A,  I  Hartree  - 
27  21  io52  rV),  di|iolr  in  debye. 

*■  Calculated  from  Cl  wavrlunctiont. 


R(au.) 

Fro.  I  Potential  curm  (or  the  atatet  a  *2",  ,1  *A,  and  /» *2' 
<4  Cll  a*  obtained  (tom  llartrtc  Fork  and  con  figuration  inlrr 
action  cnlculationa.  The  energy  Kale  in  hanric  on  (hr  tight  i»  (or 
the  llartrre  Fork  multi,  (hat  on  the  lr(i  it  (or  (hr  configuration 
interaction  mult  a  The  common  energy  |>oim  lot  l>oth  Kale* 
i»  choten  a*  the  merit)'  o I  lepauted  atom*,  II  ’.V)  and  Cl’/’)- 
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Table  V.  Properties  of  low-lying  electronic  sUtes  of  CH. 

A *  *A 

B'Z- 

o*Z- 

/?,  (a  u.) 

SCF 

2.045 

2.152 

2.022 

r.i 

2.074 

2.208 

2.047 

l  ,xptl 

2.082* 

2  200* 

/•:  (-  u.) 

SC'r 

-38.179949 

-38  158697 

-38  289763 

Cl 

-38.289856 

-38  281540 

-38.380998 

Exptl 

—38.383s  ( 

—38. 371  ?)•>•• 

Df  <eV) 

SCF 

Cl 

1.33 

1.894 

—0.81 

0  169 

2  76 

2.875 

Expil 

:.oi< 

10.40?)* 

/V  <eV) 

SCF 

Cl 

1.14 

1.708 

e 

0.042 

2.55 

2  681 

Expll 

1.83 

0.26 

Dipole  (debye) 

c-u* 

SCF 

Cl 

0.812 

0.778 

1.367 

1.267 

0  562 

0  643 

Exptl 

Quadruple  with  respect  to  center  of 

Cl 

1.70 

1.92 

1  52 

mass  (a.u.) 

-0.02 

Total  llellman-Fcyman  force  (a.u.)1 

Cl 

-0  02 

0.01 

Gradient  of  electric  field  at  carbon 

Cl 

0.22 

0.51 

0  23 

nucleus  (a.u.) 

0.31 

Gradient  of  electric  field  at  hydrogen 

Cl 

0.31 

0  23 

nucleus  (a.u.) 


I  S  Mperimental  energy  U  ..hen  to  I.  the  —  -P  -  — 

•*no1  ^rimenu"y;,herc,ore  on,y  ,hf  known  wroxi' 

•  No  i-ibralionat  stale  exists  In  SCI-  potential  curve. 

'  Attractive  force  towards  hydrogen  is  positive. 


ironic  potentials,  and  the  radial  vibrational  wave 
equations  arc  solved  numerically  using  a  numerical 
integration  technique  developed  by  Cooley.  Spec¬ 
troscopic  constants  are  now  obtained  by  fitting  the 
computed  rotation-vibratio..al  term  values  to  poly¬ 
nomials  in  terms  of  (v+i)  and  K(K+l).  The  spec¬ 
troscopic  constants  determined  in  this  manner,  closely 
resembling  their  experimental  determination,  yield  a 
more  direct  comparison  with  the  experimental  con¬ 
stants  u„  U<*„  and  B„  etc.,  than  if  these  constants 
arc  computed  from  the  theoretical  potential  curves 
directly.  Furthermore,  by  having  available  the  rota¬ 
tion- vibration  wavcfunctions  and  term  valves,  AGm-i/i 
and  15,  values  can  be  compared  with  experiment 
directly,  or  these  values  can  be  predicted  in  cases 
where  they  are  not  observed.  The  vibrational  wave- 
functions,  which  depend  only  implicitly,  due  to  the 
centrifugal  correction,  on  A.',  are  used  in  addition  to 
compute  some  typical  rotation-vibration  transition 
matrix  elements  <r (R,  K)  |  D(R)\v'(R,  K  ))  by  m- 


Tabu:  VI.  Constants  obtained  from  rotational  analysis.  (F.xperi- 


Stan. 

V 

AG.tin  * 
(cm-1) 

B, 

(cm"1) 

P. 

( 10_*  cm”') 

.4  ’A 

0 

2807.7(2737.4) 

14  665(14.577) 

1.50(1.56) 

l 

2616.3(2544  1) 

14,022(13  907) 

1  54(1.581 

2 

2400.7 

13  321(13  182) 

1  62(1.65) 

3 

2119  7 

12.503 

4 

11.423 

B  *Z- 

0 

1658.8(1794  9) 

12  628(12  645) 

2  31(2.22) 

1 

10  75(11.1601 

10  2(3  28) 

**2T 

0 

30(9.3 

15.091 

1  44 

1 

2o/8.2 

14.558 

1  43 

2 

2729.8 

14  014 

1  44 

3 

2567.4 

13.435 

1  47 

4 

2383.8 

12  808 

1  52 

•  I  a  U.-219  474.55  cm'1 
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Table  VII.  Derived  spectroscopic  constants.  (Experimental  values  are  taken  from  Ref.  2  and  given  in  parentheses.) 


State 

Zero-point 
energy  (cm-1) 

Poo  *  (cm-1) 

u.  (cm-1) 

m,x.  (cm-1) 

B,  (cm-1) 

a,  (cm-1) 

B'X- 

1024.4 

21  286.1 

2173.fr* 

249. 7d 

13.57 

1.88 

( — 112S)b 

(~2250) 

(13.39) 

(1.49) 

A  *A* 

1503.9 

19  940.6 

2991.2 

95.71 

15.011 

0.672 

(1418.1)« 

(2930.7) 

(96.65) 

(14.934) 

(0.697) 

a‘S-« 

1S66.8 

0 

3160.4 

70.54 

15.36 

0.538 

*  Refer  to  r=>0  vibrational  state  of  a  ,X~. 

b  Since  only  a.  is  approximately  known  experimentally,  zero-point  energy  is  taken  to  be 

*  Calculated  from  experimental  spectroscopic  constants  with  Dunham  correction. 

d  Since  only  two  vibrational  levels  are  obtained  in  Cl  calculations,  these  constants  are  derived  from  AG,/,  and  computed  zero-point 
energy. 

*  Three  computed  vibrational  levels  are  used  in  deriving  spectroscopic  constants,  u„  oiA„  B„  and  a,. 


tegra  ing  over  the  intemuclear  distance  dependence 
of  the  molecular  dipole  moment. 

IK.  RESULTS  AND  DISCUSSION 

The  calculated  SCF  and  Cl  energy  values  at  dif¬ 
ferent  intemuclear  distances  are  given  in  Tables  II-IV. 
The  calculated  dipole  moments  are  also  given  in  these 
tables.  The  direction  of  dipole,  C~H+,  is  rather  sur¬ 
prising  since  from  the  ionization  energy  of  C  and  H 
one  would  expect  the  direction  to  be  the  other  way 
(in  accord  with  what  is  observed  in  almost  all  hydro¬ 
carbon  compounds8).  The  reason  for  this  reversal  is 
as  follows.  The  ground  states  of  the  C+(li22i*2/>  *P) 
and  H~(‘S)  ions  cannot  give  rise  to  2A,  22-,  or  42“ 
states.  The  lowest  excited  states  of  the  ions  C+  and 
H~,  which  can  form  3A,  32~,  or  4Z~  states,  lie  higher 
than  the  energy  of  C-(l5,2i*2/»*  *S  or  *£>)4-H+. 

A  similar  behavior  is  txpected  for  the  X  8II  state, 
although  the  situation  is  complicated  by  the  fact  that 
the  ground  states  of  C+  and  H“  do  combine  to  give 
a  Jn  state.  The  difference  in  the  direction  of  dipole 
moment  in  the  CH  radical  and  in  hydrocarbons  there¬ 
fore  indicates  the  importance  of  the  valence  structure 
C~(*S  or  2Z>)-f-H+  in  the  CH  radical,  but  not  in  the 
formation  of  hydrocarbon  compounds. 

The  calculated  Cl  potential  curves  for  the  three 
states  are  presented  in  Fig.  1,  together  with  the  cor¬ 
responding  SCF  curves.  Five  points  around  the  com¬ 
puted  energy  minimum  of  each  state  were  fitted  to 
a  fourth  order  polynomial,  and  the  resulting  analytical 
curve  was  used  to  determine  the  potential  minimum 
and  the  equilibrium  intemuclear  distance.  The  results, 
together  with  the  known  experimental  values,  are 
given  in  Table  V. 

The  computed  SCF  equilibrium  intemuclear  dis¬ 
tances  (Table  V)  for  A  2A  and  B  *2 -  are,  respectively, 
0.0.17  and  0.048  a.u.  shorter  than  the  experimental 
values,  whereas  the  Cl  results  give  R,{A  *A)  =2.074 


a.u.  and  Re(B  *2“)  =2.208  a.u.,  in  excellent  agree¬ 
ments  with  the  experimental  values.  A  similar  Cl 
calculation  for  CH+  by  Green  et  al *  gives  even  better 
agreements.  We  conclude  that  a  large  Cl  calculation 
of  this  type  should  be  able  to  determine  R,  to  within 
0.01  a.u.  The  computed  Re  for  experimentally  yet 
unobserved  a  42-  state  is  2.047  a.u. 

As  can  be  seen  from  Table  V,  the  SCF  calculation 
does  not  give  rise  to  a  stable  B* 2“  state;  the  SCF 
potential  curve  lies  entirely  above  the  SCF  energy 
of  the  separated  atoms.  This  is  another  manifestation 
of  the  deficiency  of  the  conventional  Hartree-Fock 
method.  One  of  the  methods  used  to  overcome  this 
deficiency  is  of  course  the  configuration  interaction 
method  used  here.  The  Cl  dissociation  energy  for 
B  s2_  is  0.169  eV,  still  too  low  compared  with  the 
experimental  value  of  0.40  eV. 

The  computed  dissociation  energies  for  A  2A  and 
a  *2“  states  are  1.894  eV  (experimental  value  2.01  eV) 
and  2.875  eV,  respectively.  A  similar  calculation  for 
the  X2II  ground  state  would  be  desirable  in  order 
to  predict  more  accurately  the  location  of  the  un¬ 
observed  a4Z_  state.  However,  calculations  of  similar 
accuracy  could  not  be  carried  out  presently  for  the 
following  reasons.  The  X  2II  state  requires  three  con¬ 
figurations,  as  indicated  above,  in  order  to  dissociate 
correctly.  This  in  turn  makes  it  necessary  to  carry 
out  a  three  configuration  MC-SCF  calculation,  rather 
than  a  single  configuration  SCF,  in  order  to  obtain 
an  adequate  reference  state.  Such  a  reference  state, 
containing  several  configurations,  would  yield  a  Cl 
expansion  with  more  than  7000  configuration  state 
functions,  if  they  are  selected  by  the  same  rules  .as 
outlined  above.  Nevertheless,  it  is  possible  to  make 
a  reasonable  prediction  for  the  location  of  the  42~ 
state  from  available  data.  The  potential  curves  for 
the  X  *11,  a  42~,  and  B  *2~  states  all  dissociate  to  the 
same  separated  atom  limit.  The  calculated  Dc°  for 
the  B  22~  is  0.23  eV  too  low  compared  to  experiment. 
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Table  VIII.  Transition  dipole  matrix  elements  (vK  |  D(R)  |ti'if') 
of  the  A  *A  state  in  atomic  units  (r-bohr) . 


*v 

0 

l 

2 

3 

4 

A. 

For  K= 2  and  X'= 2 

0 

0.316 

i 

0.040 

0.335 

2 

-0.006 

0.053 

0.351 

3 

0.000 

-0.014 

0.056 

0.360 

4 

0.000 

0.001 

-0.025 

0.048 

0.360 

B. 

For  K  =  2  and  A"  =  3 

0 

0.316 

0.038 

-0.006 

0.000 

0.000 

1 

0.041 

0.335 

0.051 

-0.014 

0.001 

2 

-0.006 

0.055 

0.351 

0.054 

-0.025 

3 

0.000 

-0.014 

0.059 

0  360 

0.044 

4 

0.000 

0.001 

-0.025 

0.052 

0.360 

If  we  assume  that  similar  error  exists  in  the  cal¬ 
culated  a4 2“  curve,  one  can  expect  the  true  value 
for  Z),n(a42~)  to  lie  between  the  computed  value  of 
2.88  eV  and  3.11  eV.  Since  the  dissociation  energy 
for  the  X2U  state  is  known  experimentally  to  be 
3.63  eV,  we  predict  r,  =  0.63±0.12  eV. 

As  indicated  above,  the  l<r  shell,  corresponding  to 
the  carbon  K  shell,  has  been  kept  doubly  occupied 
in  all  configuration  state  functions  used  in  the  Cl 
expansion.  Therefore,  changes  in  the  intra-AT-shell  cor¬ 
relation  with  R,  as  well  as  changes  in  the  correlation 
of  other  electrons  with  the  AT-shell  electrons,  have 
been  neglected.  The  constancy  of  the  former  and  the 
smallness  of  the  latter  have  been  established,  in  the 
case  of  LiH,  for  example,  by  comparing  atomic  cor¬ 
relation  energies  with  the  partitioned  molecular  cor¬ 
relation  energy  of  LiH.10  Therefore  we  expect  that 
the  neglect  of  AT-shell  correlation  introduces  only 
a  small  relative  error  into  our  computed  potential 
curves. 

The  computed  properties,  such  as  dipole  moment 
and  quadrupole  moments  with  respect  to  center  of 
mass,  given  for  Re  in  Table  V,  are  obtained  by  quad¬ 
ratic  interpolation  to  R ,  from  the  values  computed 


Table  IX.  Transition  dipole  matrix  elements  {v K  |  D(R)  \  v'K') 
of  the  B  !2)“  stale  in  atomic  units  (e-bohr). 


t\»' 

0 

1 

For  K  =0  and  X'  =  1 

0 

0.503 

0.021 

1 

0.023 

0.471 

directly.  The  dipole  moments  at  Re  for  A  2A,  B  22~, 
and  o42~  are,  respectively,  0.778,  1.267,  and  0.643  D. 
As  discussed  previously,  all  these  dipole  moments  are 
C~H+,  indicating  the  importance  of  the  valence  struc¬ 
ture  C~H+  in  the  CH  radical.  Of  importance  here  is 
the  dipole  moment  of  the  B  22~  state,  which  is  twice 
that  of  the  other  two  states.  This  is  connected  with 
the  occurrence  and  interpretation  of  the  potential 
maximum  in  the  B  22“  state  (see  Fig.  1).  This  poten¬ 
tial  maximum  has  also  been  found  experimentally  by 
Herzberg  and  Johns,2  who  found  the  maximum  at 
about  2.0  A  with  a  height  greater  than  500  cm-1.  Our 
calculations  give  the  position  of  the  maximum  at 
1.73  A  with  a  height  of  1600  cm-1  above  the  disso¬ 
ciation  limit.  According  to  Herzherg  and  Johns,  this 
maximum  is  of  van  der  Waals  origin.  However,  since 
the  atoms  forming  the  B  22"  state  are  in  their  ground 
states  and  different,  and  one  of  them,  H,  is  in  an  S 
state,  there  cannot  be  any  first  order  perturbation, 
which  would  cause  a  van  der  Waals  maximum.  It  ap- 


Table  X.  Transition  dipole  matrix  elements  (r K  |  l)(R)  |  v'K') 
of  the  a  state  in  atomic  units  (e-bohr) . 


n\»' 

0 

1 

2 

3 

4 

For  JC  =  0  and  K'=l 

0 

0.260 

0.028 

-0.003 

0.000 

0.000 

1 

0.029 

0.273 

0.040 

-0.006 

0.000 

2 

-0.003 

0.041 

0.287 

0.048 

-tO.OIO 

3 

0.000 

-0.006 

0.049 

0.300 

0.053 

4 

0.000 

0 

-0.010 

0.054 

0.313 

pears  more  likely  that  this  maximum,"  appearing  at 
a  relatively  small  internuclear  distance,  is  caused,  by 
an  avoided  curve  crossing.  The  most  likely  zeroth  order 
curve  responsible  for  this  avoided  curve  crossing  is 
the  22-  state  arising  from  the  2DU  state  of  C~(1j22j22/>3) 
with  the  '5  state  of  H+  (the  bare  proton).  Since  C~ 
and  H+  attract  each  other  by  a  Coulomb  force,  and 
since  H+  is  just  a  “bare”  proton,  we  expect  this 
potential  curve  to  follow  a  1  /R  behavior  down  to  a 
small  R  value  i.e.,  to  .71=3  bohr,  at  which  time  a 
large  (0.1  hartree)  interact ->n  matrix  element  becomes 
reasonable.  The  ioric  c  irve  crossing  proposed  here 
for  the  22-  state  is  also  ...  accord  with  the  large  dipole 
moment  of  the  £22“  state,  which  continues  to  in¬ 
crease  down  to  k=  2.2  bohr. 

.  The  long  range  behavior  of  the  computed  potential 
curves  has  been  fitted  to  a  c/R*  van  der  Waals  term, 
supplemented  for  the  22~  and  42~  states  by  dtBe~AH 
to  account  for'  the  splitting  of  the  two  multiplets. 
A  rough  fit  (the  computed  accuracy  permits  only 
a  rough  fit)  yielded  the  following  formulas  for  U{  =-> )  — 
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U(R )  in  atomic  units: 

a  42~ :  8/i?e+  4.06  exp  ( - 1 .64/? ) , 

B  s2" :  8 /S*  -  4 .06  exp  ( ■ - 1  MR ) , 

A  JA:8 //?'. 

These  formulas  fit  the  computed  potential  curves 
down  to  R  =  6  bohr  with  a  deviation  of  3  cm-1  or  less. 

The  AGt+itt  and  constants  derived  from  rotational 
analysis  art  given  in  Table  VI,  together  with  known 
experimental  results  in  parentheses.  The  errors  in 
AG,+i/j  for  the  A  5A  state  are  70.3  cm-1  (2.5%)  for 
i'=0,  and  52.2  cm-1  (2.0%)  for  »=1.  The  error  for 
BJ2~,  r=0  is  much  larger,  being  —136.1  an-1  (7.6%), 
and  in  the  opposite  direction  compared  with  A  !A. 
This  means  the  calculated  potential  curve  for  the 
B  22~  state  is  too  wide  as  well  as  too  shallow.  How¬ 
ever,  due  to  the  narrow  spacing  for  the  rotational 
levels,  it  is  seen  from  the  table  that  the  rotational 
constants  B„,  and  even  D,  (which  is  10~4  times  B,), 
are  all  in  very  good  agrt  .,ient  with  experimental 
values.  In  deriving  B,  and  Dt  in  Table  VI,  the  10 
lowest  rotational  levels  are  used  for  A  2A,  a  42“  and 
i'  =  0  of  B  22",  whereas  only  six  levels  are  used  for 
r=l  of  B SZ“  since  only  these  six  levels  exist  in  the 
potential  well. 

In  Table  VII  we  give  the  computed  zero-point 
energy  and  the  derived  equilibrium  spectroscopic  con¬ 
stants.  The  term  splittings  rw  are  also  given,  relative 
to  a  4S“.  The  known  experimental  »oo  for  B  22~-A  JA 
is  2480.7  cm-1,  our  computed  value  is  only  1345.5 
cm-1,  or  1135.2  cm-1  too  small,  indicating  that  the 
error  in  the  potential  curve  spacings  for  the  various 
states  is  about  0.15  eV. 

In  deriving  the  equilibrium  spectroscopic  constants 
we  have  used  the  same  number  of  v  levels  as  are 
observed  and  used  by  experimentalists  for  their  de¬ 
termination.  Three  r  levels  are  used  for  the  a*S~ 
state.  While  experimentalists  do  not  have  enough 
information  to  derive  u.  and  u^x,  for  the  B  *2"  state 
(since  only  two  levels  for  this  state  are  observed), 
we  can  derive  the  constants  by  combining  AGi/j  and 
the  computed  zero-point  energy.  The  w,  and  u^x,  cal¬ 
culated  for  the  BlZ~  state  are  2173.6  cm-1  and  249.7 
cm-1,  respectively.  Except  for  a.  for  B  2Z“,  the  agree¬ 
ments  between  computed  and  experimental  equilibrium 
opectroscopic  constants  are  all  within  4%. 


The  transition  matrix  elements,  apart  from  the  ex¬ 
plicit  rotational  quantum  number  dependent  factors, 
are  evaluated  using  the  computed  dipole  moments 
from  Tables  II-IV,  together  with  the  rotation-vibra¬ 
tion  wavefunctions  computed.  The  resulting  transition 
matrix  elements  are  fairly  constant  within  each  branch, 
therefore  only  the  values  for  the  first  members  of 
each  branch  are  given  in  Tables  VIII-X. 
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ABSTRACT:  Ab  initio  Cl  calculations  have  been  performed  over  a  wide  range 
of  internuclear  distances  (1.00  bohr'to  20.00  bohr)  to  obtain  the  potential 
curves  for  the  first  five  valence  excited  states  of  Cllj  X2h,  arl  ,  A  A, 

B2£-,  and  C2£+.  Results,  with  known  experimental  values  in  parentheses,  are 
Re(}~H)  -  2.113  (2.116)  bohr,  Re(a4™)  =  2.053  bohr,  Ra(A2A)  =  2.083  (2.083) 
bohr.  Rg(B2S")  =  2.216  (2.20)  bohr,  F<,(C2F.+)  =  2.100  (2.105)  bohr; 

De(X4i)  =  3.51  (3.63)  eV,  De(a4E~)  «  2.84  eV,  De(A2A)  =  1.90  (2.01)  eV, 
De(E20  »  0.23  (0.40)  eV,  and  De(C22+)  =  0.78  (0.94)  eV^  Potential  maxima 
of  heights  1284  and  3228  cm-1  are  calculated  for  the  B22T  and  C2£+  states, 
respectively.  These  maxima  are  attributed  to  avoided  curve,  crossings.  The 
a^JT  state,  not  observed  experimentally,  is  estimated  to  lie  between  0.62  eV 
and  0.76  eV  above  the  X2jI  state. 
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I.  INTRODUCTION 

The  emission  spectra  of  CH  in  the  visible  and  near-ultraviolet  consists 

of  three  band  systems  near  4300A,  3900A  and  3140X  corresponding  to  the 

2  22-2  2+2 

electronic  transitions  A  A  ->  X  H,  BE  X  IT,  and  C  E  -*■  X  IT,  respectively. 
Analyses  of  these  spectra^-  in  the  early  days  of  quantum  mechanics  played  an 
important  part  in  the  development  of  our  understanding  of  the  doublet  spectra 

of  diatomic  molecules.  These  analyses  were  later  refined  or  extended  by 

2-3  4 

Shidei,  Gero,  and  Kiess  and  Broida. 

While  absorption  spectra  of  CH  in  stars  have  been  known  for  a  long 

time,  no  absorption  spectra  in  the  terrestrial  laboratory  had  been  found 

until  1952."*  By  1969  strong  absorption  spectra  were  obtained  in  the  flash 

photolysis  of  diazomethane  and  analyzed  by  Herzberg  and  Johns. ^  With  this 

a  considerable  number  of  new  absorption  bands  were  found,  including  a  Rydberg 

series  in  the  vacuum  ultraviolet,  which  supplied  an  accurate  value  for  the 

ionization  potential.  In  addition,  the  number  of  observed  vibrational 
2  2  -  2  + 

levels  in  the  X  II,  B  E  and  C  E  states  was  increased  and  effects  of 

2  -  2  + 

predissociation  in  the  B  E  and  C  E  states  were  discovered,  leading  to  an 

2 

improved  value  for  the  dissociation  energy  of  the  X  II  state.  However,  the 
number  of  observed  vibrational  levels  in  each  electronic  state  was  still 
inadequate  to  yield  reliable  experimental  potential  curves  over  a  wide  range 
of  internuclear  distances. 

The  experimental  study  of  other  properties  of  the  CH  radical  is 

considerably  hindered  by  its  high  reactivity.  Only  recently  has  the  dipole 

moment  of  the  ground  electronic  state  been  determined  successfully  from 

2 

simultaneous  observation  of  the  Stark  splittings  in  the  J  =  1/2,  II  states 
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of  CH  and  OH.7  It  is  in  this  area  that  a  theoretical  study  can  be  most 
useful,  as  a  source  of  otherwise  unavailable  information. 

Based  on  the  then  known  spectra  of  O2  and  CI1  and  some  qualitative 

g 

quantum  mechanical  arguments,  Mulliken,  in  a  discussion  of  the  correla¬ 
tion  rules  for  the  united  atom,  diatomic  hydride,  and  separate  atoms, 
predicted  the  ^S~  state  of  CH  to  lie  closely  above,  or  even  below  the 

2]I  state.  Since  all  the  known  stable  states  of  CH  to  date  are  doublets, 

4  - 

the  absence  of  transitions  connected  with  the  E  state  is  to  be  expected 

9 

on  account  of  the  different  spin  multiplicities.  Porter  argued  that  since 
?  9  2-2 

CH  lines,  (  A  +■  “II)  and  (  E  *■  H) ,  were  observed  in  interstellar 

absorption  and  since  most  molecules  in  interstellar  space  should  be  in  their 

lowest  energy  state,  2II  should  be  the  ground  state.  Herzberg  and  Johns6 

reached  the  same  conclusion  by  a  similar  argument.  Recent  ab  initio 

calculations  of  the  ^E-  state  by  Lie,  Hinze  and  Liu10  showed  that  the  ^E 

9 

state  lies  above  the  “II  state.  Hence,  in  the  following,  these  states  will 
4  -  9 

be  designated  a  E  and  X“IT,  respectively. 

Near  Hartree-Fock  (HF)  potential  curves  have  been  reported  by  Cade  and 

Huo^  for  the  X2II  state  and  by  Lie  et  al.^  for  the  a^E  ,  A2  A  and  B2E 

states.  Cade  and  Huo  found  that  spectroscopic  constants  calculated  from  the 

1IF  results  for  first  row  hydrides  are  generally  in  good  agreement  with 

2 

experiment.  This  conclusion  is  also  upheld  in  the  excited  A  A  state  of  CH. 

2  - 

However,  the  HF  model  does  not  predict  a  stable  B  E  state,  in  the  sense 
that  there  exists  at  least  one  vibrational  level  in  the  potential  well. 

Also,  there  are  other  well-known  systematic  errors  in  the  conventional  HF 
approximation:  calculated  dissociation  energies  are  often  too  low  by 
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1-2  eV;  results  for  states  of  lower  multiplicities  are  generally  less 

accurate  than  those  for  states  of  higher  multiplicities,  and  incorrect 

dissociation  to  excited  atomic  states  is  often  predicted. 

Both  Heitl er-London  and  full  valence-shell  configuration  interaction 

12 

(Cl)  meLhods  were  employed  by  Higuchi  to  obtain  potential  curves,  in  the 
range  of  0.9  to  1.3&,  for  the  X  II,  a  E  ,  A  A,  B  £  and  C  E  states  (energy 
values  were  given  relative  to  the  ground  states  of  C  and  H  of  unspecified 
source).  However,  only  a  minimum  basis  set  of  Slater- type-functions  (STF) 
was  used. 

The  only  accurate  potential  curves  reported  so  far  are  those  of  Lie 

et  al.^  for  the  a  "  ,  A^A  and  B^E  states.  In  their  calculations,  all 

valence  electrons  were  explicitly  correlated  by  using  large  scale  Cl 

expansions.  Dissociation  energies,  equilibrium  intemuclear  distances  and 

spectroscopic  constants  were  in  quantitative  agreement  with  the  known 

experimental  values.  The  a^E  state  was  predicted  to  lie  between  0.52  and 

2 

0.75  eV  above  the  X  II  state. 

13 

Liu  and  Verhaegen  used  self-consistent-field  (SCF)  calculations, 
empirically  corrected  for  electron  correlation,  to  obtain  potential  curves 
for  the  first  six  electronic  states  of  CH  in  the  range  of  2  to  3.5  bohrs 
(no  total  energy  values  were  given) .  Close  agreement  with  experiment  was 
found  for  a  number  of  molecular  properties  such  as  equilibrium  intemuclear 

distances,  vibrational  frequencies,  term  values  and  dissociation  energies. 

4  -  2 

The  a  E  state  was  calculated  to  lie  0.93  eV  above  the  X  II  state,  much  too 

high  compared  with  the  ab  initio  estimate  of  Lie  et  al.^  Liu  and  Verhaegen 

2  2  - 

found  maxima  in  their  calculated  potential  curves  for  the  X  JI,  B  E  , 

2+2  6 
C  E  and  D  II  ^  states.  Experimentally,  Herzberg  and  Johns  did  find  a 
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max -‘••uni  for  the  B2E_  state,  and  were  able  to  deduce  the  existence  of  humps 

in  the  potential  curves  for  the  C  E  and  D  R^  states.  However,  Liu  and 

2 

Yerltau gen's  conclusion  about  the  maxinum  in  the  X  R  state  is  alinosc  certain 
to  be.  in  error. 

The  S]isht  maximum  in  the  B2E~  state  had  been  overlooked  until  stronger 

absorption  spectra  of  Cll  and  CD  were  obtained  and  analysed  by  Ibrzberg  and 

Johns/’  Theoretically,  this  maximum  was  found  only  recently  in  the  calcu¬ 
li  10  ,  14 

lationn  of  Liu  and  Vorhaegcn,  Lie  et  al. ,  and  Julienne  and  Krauss. 

O 

According  to  Uerzberg  and  Johns,  this  maximum  occurs  at  ^2A  with  a  height 
greater  than  or  equal  to  500  cm  .  The  semi— empirical  calculation  of  L,u 
and  Vcrliaegen^2  placed  the  maximum,  'tflOO  cm  ^  in  height,  at  1.6X.  The  Cl 
xesult  of  Lie  et  al.^  gave  a  barrier  1C00  era  ^  high  at  1.73X.  Julienne 

and  Krauss, ^  using  the  optimized  valence  configuration  method,  5  estimated 

"I 

the  barrier  to  be  M000  cm  in  height  around  2A- 

In  this  work  we  have  endeavored  to  improve  the  results  of  Lie  et  al. 
for  the  aV.~,  A2  A  and  B2Z~  states,  and  to  include  also  calculations  for 
the  X2ll  and  C2X+  states  of  Cll.  Potential  curves  were  calculated  for  all 
five  states  for  a  vxide  range  of  intcmucloar  distances,  from  1.00  bohr  to 
20.00  bohr,  using  the  Cl  me '.hod.  A  number  of  frequently  used  computational 
models  arc  examined  in  those  calculations,  in  on  effort  to  compare  and 
establish  the  extent  of  their  usefulness.  The  most  accurate  model  yielded 
potential  curves,  taken  relative  to  the  separated  ground  state  atom  limit, 
believed  to  be  within  0.3  eV  of  the  exact  curves. 

Table  I  gives  the  electronic  configurations  of  the  five  lowest  elec¬ 
tronic  states  of  Cll  and  their  respective  dissociation  limits.  The  method 


38 


used  in  this  work  is  described  in  Sec.  II.  A  discussion  of  the  resulting 
potential  curves  is  given  in  Sec.  III. 

Expectation  values  of  various  one-particle  operators  and  molecular 
properties,  calculated  at  various  internuclear  distances  from  the  resulting 
wnvciunctions,  as  well  as  the  calculation  of  vibration-rotational  wave- 
functions,  energies,  and  /jpcctroscopic  analysis  from  the  resulting  potential 
curves,  will  be  presented  in  paper  II. ^ 

II.  METHOD 

In  the  Born-Oppcnhciocr  approximation  the  total  wavcfunction  of  a 
diatomic  molecule  is  written  os  a  product  of  electronic  and  nuclear  wave- 
functions.  The  electronic  wavcfunction,  neglecting  relativistic  effects, 
arc  eigenfunctions  of  the  clamped-nuclei  Hamiltonian  operator 

H  "  "  7  +  V(R,r)  ,  (!) 

2 

where  ^  is  the  Laplacian  operator  for  the  i-th  electron,  R  Is  the 
intcinuclcar  distance,  £  is  the  collection  of  all  electronic  spatial 
coordinates.  In  Eq.  (1)  the  first  terns  correspond  to  the  electronic 
kinetic  energy,  and  the  second  term  to  all  the  electrostatic  interactions 
between  electrons  and  nuclei  of  the  molecule.  Atomic  units  are  used  in 
Eq.  (1)  and  throughout  this  paper,  unless  otherwise  specified.  Eigenfunctions 
of  this  Hamiltonian,  which  docs  not  contain  magnetic  interactions,  arc 
alto  eigenfunctions  of  the  total  electronic  spin  nngu7.tr  momentum  S2 
(quantum  number  S) ,  its  component  along  the  intcmuclcar  axis  S 


6 


(cu.m turn  mit.bcr  M^.) ,  nnd  rlu*  axial  component  of  the  local  (electronic 
oriht.il  nnp.ular  inononten  Lz  (quantum  number  A).  TiiehC  eigenfunctions  ore 
(2  -  6.q)(',S  +  l)-fo)d  degenerate;  ncncly  cif.enttotcs  virh  cordon  |.\| 

(2  -  1>q  possibilities)  and  S  (?S  +  1  possibilities)  have  tlic  sane  energy. 
Thus  the  electronic  Schrodinper  equation  to  he  solved  can  Lc  writr^n 


ASM.. 


II? 


| .  i  ,  ASM., 
S(R,r,o)  «  E  ■  *’*“  (R)'f  ‘’(R.r.o) 


(2) 


As:.s  aa  i,,p 

where  T  '(**•£,•£)  lr*  the  electronic  wnvcfunctlon,  K  ,a(R)  is  the  total 

electronic  energy  including  nuclear-nuclear  repulsion,  ns  a  function  of  K. 

The  variable  o  is  the  collection  of  all  electronic  spin  coordinates.  In 

Eq.  (2),  the  electronic  uavefunction  is  given  as  n  function  of  0,  in 

addition  lo  R  nnd  r,  because  the  spin  coordinates  nffcct  the  electronic 

spatial  distribution  and  give  rise  to  different  electronic  states  for  the 

same  electronic  configuration  (see  Table  1). 

The  method  of  configuration  interaction  (Cl)  is  used  here  to  obtain 
approximate  solutions  to  Eq.  (?.'.  That  is,  the  electronic  uavefunction 
is  approximated  by  an  erpancicn  in  an  orthonorxal  set  of  configuration 
state  functions  (CSF) , 


ASM, 

r 


A  A, 

(R,  r  ,o) 


ASH-  ASH-  . 
Cj  *(*)♦,  S(R,jr,o) 


O) 


ASM*. 

where  the  coefficients  tj  (R)  are  detemined  using  the  variational 

ASMS 

principle,  Each  CSF,  ,  given  as  a  specific  linear  combination  of 

j 

Slater  determinants,  is  bv  definition  m  eigenfunction  of  L£,  S  nnd  S* 
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with  the  corresponding  quantum  number*  A,  S  and  M<.  Riven  in  superscripts . 

A  Slater  detcrainant  is  n  norrsalizcd  and  antisyractrizcd  product  of  o  ie- 

elcctron  functions  called  spin  orbitalo  (SO).  The  SOa  arc  symnetry 

constrained  in  the  sense  that  each  SO  is  an  eigenfunction  of  the  axial 

coaponcnt  of  the  electronic  orbital  angular  eoaontuw  (quantum  number  A), 

2 

the  electronic  spin  angular  coocntua  s  (quantum  nusber  s  »  1/2),  and 
the  axial  component  of  the  electronic  spin  angular  oooenlum  (quantum 
number  b^  *  il/2).  The  i-th  SO  with  quantum  numbers  X  and  o#  in 
denoted  CCj*£j)»  where  j*j  and  £j  arc  the  spatial  and  apin 

coordinates  of  the  J-th  electron,  respectively.  It  is  constructed  as  a 
product  of  a  spatial  function  anti  a  spin  function.  The  spatial  function  is 
again  a  product  of  tvo  functions;  one  that  does  not  depend  on  the  azlatuthal 
angle  about  the  lntemuclear  axis,  and  one  that  dependu  only  on 

Thus, 


nt|X|(Vj>e 


«) 


vhere  p^,  Zj  and  ^  ara  the  cylindrical  coordinates  of  the  J-th  electron. 
The  functions  Oj)(£j)  arc  called  rolccular  orbitals  (MO).  The  MOs  are 
equivalence-constrained;  i.e.,  they  are  independent  of  «b  and  MOa  with  coesion 
cosoon  i  and  |A|  differ  only  in  their  dependence.  The  MOs  for»  an 
orthonorral  set;  namely 


*  4ii'aU'  * 


(5) 
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Ihcue  orthogonal  MOs  arc  expanded  in  teres  of  a  basic  net  of  elementary 
functions  _ ) * 


♦u<rj>  *Sci|>.|pVrJ)  ■  <6) 

P 

The  elementary  functions  (x^)  used  here  arc  Slatei-typc  functions  (57F) 
centered  ea  the  nuclei  of  the  molecule. 

From  the  preceding  description,  it  is  seen  that  our  calculation 
begins  with  the  choice  of  an  elementary  basis  set.  Tills  choice  is  of 
great  icportancc  since  the  elementary  basin  set  determines  the  space  spanned 
by  the  orbitals,  the  CSFs  and  ultimately  the  occurncy  of  any  molecular 
calculation.  A  cooplete  linear  trana  forest  ion  on  the  elementary  function?:, 
Rq.  (6J,  leads  to  a  set  of  IDs  of  the  saac  dimension,  spanning  the  name 
space  as  the  starting  elementary  functions.  If  it,  is  feasible  to  include 
in  the  Cl  expansion,  Eq.  (3),  a  coeplctc  set  of  CSFs  derivable  froa  the 
full  M3  net ,  "complete  Cl",  then  the  sane  result  would  be  obtained 
independent  of  the  transfonsntion  coefficients  c ^ j ^ | p *  10,18  lfl  however 

beyond  current  computing  capabilities,  for  any  system  involving  aorc  than 
four  electrons  and  IDs  rsust  be  near  optimally  chosen  in  order  to  achieve 
the  lust  possible  result  with  a  severely  truncated  Cl  expansion.  In  the 
following  vc  discuss  in  detail  the  choice  of  the  elementary  basis  set,  the 
construction  of  the  MO  set  and  the  selection  of  CSFs  to  be  included  in  the 
Cl  expansion  in  our  study  of  the  Ql  radical. 

The  basis  set  of  eleaentary  functions  used  here  consists  of  nix  s, 
four  p,  tvo  d  and  tvo  f  type  STFs  on  carbon,  and  four  a,  three  p 
and  tvo  d  type  STFs  on  hydrogen.  The  s  and  p  type  functions  on  carbon 
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were  taken  fron  dementi's  SCF  calculation17  for  the  3P  state  of  carbon. 

They  differ  little  fron  the  functions  obtained  by  Clemcnti  for  the  1D  state. 
The  polarization  functionc  on  carbon,  3d,  4d,  4f  and  5f,  were  sclccttd18 
such  that  they  are  localized  mainly  in  the  L  shell  of  carbon.  The  STFs 
functions  on  hydrogen  were  taken  fron  Liu's  Cl  calculation  for  the 
potential  curve  of  lt?  and  the  potential  surface  of  l^.19  Details  of 
the  CH  basis  set  are  given  in  Table  II. 

The  basis  set  described  above  yields  SCF  energies  comparable  to  those 
obtained  by  Cade  and  Huo11  with  a  much  core  compact,  but  carefully  optimized 
basis  set.  The  choice  of  a  large  basis  set  for  the  current  calculation  was 
motivated  by  the  desirability  of  describing  all  the  electronic  states  u..ocr 
consideration  with  a  common  basis  set,  the  need  of  additional  one-particle 
functions  describing  correlating  orbitals,  and  the  desire  to  avoid 
extensive  exponent  optimization.  Selective  changes  of  the  s  and  p  STF 
exponents  lead  to  improvements  of  the  SCF  energies  by  less  than  0.0001  hartrcc. 
SCF  energies  were  virtually  unaffected  by  changes  in  the  exponents  of  d 
functions  on  carbon.  Since  the  basis  set  was  to  be  used  in  a  Cl  calculation, 
some  test  Cl  calculations  were  carried  out  with  changed  exponents  for  the 
d  functions  on  carbon.  In  all  casco  tested,  the  maximum  energy  improvement 
was  again  oi.ly  of  the  order  0.0001  hortrec;  an  indication  that  the  selected 
basis  set  is  reasonable. 

Comparing  the  current  basis  set  with  that  used  by  Lie  et  al.10  we  see 
that,  besides  a  alight  increase  in  the  number  of  basis  functions,  all 
functions  with  large  exponents  (C  -  10.0,  14.0)  in  the  latter  have  been 
replaced  by  Dorc  diffuse  d  and  f  functions.  This  was  done  because 
functions  with  large  exponents  represent  very  contracted  orbitals,  which 
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r.rc  not  likely  to  contribute  heavily  in  molecule  formation.  Exam ‘nation 
of  the  SCF  In  orbitals  of  Lie  et  al.  shows  that  the  it  basis  set  used 
by  then  was  not  adequate  (large  orbital  expansion  coefficients  with 
opposite  signs).  This  inadequacy  is  absent  from  the  current  basis  set. 

The  SCF  energies  obtained  from  the  basis  set  given  in  Table  II  range 
from  0.0004  to  0.0009  hartree  better  than  those  obtained  by  Cade  and  Huo11 
for  the  X  II  state  and  Lie.  et  al. 10  for  the  a^if,  A2A  and  B2E~  states. 

In  the  HF  approximation  the  electronic  wavefunction  is  represented 
by  a  single  CSF.  The  1IF  CSFs  for  the  five  lowest  electronic  states  are 


X2n  : 

2  9  2 

10  20  30  117  , 

a^E  : 

2  2  9  9_ 

10  20  30(117  ,£  )  , 

A2A  : 

lo  2o  3o(lir  ,1A)  , 

bV: 

2  2  2  3- 

10*20^30 (in VX  )  , 

C2Z+: 

2  2  2  1  + 

10  20  J0(lTT  ,  X  ;  . 

The  occupied  MOs  in  these  CSFs,  or  in  our  case  the  expansion  coefficients 

CiAp’  arc  dcrcralncd  using  the  SCF  technique.  The  I1F  model  for  molecules 

has  two  basic  deficiencies.  First,  the  HF  wavefunction  often  does  not 

dissociate  formally  to  the  correct  separated-atom  wavefunctions .  This 

is  the  case,  for  two  of  the  five  states  in  (7).  For  the  X2II  state  of  CH, 

the  HF  CSF  corresponds,  at  R  «*  <*>,  to  a  mixture  of  neutral  carbon  and 

hydrogen  atoms  in  ground  and  excited  states,  and  also  (C+,H~)  and  (C~,H+) 

2  + 

ion  pairs.  For  the  C  X  state  of  CH  the  IF  CSF  dissociates  to  the  ground 
state  of  hydrogen  atom  and  a  mixture  of  the  1D  and  1S  states  of  carbon. 

In  these  cases,  IIF  results  for  large  R  are  expected  to  be  in  considerable 
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error.  This  difficulty  may  be  overcome  by  a  multiconfiguration  self- 

20 

consistent-field  (MCSCF)  calculation,  including  the  CSFs  necessary  to 
give  a  correct  description  of  the  separated  atom  limit.  These  CSFs  are, 

2  ')')') 

X  II:  la  2a  3a~lir 

2  2  2 
la  2a  4a  In 

1c22o'2  ( 3a4o ,  1X+)  lrr 

la22a2(3a4a,3Z+)  lir 

ch+:  ’  la22a23c(lTT2,1L+) 

lo22a23a4a2  . 


Here  the  occupied  MOs  are  determined  by  the  MCSCF  technique. 

The.  second  deficiency  of  the  HF  model  is  that  it  docs  not  include 

electron  correlation  effects,  which  play  an  important  role  in  the  electronic 

structure  of  molecules.  Neglect  of  electron  correlation  often  leads  to 

erroneous  dissociation  energies  and  term  energies.  For  example,  in  the  HF 
2  - 

model  of  CH,  the  B  F  state  is  unstable  relative  to  the  separated  ground 

4  -  2 

state  atoms,  and  the  a  T.  state  lies  below  the  X  II  state.  In  this  study, 
electron  correlation  effects  are  introduced  through  Cl.  The  CSFs  included 
in  the  Cl  expansion  are  selected  on  the  basis  of  their  relation  to  a  MCSCF 
(or  SCF)  wavefunction  which  dissociates  properly  to  the  separated  atom 
limit.  This  is  different  from  the  customary  approach  to  Cl  of  beginning 
with  a  SCF  wavefunction. 

2 

An  examination  of  (8)  shows  that  a  proper  description  of  the  X  IT  and 

2  + 

C  £  states,  at  large  R,  requires  a  4 a  orbital  which  is  not  occupied  in  the 
HF  CSFs.  Tills  is  simply  because  a  proper  description  of  the  separated 
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atoms  requires  four  C  and  one  TT-type  orbital:  (IgC , IT)  ,  (lsc,C),  (2so,C), 
(2pa,C)  and  (2pm, C).  To  determine  the  MOs  that  correlate  with  these 
separated  atom  orbitals,  KCSCF  calculations  were  carried  out  for  the 
following  CSFs: 


x2n 

2  2  2 
la  2o  3a  In 

o  n  n 

la  3a  In J 

2  2  2 
laz2a^4a  In 

2  2  3 

la  4a  In 

la22a2(3o4a,1E+)lir 

2  1-1-3 

laz(3a4a,  E  ilir 

la22a2(3a4a,V')l7T 

2  3+3 

la  (3a4a,  E  )ln 

aV 

2  2  2  3  - 

la  2o  3o(lir  ,  E  ) 

2  2  2  2  - 
la  4a  3a(lir  ,  E  : 

a2a 

2  2  2  2 
la  2o  3a(ln  ,  A) 

2  2  2  1 
la/'3a4a/’(ln  , ’A) 

bV 

la22a23a(ln2,3E~) 

2  2  o  3  _ 

la  3a 4a  (In",  E 

c2e+ 

la  2  2a2  3a  (  Itt  2 , 1 E+) 

la23aln4 

la22a23a4a2  la24a23a(ln251E'1') 


In  (9)  ,  all  the  CSFs  on  the  left  are  those  needed  to  dissociate  to  the 
2  2  2 

Is  2s  2p  configuration  of  carbon  and  the  ground  state  of  hydrogen.  The 

addition  of  the  CSFs  on  the  right  permits  a  two  configuration  description 

2  2  2  2  A 

of  carbon  acorn,  C^ls  2s  2p  +  2p  ,  at  the  separated  atova  limit. 

In  what  follows  the  2a,  3a,  4a,  and  Itt  orbitals,  correlating  with  the 
2s  and  2p  orbitals  of  carbon,  and  the  Is  orbital  of  hydrogen  will  be 
referred  to  as  valence  orbitals.  Reference  will  also  be  made  to  a  set  of 
external  orbitals  which,  together  with  the  MCSCF  occupied -valence  orbitals, 
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span  a  subspace  of  the  STF  basis,  Important  to  an  accurate  description  of 
the  electronic  motions. 

in  constructing  CSFs  for  Eq.  (3)  we  always  keep  the  Iff  orbital  doubly 
occupied.  This  means,  no  correlation  effects  connected  with  the  lcr  electrons 
are  considered.  This  restriction  reduces  significantly  the  number  of  CSFs 
in  the  final  Cl  expansion,  and  is  justified  on  the  basis  that  correlation 
effects  connected  with  the  Is  electrons  of  carbon  are  not  expected  to 
change  significantly  in  molecule  formation.  Four  types  of  CSFs  are 
considered  in  our  Cl  calculations. 

(a)  All  CSFs  necessary  to  give  a  HF  description  of  the  appropriate 
separated  atom  limit.  These  CSFs  are  given  for  the  X2R  and  C2£+ 
states  in  Eq.  (8)  and  for  the  aV ,  A2A,  and  bV  states  in 

Eq.  (7). 

(b)  All  CSFs  arising  from  distributing  five  electrons  among  the 
valence  orbitals,  that  are  not  already  included  in  (a). 

(c)  All  CSFs  arising  from  distributing  four  electrons  in  valence 
orbitals  and  one  electron  in  external  orbitals. 

(d)  All  CSls  arising  from  distributing  three  electrons  in  valence 

orbitals  and  two  electrons  in  external  orbitals,  which  satisfy 

the  condition  that  all  CSFs  of  this  type,  and  any  linear 

combination  of  them,  must  have  a  non-vanishing  Hamiltonian 

matrix  element  with  at  least  one  of  the  CSFs  in  (a). 

A  practical  algorithm  for  constructing  CSFs  described  in  (d)  has  recently 

21 

been  developed  by  McLean  and  Liu. 

The  additional  condition  placed  on  the  type  (d)  CSFs,  which  leads  to 
a  significant  reduction  in  the  dimension  of  the  Cl  problem,  is  justified 
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on  the  basis  of  Rayleigh  Schrodinger  perturbation  theory.  Consider  the  Cl 
wavefunction,  determined  in  the  space  spanned  by  the  CSFs  of  (a),  as  a 
zeroth  order  approximation  to  the  complete  Cl  wavefunction.  'i hen  all  CoHs 
that  have  vanishing  Hamiltonian  matrix  elements  with  all  the  CSFs  in  (a) 
will  make  no  contribution  to  the  first  order  perturbative  correction  to 
the  zeroth  order  wavefunction.  These  CSFs  can  be  expected  to  make  small 
contribution  to  the  complete  Cl  wavefunction  and  therefore  be  omitted, 
provided  that  the  zeroth  order  wavefunction  is  a  reasonable  one.  This  is 
why  the  MCSCF  wave functions,  which  permit  proper  dissociation,  were  chosen 
as  the  starting  point  for  our  Cl  calculation  instead  of  the  usual  SCF 
wavefunctions . 

From  the  four  types  of  CSFs  described  above,  three  distinct  Cl 
wavefunctions  are  constructed.  A  Cl  in  the  space  spanned  by  all  the  CSls 
of  type  (a)  and  (b)  is  called  a  "valence  Cl".  A  Cl  including  all  CSF's 
of  type  (a),  (b)  and  (c)  is  a  "first  order  Cl",  following  Schaefer, 

Klemn  and  Harris.  A  The  best  wavefunctions  obtained  in  this  study, 
including  all  CSFs  of  the  four  types  described  above  are  referred  to  as 
"extended  Cl"  functions.  The  "valence  Cl"  function,  constructed  solely 
from  the  core  and  valence  orbitals  is  clearly  independent  of  the  external 
orbitals.  The  CSFs  of  type  (c)  span  a  vecror  space  invariant  to  an 
arbitrary  unitary  transformation  among  the  external  orbitals.  The  same 
is  true  for  the  CSFs  of  type  (d) .  Thus  all  three  types  of  Cl  functions 
described  here  are  invariant  to  any  unitary  transformation  among  Lhe 
external  orbitals. 

Clearly  the  numbers  of  CSFs  of  type  (c)  and  (d)  depends  on  the  number 
of  external  orbitals.  It  is  therefore  desirable  to  compact  the.  external 
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or.. j.i.al  set,  such  that  the  n.ost  useful  part  of  the  space  spanned  bv  the 
STF  basis  is  packed  into  a  small  number  of  external  orbitals.  This 
permits  a  truncation  of  the  external  orbital  set.  which  significantly 
reduces  the  number  of  CSFs  of  type  (c)  and  (d)  with  little  loss  of 
accuracy. 

The  method  of  natural  orbital  (IiO)  transformation  provides  a  useful 

approach  to  such  a  compact  set  of  orbitals.  The  properties  and  uses  of 

NOs  have  recently  been  reviewed  by  Davidson.23  It  suffices  here  to  say 

that  the  NOs  of  a  wavefunction  are  eigenfunctions  of  the  first  order 

23 

reduced  density  matrix.  The  eigenvalues  associated  with  the  NOs  are 
the  occupation  numbers;  their  magnitudes  to  some  extent  reflect  the 
importance  of  the  associated  NOs. 

In  what  follows  we  shall  always  assume  that  NOs  are  ordered  by 
symmetry  and  decreasing  occupation  numbers.  Thus  the  occupation  number  of 
the  i-th  o  NO  is  greater  than  or  equal  to  that  of  the  j-th  a  NO,  providec 
that  i  <  j.  Also  if  a  set  of  NOs  is  to  be  truncated,  the  NOs  retained  in 
each  symmetry  must  always  have  larger  occupation  numbers  than  those  omitted. 


NOs  e  racted  from  four  different  wavefunctions  were  examined: 

(i)  he  extended  Cl"  wavef unction,  (ii)  a  wavefunction  consisting  of  the 
same  CSFs  as  the  "extended  Cl",  but  determined  by  diagonalizing  a  Hamiltonian 
matrix  in  which  all  off-diagonal  elements  involving  only  type  (c)  and  (d) 

n  / 

CSFs  were  approximated  by  zero,  (iii)  a  wavefunction  determined  in  the 
same  manner  as  in  (2),  except  that  only  off-diagonal  matrix  elements  between 
type,  (d)  CSFs  are  omitted,  and  (iv)  the  "first  order  Cl".  The  CSFs  in 
these  wavefunctions  were  constructed  from  the  full  set  of  occupied  and 
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virtual  orbitals  (nineteen  0,  twelve  n,  six  6  and  two  $  type,  virtual 
orbitals)  obtained  from  the  MCSCF  calculation  described  earlier.  The  NOs 
extracted  from  these  wavef unctions  are  referred  to  as  Nth,  NO^,  NO^, 
and  K0±  »  respectively.  Each  of  these  NO  sets  were  used  with  various 


degrees  of  truncation  as  orbital  basis  in  a  scries  of  "extended  Cl 

k  - 

calculations.  Results  of  some  of  these  calculations  for  the  a  S  state 
are  given  in  Tables  III  and  IV.  The  first  column  of  each  table  gives  the 
number  of  leading  NOs  of  each  symmetry  used  in  the  "extended  Cl"  calculation. 
The  second  column  gives  the  "extended  Cl"  energies  using  truncated  sets  of 
NO..  The  third  column  gives  the  difference  between  successive  entries  in 
the  second  column;  namely  the  energy  improvements  resulting  from  the 
addition  of  a  new  group  of  NOs.  The  fourth  and  fifth  columns  gives 
results  of  parallel  calculations  using  NO^.  The  fact  that  N0i  is  a 
compact  set  of  orbitals  is  evident.  The  last  ten  0  and  three  tt  orbitals 
contribute  only  a/).  0004  a.u.  ('vO.Oll  eV)  to  the  "extended  Cl"  energy. 
However,  there  is  no  real  computational  advantage  in  using  NO^,  since 
their  determination  requires  an  "extended  Cl"  calculation  using  the  full 
set  of  virtual  orbitals.  In  calculations  using  NO^  the  energy  improvements 
do  not  drop  off  as  rapidly  as  in  calculations  using  110  ±.  Still,  the  last 
ten  0  and  three  tt  type  orbitals  only  contribute  ^0.0011  hartree  (M).03  eV) 
to  the  "extended  Cl"  energy.  More  importantly,  NO^  are  considerably 
easier  to  determine,  compared  to  NCL.  In  the  "extended  Cl"  wavef unction, 
using  the  full  set  of  virtual  orbitals,  over  99%  of  the  CSFs  are  of  type  (c) 
and  (d) .  Thus  to  determine  wavefunction  (ii)  it  is  only  necessary  to 


compute  'v'i%  of  the  Hamiltonian  matrix  elements  required  to  determine 
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wave  function  (1).  The  results  of  calculations  using  NO . .  and  NO  are 

iii  iv 

not  given.  It  is  sufficient  to  note  that  NO^.,  while  somewhat  more 
costly  to  determine  than  NO^,  is  not  significantly  more  compact  than 
^®ii*  Also,  N0^v>  though  somewhat  more  easily  determined  than  NO^,  is 
not  as  compact  as  NO^.  Calculations  parallel  to  those  described  above 
were  also  carried  out  for  the  A2A  state.  The  four  sets  of  NOs  examined 
in  these  calculations  show  essentially  the  same  behavior  as  in  the  a^E~ 
case.  Thus,  NO^  truncated  to  thirteen  a,  ten  7T,  six  6  and  two  s’  leading 
orbitals  were  used  to  construct  CSFs  for  subsequent  Cl  calculations.  The 
number  of  CSFs  in  each  of  the  thr^e  Cl  wavefunctions ,  using  the  truncated 

NOii  basis*  ls  Slven  in  Table  V.  The  "extended  Cl"  wavefunctions  consist 
of  4147,  1225,  1549,  1498  and  2184  CSFs  for  the  X2JI,  aV*,  A2A,  B2£~  and  C2Z+ 
states,  respectively.  These  numbers  are  to  be  compared  with  9234,  2598,  2986, 
3066  and  5009,  respectively,  which  would  have  resulted  from  the  full 
orbital  set. 

The  NO  transformation  described  above  changes  all  of  the  MCSCF  valence 
and  virtual  orbitals.  For  four  of  the  five  states  studied  here,  the  four 
leading  o  and  one  leading  tt  NOs  are  essentially  unchanged  from  the  MCSCF 

orbitals.  That  is,  if  the  NOs  are  denoted  by  la’,  2a’,  ...,  lir* . 

in  order  of  decreasing  occupation  numbers,  then  we  have  for  these  four 
states  la  =  la’,  2o  a  2a’,  3a  «  3a’,  4a  *  4a’,  and  lir  w  Hr',  where  the 
unprimed  orbitals  are  the  MCSCF  orbitals.  Consequently,  the  space  spanned 
by  the  type  (a)  CSFs  remains  essentially  the  same  whether  the  CSFs  are 
constructed  from  MCSCF  orbitals  or  leading  NOs.  However,  this  is  not  the 
case  for  the  C  E  state.  The  MCSCF  wavefunction  for  this  state,  which 
permits  proper  dissociation  to  separated  HF  atoms  is 
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C11ci22o23o(1ti2,1J:+)  +  C210220230.,0*  (10) 

•..•here  the  3c  orbital  correlates  with  the  hydrogen  lb  orbital  r.nd  the  4o 

orbital  with  the  carbon  2po  orbital.  It  is  easily  shown  that  the  MCSCF 

orbitals  arc  also  the  NOs  of  this  vavefnnetion,  and  that  the  occupation 

numbers  associated  with  the  lo  2.0,  30  and  4a  orbitals  arc  2,  2,  1,  and 
9  2 

2C,,  respectively.  Since  increases  froa  ^0.0001  near  the  equilibrium 

nuclear  separation  to  2/3  at  R  *  the  ordering  of  the  NOs  is  a  (unction 

of  R.  Let  the  primed  and  unprimed  orbitals  again  dcnctc  the  NOs  and  MCSCF 

orbitals,  respectively.  Then,  lo  =  lo  * ,  2o  H  2o  ,  In  =  In  ,  30  =  3c  ,  and 

4o  =  Ao’  for  small  R  where  C2  <  1/2.  However,  we  have  3 G  =  4o',  and 

2 

4o  =  3o ’  for  large  R  where  C2  >  1/2.  This  means,  at  large  R  the 
wavefunction 

c|lO,22o,23c  'in*2  +  C2lo'22o,23 o'/.o'2  (11) 

is  drastically  different  from  the  MCSCF  wavefunction  in  Eq.  (10)  and  no 

longer  a  good  approximation  to  the  true  wavefunction.  This  invalidates  the 

selection  of  type  (d)  CSFs,  which  is  based  on  perturbation  theory  using 

the  wavefunction  in  Eq.  (10)  as  a  zeroth  order  approximation.  To  overcome 

2  + 

this  difficulty  the  first  four  G  NOs  of  the  C  E  state  were  replaced  uy 
the  MCSCF  orbitals.  The  resulting  orbital  set,  after  Schmidt  orthogonaliza- 
tion,  was  then  used  as  the  orbital  basis  for  subsequent  Cl  calculations. 

In  summary,  the  calculations  carried  out  for  the  five  lowest  electronic 
states  of  CH  consisted  of  four  steps.  (1)  SCF  calculation.  (2)  MCSCF 
calculation  using  the  CSFs  given  in  F.q.  (9).  (3)  Determination  of  on 
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approximate  "(Xio.'.uC-J  Cl"  wave  function  u.injj  CSFfi  continue  ted  fro.i  the 
full  oer  of  MCSCF  occupied  nnd  virtual  orbitals  determined  In  step  (2). 

The  expansion  codf  tcieni  p  are  determined  by  diagonal  I-.in^  a  ihalltonlon 
matrix  where  aJl  off-diagonal  elements  involving  only  type  (c)  and  type  (d) 
CSF«  ar<-  approximated  by  zero.  The  NOs  extracted  from  this  wavef nnctlon, 
ordered  by  syanetry  er.d  decreasing  occupation  numbers,  are  then  truncated 
to  thirteen  a,  ten  a,  jix  5  and  two  Vs  type  orbltaln.  (4)  Three  Cl 
calculations:  (a)  "extended  Cl",  (b)  "first  order  Cl",  nnd  (c)  "valence 
Cl"  within  the  truncated  orbital  set  obtained  In  (3). 

III.  KLSULTS  A!,D  DISCUSSIONS 

The  calculated  SCF,  "valence  Cl",  "first  order  Cl",  and  "extended  Cl" 

energies  for  the  five  lowest  electronic  states  of  CH  nrc  given  In 

Tables  VL-X.  The  SCF  potcntiul  curves  are  shown  in  Fig.  1  nnd  the 

"extended  Cl"  curves  in  Fig.  2.  The  "valence  Cl"  and  "first  order  Cl" 

curves  arc  qualitatively  similar  to  the  "extended  Cl"  curves,  except  that 

2..- 

thc  U  Z  curves  lias  entirely  above  the  separated  atom  limits.  Thus,  of 

the  four  computational  models  examined  here,  only  "extended  Cl"  gives  a 
2  - 

bound  R  L  state. 

Five  points  around  the  computed  energy  minimum  of  each  curve  were 

fitted  to  a  fourth  degree  polynomial,  and  the  resulting  analytical  curve 

was  used  to  determine  the  potential  minimum  and  equilibrium  intc  >T.uclcnr 

distance,  Rc<  The  results,  together  with  known  experimental  values,  arc 

given  in  inhlc  XI.  The  R  's  calculated  from  the  "extended  Cl"  curves  are 

c 

in  excellent  agreement  with  known  experimental  values.  For  three  of  the 
fxvc  spates  studied  the  agreements  arc  better  than  0.0)  bohr.  The  one 
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exception  la  the  C*£  a'atc  where  the  calculated  value  la  2.216  bohr  as 

compared  to  the  experimental  value  of  2.200  bohr.  This  discrepancy  cr.n  be 

attributed  to  tlte  fact  that  the  experimental  R^  is  detensin^  from  the 

speet ruscopic  constant  Bc  using  the  relation  Bp  »  (2nR  Using 

thio  relation  and  a  theoretical  value  of  U  derived  iron  the  "extended 

c 

Cl  curve,  we  obtained  a  value  of  2.190  bohr  for  the  B2E"  state. 

Tliis  le-'i  us  to  believe  the  calculated  value  of  2.216  bohr  Is  within 
0.01  bchr  of  the  true  potential  tsinicua.  Details  of  the  above  analysis 
will  be  given  in  paper  II.  Tbc  for  the  aV  state  Is  not  known 

experimentally;  the  "extended  Cl"  result  of  2.053  bohr  Is  believed  to  be 
within  0.01  bohr  of  the  true  equilibrium  nuclear  distance. 

The  SCF  values  are  all  too  snail  cospared  with  experiment; 
whereas  the  "valence  Cl"  and  "first  order  Cl"  results  arc  all  too  large. 

Ihe  "valence  Cl"  results  are  better  than  the  "first  order  Cl"  results 
for  all  five  electronic  states  studied.  The  values  obtained  from 
the  scnl-enpirical  calculations  of  Liu  and  Vcrhncgcn13  fell  considerably 
short  of  the  acci racy  achieved  by  the  "extended  Cl"  calculations.  Their 
value  cf  2.124  bohr  for  the  B  1  state,  is  even  snallcr  than  the  SCF 
result  of  2.151  bohr. 

All  three  Cl  models  employed  in  this  study  have  been  designed  to  give 
the  correct  separated  atom  limits.  However  acynptotic  wavcfuuctions,  in 
the  limit  of  R  ■  ®,  obtained  from  these  Cl  calculations  ore  different  from 
results  of  equivalent  atomic  calculations  done  in  spherical  symmetry.  This 
difiticnce  is  the  result  of  relaxing  atonic  equivalence  and  symmetry 
constraints.  In  the  molecular  calculation  the  orbitals  and  the  CSFs  are 
constrained  to  belong  to  irreducible  representation  of  the  point  group 


,  instead  of  the  three  dimensional  solution  group  «>  in  the  atomic  case. 

Three  constraints  are  relaxed  in  a  calculation.  (1)  Orbital 

equivalence  constraint;  degenerate  atonic  orbitals  like  ?rv'  and  ?pn  of 

carbon  are  not  constrained  to  have  the  s.v*e  radial  dependence,  (ii)  Orbital 

symmetry  constraint;  the  eolccular  orbitals  arc  not  constrained  to  be 

2 

clgsnfunct  ions  of  the  t  operaror.  Thus  the  550s  corresponding  to  atonic 

8  orbital*  tsay  have  d3  component*  and  those  corresponding  to  atomic  p 

orbitals  =jy  have  !  component*,  (ill)  CSF  syrsetry  constraint;  the  CSF* 

In  the  rolecular  calculation  ore  constrained  to  be  cig«  nfunctionu  of  L  , 

2 

but  not  L  ns  in  the  spherically  syrwctric  calculations.  Thuu,  the  Cl 

uavcfunct ion  obtained  is  constrained  to  have  the  proper  quantum 

2 

nusbet ,  but  cay  not  be  an  eigenfunction  of  L  .  The  effects  of  relaxing 
these  equivalence  and  sycaetry  constraints,  in  United  Cl  calculations,  arc 
loured  total  energies  and  sooc  apparent  discrepancies  in  the  asymptotic 
behnv.or  of  calculated  potential  curves.  Tlicse  effects  are  examined  in 
some  detail  in  what  follows.  It  is  appropriate  here  to  insert  the  reminder 
Ch/.t  the  difference  between  a  C^  atom  and  a  spherically  symmetric  one 
is  fin  artifact  of  the  method  employed  in  the  uavcfunctlon  calculation,  uhich 
has  no  real  physical  significance.  In  the  Unit  of  a  complete  Cl  calcula¬ 
tion,  including  n  complete  set  of  n-pjrticlc  functions  derivable  from  a 
given  onc-particle  basis,  the  same  result  Is  obtained  regardless  of  the 
equivalence  and  symmetry  constraints  imposed. 

To  be^in  with  we  examine  the  asymptotic  results  of  MCSCF  calculations 
using  the  CSFs  given  in  (9).  These  results  arc  of  interest  because  the 
MCSCK  occupied  orbitals  play  an  important  role  in  subsequent  Cl  calculations. 
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At  R  »  M,  the  CSKs  In  Eq.  (9)  go  over  to  the  following  carbon  atom  CSTh: 


XJn<3P,^.l):  +  o^,3. 


A'Vl’.Mh  -  0): 


2  2  2 
°lE°2.r2p 


2  2  2 


bV(3l*,M.  -  0): 

Is 


2  2  2 
o,  o,  *, 
Is  2s  2p 


.  n2  2  _  2 
°1b  2p‘ 2p 


‘‘‘(’"'“l  '  2):  c‘/2y2p 


.  n2  J  -,2 

+  0.  0,  il¬ 
ls  2p  2p 


cVtV^-o):  o2y2y 


.  n2  J  „2 

+  0,  0-  Ti¬ 
ls  2p  2p 


*°1A,  ■ 


In  Eq.  (12),  the  corresponding  separated  carbon  atoo  states  nre  given  in 

parentheses  following  the  tern  symbol  lor  the  CH  states.  The  orbitals  in 

the  CSFs  are  identified  by  the  irreducible  representation  of  the  group 

Co  which  they  belong,  with  the  corresponding  carbon  atomic  orbital  given 

as  subscripts.  The  part  of  the  CH  wavcf unctions  that  goo9  over  to  the  hydro- 

gen  Is  orbital,  common  to  all  CSKs  in  (12),  is  omitted.  The  X  II,  a  *t~  and  Bl 

states  of  Cll  all  disrociotc  into  the  ground  state  of  carbon.  The  MCSCF 

energies  for  all  three  states  arc  somewhat  lower  than  that  of  the  corresponding 

two-configuration  numerical  MCSCF  calculation  for  carbon  reported  by  Bagns 
25 

and  Moser.  This  is  because  in  the  C  carbon  atom,  the  o,  orbitals 

“v  '  is 

arc  permitted  to  have  a  do  component  and  the  Ojp  and  Ttjp  orbitals  arc 
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permitted  to  hnve  fQ  cr  ccnporcnto,  and  also  th?  and  *  orbitals 
arc  permitted  to  have  different  radial  dependence.  This  added  freedom  in 
11,0  w*vefunction  leads  to  a  lowered  total  energy.  The  MCSCF  energy  of 
carbon  from  the  aV  and  B2!-  calculations  arc  lower  than  the  corresponding 
results  from  the  X'T  calculations  by  0.0017  hartrec.  An  examination  of 
Hq.  (12)  shows  that  the  o2p  orhxtals  arc  not  occupied  in  the  HF  CSFs  for 
the  a  l  and  H  l  states,  and  can  be  frrely  optimized  without  jeopardizing 

L  .  of  isJ2sT'2p*  11115  is*  however,  not  the  case  for  the  2I[  state, 
where  any  energy  lowering  due  to  the  departure  of  the  o2p  or  7^  orbitals 

from  the  HF  results  must  be  balanced  by  an  increase  in  the  energy  of  the  HF 
2  2 

CSF’  ala02at,2p"2p-  11,0  °2p  aa<i  %  K'iCF  "rbiuls  arc  given  in  Table  XII. 
It  ia  scon  chat  Clio  a ^  aad  7.^  orbitals  arc  quite  .tailor  for  the  X2n 
state  but  drastically  differoat  la  the  aV  and  bV  states,  supporting 
the  above  argument.  The  A2A  and  C2E+  states  of  CH  dlssoelate  into  the  3o 
state  of  carbon.  The  MCSCF  energies  of  carbon  obtained  from  the  MCSCF 
calculations  on  these  states  ia  symmetry  are  again  lower  than  the 

numerical  MCSCF  results  of  Bogus  and  Moser. 25  Following  the  argument  in 
the  3P  case,  we  would  expect  the  energy  of  the  carbon  atom  obtained  from  the 
A  A  calculation  to  be  somewhat  lower  than  that  from  the  C2Z+  calculation.  ll,c 
°2p  a"d  a2p  MCSCF  ocbltais  for  these  two  states  are  also  given  in  Table  XII. 
The  two  orbitals  in  A24  state  are  again  quite  different  as  ia  the  cV  and 
n4Z  states,  while  the  two  orbitals  of  the  2Z+  are  similar  as  in  the  X2H 
case.  However  the  MCSCF  energy  of  carbon  obtained  from  the  V  calculation 
is  0.0013  I, octree  lower  than  that  from  the  2A  calculation,  in  apparent 
contradiction  to  our  earlier  argument.  To  resolve  this  apparent 
contradiction  we  again  examine  the  CSFs  in  (12). 
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To  describe  a  HF  atom  in  the 


1..,,  2 .  2.0  2. 
D(is  2s  2p  ) 


state  two  CSFs  are  required, 


2  2  2  „  2  2  2 
cl0ls°2s02p  +  C20ls02s,,2p 


(13) 


In  a  calculation  carried  out  under .spherical  symmetry  the  ratio  C^/C,^  is 
*1/0  1 

fixed  at  -2  to  insure  a  D  wavefunction.  However,  under  symmetry, 

this  ratio  can  be  varied  freely  to  achieve  the  lowest  possible  energy,  as 
it  is  only  necessary  to  insure  the  correct  liL  quantum  number.  The  same 
situation  exists  for  the  two  CSFs  describing  the  Is  2p  configuration  of 
carbon.  It  is  this  new  degree  of  freedom,  in  addition  to  the  relaxation 
of  orbital  symmetry  and  equivalence  restrictions,  that  results  in  a  lower 

o  .  2 

MCSCF  energy  for  the  C  T  state,  compared  to  the  A  A  state.  The  actual 

ratio  between  the  two  pairs  ot  coefficients  discussed  above  are  -1.527  and 

-1.199,  respectively.  Further  evidence  for  the  above  argument  is  found  in 

the  fact  that  the  C2 3S+  result  is  0.0040  hartree  lower  than  the  corresponding 

25 

numerical  MCSCF  results  of  Bagus  and  Moser,  considerably  larger  than  the 

2  4  _  2  - 

lowering  obtained  in  the  A  A  (0.0027  hartree),  a  E  and  B  E  (0.0018  hartree) , 
and  X?n  (0.0001  hartree)  states.  The  "valence  Cl"  results,  at  large  R, 
are  essentially  identical  to  the  MCSCF  results,  and  thus  no  further 
discussion  is  necessary. 

3 

The  "first  order  Cl"  calculations  reduced  the  discrepancies  of  the  P 
and  asymptotes  from  0.0017  hartree  and  0.0013,  respectively,  to 

0.0006  hartree.  The  same  discrepancy  remained  in  the  "extended  Cl"  results. 

It  seems  reasonable  to  assume  that  more  extended  Cl  calculations,  involving 
CSFs  with  three  or  more  valence  electrons  occupying  virtual  orbitals,  will 
not  further  reduce  the  remaining  discrepancy.  We,  therefore,  attribute 
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i-he  discrepancy  of  0.0006  hartree  to  the  mixing  of  da  components  in  the 
lo  orbital  corresponding  to  the  carbon  Is  orbital.  To  eliminate  this 
discrepancy,  it  is  necessary  to  carry  out  Cl  calculations  including  core¬ 
valence  and  core-core  correlation  effects.  An  alternative  method  for 
avoiding  this  problem  is  to  restrict  the  lo  orbital  to  an  expansion  in 
s  type  STIs  alone.  This  approach  is  useful  for  nuclear  separations  where 
no  significant  core  polarization  takes  place.  At  any  rate,  a  discrepancy 
of  0.0006  a.u.  ('tO. 02  eV)  is  quite  acceptable,  considering  the  accuracy 
of  the  calculations  reported  here. 

The  correlation  energies  obtained  for  the  two  states  of  carbon 
represent  approximately  95%  of  the  L  shell  correlation  energy.26 

The  "extended  Cl"  term  splitting  between  C(3P)  and  C(1D)  is  1.31  eV, 
as  compared  with  the  experimental  value  of  1.26  cV.  This  is  a  considerabl 
improvement  over  the  previous  result  of  Lie  et  al.,10  where  the  error  is 
0.24  eV. 

The  calculated  dissociation  energies  De  ,  obtained  from  interpolated 

potential  minima  and  corresponding  dissociation  limits,  are  given  in 

Table  XI.  The  "extended  Cl"  dissociation  energies  are,  with  known 

experimental  values  given  in  parentheses,  3.51  eV  (3.63)  for  X2II,  2.84  eV 

for  a 4E  ,  1.90  eV  (2.01)  for  A2A,  0.23  eV  (^0.40)  for  bV,  and  0.78  eV 
2  + 

(0.94)  for  C  E  .  These  results  are  in  error  by  0.12  eV  and  0.11  eV  for 

2  2 

the  X  H  and  A“A  states,  respectively,  and  by  0.17  eV  and  0.16  eV, 
respectively  for  the  weakly  bound  states  B2E~  and  C2Z+.  A  significant 
part  of  these  errors  can  be  attributed  to  the  neglect  of  correlation 
effects  between  the  lo  shell  and  the  valence  elec'rons;  in  particular, 


26 


Lhe  correlation  between  the  lo  electrons  and  the  3o  electron  (or  one  of 

2 

the  3a  electrons  in  the  X  II  state)  which  does  not  exist  when  the  two  atoms 

?  7 

are  far  apart.  Ecnder  and  Davidson  obtained  -0.0050  hartree  for  the 

la-3a  intershell  correlation  energy  in  the  X  IT  state.  If  we  take  half  of 

their  value  as  the  extra  molecular  correlation  energy  and  add  it  to  our 

computed  dissociation  energy  for  the  X2JI  state,  then  the  I)  °  for  the 

e 

ground  state  becomes  3.57  eV,  which  is  only  0.06  eV  too  low  compared  with 
the  experimental  value.  The  second  source  of  error  in  the  computed  dissocia¬ 
tion  energies  is  the  incomplete  correlations  of  the  valence  shell.  As  has 
been  pointed  out  earlier,  the  truncation  of  the  internal  orbital  set 
accounts  for  an  error  o'  ^0.03  eV  in  the  calculated  dissociation  energies. 

The  remaining  error  is  attributed  to  the  incomplete  STF  basis  and  the 
neglect  of  CSFs  with  two  or  more  valence  electrons  occupying  external 
orbitals,  which  only  contribute  to  the  wavefunetion  through  second  and 
higher  order  perturbation  theory. 

The  MO  energy  for  the  la  orbital  in  the  HF  calculation  is  essentially 
identical  with  the  energy  of  the  carbon  Is  orbital  and  is  nearly  independent 
of  the  internuclear  distances.  Therefore  the  intra-shell  correlation 
energy  of  the  la  shell  should  be  nearly  constant  for  all  internuclear 
distances  and  its  neglect  should  Introduce  only  a  small  error  into  the 
computed  dissociation  energies. 

The  correlation  energies  recovered,  in  the  "extended  Cl"  calculations 
for  the  X  IT,  A  A,  B  E  and  C  £  states,  represent  only  about  60%  of  the 
total  correlation  energies.  The  low  percentages  are  due  to  the  neglect 
of  all  correlation  effects  involving  the  la  electrons.  The  valence  shell 
correlation  energies  recovered  in  these  calculations  are  believed  to  be 


over  90%. 


59 


27 


The  dissociation  energy  of  the  a^Z  state  is  certain  to  be  larger  than 
the  calculated  value  of  2.84  eV.  Assuming  a  core-valence  correlation 
correction  of  0.06  eV,  as  was  estimated  for  the  X2Il  case,  and  an  orbital 
truncation  error  of  0.03  eV  we  arrive  at  an  estimated  lower  bound  of  2.93  eV 
for  the  D  0  of  the  aV  state.  If  we  further  assume  that  the  error  in 
the  calculated  dissociation  energy  of  a  l  is  no  more  than  that  of  the  otncr 
four  states,  then  we  have  De°(aV)  <  3.01  eV.  Thus  we  estimate 

D  °(a/Y)  =  2.9410.07  eV.  This  estimate,  combined  with  the  experimental 

e  L  2 

value  for  De°(X2I[),  places  the  a  Z~  state  above  the  X  II  state  by 

0.6910.07  eV.  This  is  in  excellent  agreement  with  the  previous  estimate 

of  0.6310.12  eV  by  Lie  et  al.,10  but  contradictory  to  the  semi-empirical 

result  of  Liu  and  Verhaegen13  which  placed  the  state  above  the  X  II 


state  by  0.92  eV.  Their  T^Yz  )  =  0.92  eV  leads  to  Dfi  (a  Z  )  2.72  eV 

which  is  smaller  than  the  HF  value  of  2.78  eV.  Tire  "extended  Cl"  term 
splittings  between  the  xY  A2A,  bY  and  cY  states  are  all  within 

0.06  eV  of  the  known  experimental  values. 

Figure  2  shows  clearly  the  existence  of  potential  maxima  in  the 
"extended  Cl"  curves  for  the  eY  and  cY  states.  'The  existence  of  the 
maximum  in  the  bY  curve  has  been  deduced  experimentally  by  Herzberg  and 
Johns6  from  the  breaking-off  of  the  emission  lines  and  the  diffuseness 
of  the  absorption  lines  in  the  spectra  of  CII  and  CD.  Tie  recognition  of 
this  maximum  led  to  a  slightly  different  value  of  the  Dq  for  the  X  II 
state  from  the  value  accepted  prior  to  1969.  From  the  limiting  curves  of 
dissociation  for  the  bY  states  of  CH  and  CD,  Herzberg  and  Johns  estimated 
the  height  of  the  maximum  to  be  greater  than  (or  at  least  equal  to) 
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500  cm  ,  at  R  2A.  Our  calculated  results  show  that  this  maximum 
occurs  at  R  =  3.29  bohr  (1.74A),  with  a  height  of  0.1592  eV  (1284  cm'1). 

9  — 

Since  the  minimum  in  the  calculated  potential  curve  for  the  B-E-  state  is 
too  high,  relative  to  the  calculated  dissociation  limit,  by  0.17  eV,  the 
calculated  barrier  height  is  likely  to  be  too  high.  Assuming  the  difference 

between  the  calculated  and  exact  curves  is  given,  as  a  function  of  R,  bv 

~(R~R  )2 
e 

an  e  ,  the  calculated  barrier  height  is  too  high  hy  '''■0.06  eV.  A 

likely  value  for  the  barrier  height  is  ^800  cm-1. 

Other  calculations  which  showed  a  maximum  in  the  B  E  states  were 

discussed  in  the  introduction.  There  are  Liu  and  Verhaegen's  semi-empirical 
13 

calculations  which  gave  a  barrier  of  height  ^900  cm-1,  at  ^l^X,  Lie,  Hinze 
and  Liu's  ab  initio  Cl  calculations1^  which  gave,  a  barrier  of  height  1600  cm-1, 

O  ■■  / 

at  1.73A,  and  optimum  valence  KCSCF  calculations  of  Julienne  and  Krauss^"4 

indicated  a  barrier  of  height  ^1000  cm"1,  around  2A. 

2  + 

The  potential  maximum  in  the  C  E  state  had  been  deduced  experimentally 

also  by  Herzberg  and  Johns.6  They  observed  that  the  v  =  4  vibrational 

2„+ 

level  of  the  C  a  state  of  CD  lies  slightly  above  the  dissociation  limit 

corresponding  to  C(1D)  +  D(2S) ,  and  concluded  that  the  C2E+  state  cannot 

be  correlated  with  the  E  state  from  D  +  S  except  by  assuming  a  large 

potential  maximum.  This  large  potential  maximum  did  show  up  in  our 

calculations,  fhe  'extended  Cl"  results  give  a  potential  maximum  at 

R  —  3.33  bohr  (1.76A)  with  a  height  of  0.4003  eV  (3228  cm  1)  ,  Here,  again, 

the  calculated  value  is  probably  too  high  by  ^0.06  eV,  and  our  estimate 

of  the  true  barrier  height  is  ^2300  cm-1. 

13 

Liu  and  Verhaegen  also  deduced  this  maximum  in  their  semi-empirical 
calculations.  To  explain  the  existence  of  this  and  several  other  potential 
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maxima  found  in  their  calculations,  they  asserted  “...there  being  several 
potential  maxima.  These  result  from  necessary  changes  of  molecular 
electronic  configuration  of  some  of  the  states  before  they  dissociate." 

This  argument  is  incorrect  since  it  implies  that  any  state  whose  tIF 
configuration  does  not  dissociate  correctly  into  its  atomic  limits  will 
have  a  maximum  in  its  potential  curve.  It  is  well  known  that  the  HF 
configuration  of  the  ground  state  of  LiK  does  not  dissociate  correctly 
into  Li(  S)  +  H(  S)  and  that  there  is  no  maximum  in  the  XL  state  of 

no  13 

hill.  In  fact,  the  results  of  Liu  and  Verhaegen  did  show  a  potential 
2 

maximum  in  the  X  IT  curve  of  CH.  No  such  maximum  has  been  f.  und  experi¬ 
mentally  or  in  our  calculation. 

6  2  — 

According  to  lierzberg  and  Johns  the  maximum  in  the  B  L  state  is 

of  van  der  Waals  origin,  similar  to  that  for  the  C^II  state  of  H^.  This 

explanation  is  incorrect  for  the  following  reasons:  (a)  The  maximum  in 

the  C1!!  state  of  H2  is  due  to  the  degeneracy  at  large  separations 

corresponding  to  the  exchange  of  excitation  energies,  Is  <-*■  2p.  In  other 

words,  there  is  a  non-vanishing  first  order  dipole-dipole  van  der  Waals 

interaction  at  large  separations  due  to  the  exchange  degeneracy.  No  such 

degeneracy  exists  in  the  case  of  C(  P)  and  II (  S)  ;  (b)  A  van  der  Waals 

maximum  in  the  potential  curve  can  arise  if,  besides  (a),  there  is  a 

non-vanishing  first  order  dipole-dipole,  dipole-quadrupole,  or  quadrupole- 

2 

quadrupoie  interaction.  Since  the  S  state  of  hydrogen  does  not  possess 
dipole  or  quadrupoie  moment,  there  is  no  first  order  van  der  Waals 
interaction  between  C  and  H.  Any  second  order  interaction  leads  only  to 
attraction,  and  cannot  be  the  cause  for  a  maximum  in  the  potential  curve. 
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2  - 

The  repulsive  character  of  the  3  Z  state,  a';  large  R,  is  more  likely  to 

be  caused  by  the  exchange  effect  which  splits  a  Z  state  into  an  attractive 

state  and  a  repulsive  Z  state.  Therefore  the  occurence  of  the 
2  - 

maximum  in  the  B  Z  state  must  have  its  origin  in  an  avoided  curve 
crossing  between  the  original  repulsive  curve  and  another  curve  of  the 
same  symmetry. 

2  - 

The  first  candidate  for  this  other  Z  curve  is  that  arising  from  the 

Is  2s2p  D  excited  state  of  carbon  and  the  ground  state  of  hydrogen  atom. 

3  '  . 

Since  the  D  state  lies  ^8  eV  above  the  ground  state  of  carbon,  it  is 

2  _ 

unlikely  that  the  resulting  Z  curve  can  reach  down  far  enough  to  cross 

2  - 

the  lower  repulsive  curve.  This  is  also  true  for  all  other  Z  curves 

arising  from  neutral  carbon  and  hydrogen  atoms,  because  they  have  even 

higher  separated  atom  asymptotes.  This  is  one  of  the  reasons  why  the 

potential  maximum  in  the  B 'Z  curve  was  attributed  to  a  van  der  Waals 

origin.  A  few  steps  up  the  separated  atom  energy  ladder  we  find  that 

C~(ls22s22p3  2D)  and  H+  gives  rise  to  a  2Z~  curve.  This  ionic  curve  has 

a  1/R  behavior  which,  owing  to  the  small  size  of  the  H  ion,  persists 

down  to  very  small  R  values.  Therefore,  in  spite  of  the  fact  that 

C- (ls22s22p3,2D)  +  H+  lies  Mh  eV  above  the  ground  states  of  C  and  H,  this 

2 

ionic  curve  can  reach  down  to  cross  the  repulsive  curve  of  the  B  Z  state. 

This  crossing  occurs  near  R  =  2.5  bohr.  The  shift  of  the  potential  maximum 

to  R  =  3.30  bohr  and  the  low  barrier  height  of  ^800  c.m  1  are  results  of  a 

large  interaction  between  the  zeroth  order  curves.  We  note  here,  before 
2  -  2  - 

the  ionic  Z  curve  can  cross  the  B  Z  curve,  it  must  first  c’ oss  many 
7  — 

Z~  curves  arising  from  various  excited  states  of  carbon  and  hydrogen  atoms, 
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2  3  3 

including  that  resulting  from  the  ls“2s2p  D  state  of  carbon  discussed 

earlier.  In  each  case  there  results  an  avoided  crossing  followed  by  the 

resumption  of  an  essentially  1/K  behavior  at  smaller  R  values.  However, 

if  we  use  valence-bond  curves  as  zeroth  order  approximation,  it  is  the 

2  - 

ionic  curve  that  is  responsible  for  the  maximum  in  the  B  E  curve. 

A  similar  explanation  can  be  found  for  the  occurrance.  of  the  potential 

2  +  2  +  1 
maximum  in  the  C  £  curve.  The  second  lowest  'E  curve  arising  from  C(  S) 

2 

and  li(  S)  is  repulsive  according  to  elementary  Heitler- London  theory.  There 

2  + 

are  two  ionic  curves  that  can  reach  down  and  cross  the  lowest  E  curve: 

+  2  2  ’  -  1 

the  first  one  arises  from  C  (Is  2s  "2p  “p)  +  H  (  S)  which  lies  VL1  eV  above 


__  2  2  3  2  -i 

the  ground  state  atoms,  the  second  from  C  (Is  2s  2p  p)  +  Hn  which  lies 

2  +  +  - 

VL5  eV  above  the  ground  state  atoms.  The  E  curve  from  C  +11,  owing 
to  the  large  size  of  the  II  ion,  deviates  from  the  1/K  behavior  at 

—  -J" 

a  considerably  larger  R  value  than  the  curve  from  C  +  H  .  Indeed,  the 

+  —  -f 

C  +  H  curve  appears  to  turn  up  and  cross  the  C  +  H  near  R  =  3.5  bohr 

2  +  2 

as  evidenced  by  the  sign  change  in  the  dipole  moments  of  the  C  E  and  X  II 

2  + 

states  which  will  be  discussed  in  paper  II.  Therefore  it  is  the  E  curve 

— 

from  C  +  H  which  is  finally  responsible  for  the  avoided  crossing  and  the 

2 .+ 

associated  potential  maximum  in  the  C  E  curve. 

Finally,  we  compare  the  three  computational  models  employed  in  this 

study.  The  "extended  3i"  model  is  clearly  the  most  reliable  of  the  three. 

2  - 

It  alone  predicts,  correctly,  a  bound  E  E  state.  It  consistently  gave 
equilibrium  nuclear  separations,  dissociation  energies,  and  term  energies 
to  within  0.01  bohr,  0.2  eV  and  0.06  eV,  respectively,  of  the  known 
experimental  values.  The  "first  order  Cl"  and  "valence  Cl"  models  failed 


,+ 
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to  give  results  of  comparable  accuracy;  both  models  also  failed  to 
2  - 

predict  a  bound  B  T.  state.  The  "valence  Cl"  equilibrium  nuclear  distances 
are  somewhat  closer  to  the  experimental  values  than  those  of  "first  order 
Cl".  No  definite  trend  can  be  found  by  comparing  the  dissociation  energies 
and  term  energies  calculated  from  these  two  models.  It  is  somewhat 
surprising  that  the  "first  order  Cl"  model  does  not  yield  significantly 
better  results  than  the  considerably  simpler  "valence.  Cl"  model. 
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TABLE  I 

Electronic  Configurations  of  the  Five  Lowest  States 
of  G{  and  Their  Dissociation  Limits 


Elec  tronic 
Configuration 

State 

Dissociation  Limits 

2  ?  2 

10 2a 30 In 

2 

x  n 

C(3P) 

+  h(2s) 

'aV 

c(3p) 

+  h(2s) 

2  2  2 
lo  2o  3alu 

a2a 

C(1D) 

-1-  h(2s) 

bV 

c(3p) 

+  H(2S) 

.  c2z+ 

C(1D) 

d  H(2S) 
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TABLE  II 

Slater-Type  Basis  Set 


Center 

nl  Value 

Exponents 

C 

Is 

9.29,  5.41 

2s 

4.26,  2.59,  1.50,  1.03 

2p 

6.34,  2.59,  1.42,  0.96 

3d 

1.95 

4d 

2.00 

4f 

2.50 

5f 

4.10 

H 

Is 

1.00,  2.20 

2s 

1.00,  2.20 

2p 

1.70,  2.90 

3p 

2.90 

3d 

2.70 

4d 

2.70 
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TABLE  III 

ANO  Convergence  Study  I:  a*E“  ft  R  =  2.20  b 


o 

IT 

6 

no.l 

Improvement 

NO . 
li 

Improvement 

4 

1 

0 

0 

-38.304738 

-38.304828 

0.009925 

0.0092/'? 

6 

1 

0 

0 

-38.314663 

-38.314075 

0.002937 

0.003473 

8 

1 

0 

0 

-38.317600 

-38.317548 

10 

1 

0 

0 

-38.318313 

0.000713 

-38.318316 

0.000768 

13 

1 

0 

0 

-38.318835 

0.000542 

-38.318933 

0.000617 

16 

1 

0 

0 

-38.318988 

0.000133 

-38.319087 

0.000154 

0.000094 

0.000124 

19 

1 

0 

0 

-38.319082 

-38.319211 

21 

1 

0 

0 

-38.319102 

0.000020 

-38.319376 

0.000165 

0.000009 

0.000021 

23 

1 

0 

0 

-38.319111 

-38.319397 

23 

3 

0 

0 

-38.356300 

(0.037189) 

-38.356166 

(0.036769) 

23 

6 

0 

0 

-38.362760 

0.006460 

-38.362740 

0.006574 

23 

8 

0 

0 

-38.363515 

0.000755 

-38.363498 

0.000758 

23 

.0 

0 

0 

-38.363813 

0.000298 

-38.363803 

0.000305 

23  13 

0 

0 

-38.363966 

0.000153 

-38.363965 

0.000162 

23  13 

3 

0 

-38.381973 

(0.018007) 

-38.381767 

(0.017802) 

23  13 

6 

0 

-38.382419 

0.000446 

-38.382404 

0.000637 

23  13 

( 

2 

-38.384098 

(0.001679) 

-38.384084 

(0.001680) 

i. 

) 
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TABLE  IV 


4„- 


ANO  Convergence  Study  II:  a  E  at  R  =  20.0  b 


a  ir  6  'P 


NO , 


Improvement 


NO 


ii 


71 


Improvement 


4 

1 

0 

0 

-38.207659 

-38.207737 

0.011563 

0.011437 

6 

1 

0 

0 

-38.219222 

-38.219174 

0.000201 

0.000199 

8 

1 

0 

0 

-38.219423 

-38.219373 

0.000184 

0.000201 

10 

1 

0 

0 

-38.219607 

-38.219574 

0.000064 

0.000091 

13 

1 

0 

0 

-38.219671 

-38.219665 

0.000015 

0.000018 

16 

1 

0 

0 

-38.219686 

-38.219683 

0.000000 

0.000000 

23 

1 

0 

0 

-38.219686 

-38.219683 

(0.033671) 

(0.033647) 

23 

3 

0 

0 

-38.253357 

-38.253330 

0.003324 

0.003371 

23 

6 

0 

0 

-38.256681 

-38.256701 

0.000341 

0.000352 

23 

8 

0 

0 

-38.257022 

-38.257053 

0.000000 

0.000000 

23 

13 

0 

0 

-38.257022 

-38.257053 

(0.022668) 

(0.022608) 

23 

13 

3 

0 

-38.279690 

-38.279661 

0.000151 

0.000216 

23 

13 

6 

0 

-38.279841 

-33.279877 

(0.002375) 

(0.002375) 

23 

13 

6 

2 

-38.282216 

-38.282252 

J 
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TABLE  V 

Numb a r  of  Configuration  State  Functions  Used  in  the 
Cl  Calculations3 


State 

Valence 

CSF  TYPE 

First  Order 

Extended 

2 

XI 

18 

741 

4147 

a4E 

9 

252 

1225 

8 

528 

1549 

2  - 

B  E 

9 

378 

1498 

c2e+ 

14 

446 

2184 

Truncated  approximate  natural  orbital  set  of  13a,  IOtt, 
66  and  2 'P  was  used. 
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TABLE  VI 

2  a 

Potential  Curve  for  the  X  II  State  of  CH 


R 

HF 

E 

Valence- Cl 

First-Order  Cl 

Extended  CT 

1.00 

-37.51455 

-37.54039 

-37.58686 

-37.64103 

1.30 

-38.02545 

-38.04795 

-38.09068 

-38.15061 

1.60 

-38.21406 

-38.24090 

-38.29012 

-38.34121 

1.90 

-38.27297 

-38.30401 

-38.35359 

-38.40194 

2.00 

-38.27848 

-38.31115 

-38.36091 

-38.40829 

2.05 

-38.  '’957 

-38.31311 

-38.36295 

-38.40981 

2.10 

-38.27974 

-38.31420 

-38.36409 

-38.41041 

2.15 

-38.27914 

-38.31453 

-38.36446 

-38.41025 

2.20 

-38.27786 

-38.31422 

-38.36419 

-38.40943 

2.40 

-38.26780 

-38.30831 

-38.35834 

-38.40156 

2.70 

-38.24437 

-38.29220 

-38.34201 

-38.38338 

3.00 

-38.21759 

-38.27364 

-38.32295 

-38.36252 

3.50 

-38.17408 

-38.24626 

-33.29405 

-38.33124 

4.00 

-38.13568 

-38.22705 

-38.27315 

-38.30870 

5.00 

-38.21048 

-38.25389 

-38.28786 

6.00 

-38.20636 

-38.24929 

-38.28287 

8.00 

-38.20611 

-33.24809 

-38.28160 

11.00 

-38.20608 

-38.24803 

-38.28159 

15.00 

-38.20608 

-38.24803 

-38.28159 

20.00 

(-38.18866) 

-38.20608 

-38.24803 

-38.28159 

aAll  quantities  are  in  atomic  units, 
b  2 

°HF  configuration  state  function  for  the  X  IT  state  does  not  dissociate 
correctly  to  the  atomic  limits  of  C(^P)  aud^H(^S).  The  value  given  in 
the  parenthesis  is  that  obtained  from  the  a^S”  state  at  R  =  20.00  b, 
corresponding  to  the  SCF  energy  of  the  ground  states  of  C  and  H. 
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TABLE  VII 


Potential  Curve  for  the  aA£  State  of  CR 


1.00 

1.30 

1.60 

I. 90 
2.00 
2.05 
2.10 
2.15 
2.20 
2.40 
2.70 
3.00 
3.50 
4.00 
5.00 
6.00 
8.00 

II. 00 
15.00 
20.00 


-37.54271 
-38. 05082 
-33.23421 
-38.28677 
-38.29006 
-33.29003 
-38.28909 
-38.28738 
-38.28501 
-38.27069 
-38.24185 
-38.21239 
-38.19366 
-38.19016 
-38.18890 
-38.18872 
-38.18866 
-38.18866 
-38.18866 
-38.18866 


Valence-CI 

-37.55316 

-38.05899 

-38.24600 

-38.30243 

-38.30702 

-38.30768 

-38.30745 

-38.30646 

-38.30483 

-38.29374 

-38.27051 

-38.24713 

-38.22018 

-38.21064 

-38.20790 

-38.20778 

-38.20775 

-38.20774 

-38.20774 

-38.20774 


First-Order  Cl  Extended  Cl 


-37.58386 

-38.09X9S 

-38.27864 

-38.33637 

-38.34165 

-38.34268 

-38.34283 

-38.34222 

-38.34098 

-38.33143 

-38.31045 

-38.28936 

-38.26465 

-38.25411 

-38.24958 

-38.24889 

-38.24870 

■  38.24368 

-38.24867 

-38.24867 


-37.63499 

-38.14212 

-38.32661 

-38.38164 

-38.38593 

-38.38645 

-38.38608 

-38.38497 

-38.38323 

-38.37183 

-38.34839 

-38.32530 

-38.29911 

-38.28828 

-38.28347 

-38.28259 

-38.28226 

-38.28224 

-38.28223 

-38.28223 


aAll  quantities  are  given  in  atomic  units. 
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TABLE  VIII 


2  3 

Potential  Curve  for  the  A  A  State  of  CH 


E 


HF  Valence-CI  First-Order  Cl  Extended  Cl 


1.00 

-37.42364 

-37.43427 

1.30 

-37.93532 

-37.94325 

1.60 

-38.12142 

-38.13104 

1.90 

-38.17632 

-38.18975 

2.00 

-38.18042 

-38.19533 

2.05 

-38.18082 

-38.19653 

2.10 

-38.18033 

-38.19689 

2.15 

-38.17909 

-38.19654 

2.20 

-38.17722 

-38.19560 

2.40 

-38.16539 

-38.18785 

2.70 

-38.14382 

-38.17175 

3.00 

-38.13282 

-38.15873 

3.50 

-38.12936 

-38.14992 

4.00 

-38.12984 

-38.14895 

5.00 

-38.13111 

-38.15023 

6.00 

-38.13147 

-38.15070 

8.00 

-38.13154 

-38.15079 

11.00 

-38.13154 

-38.15079 

15.00 

-38.13154 

-38.15079 

20.00 

-38.13154 

-38.15079 

-37.48522 

-37.54232 

-37.99542 

-38.05255 

-38.18467 

-38.23933 

-38.24498 

-38.29675 

-38.25110 

-38.30193 

-38.25255 

-38.30292 

-38.25314 

-38.30304 

-38.25299 

-38.30244 

-38.25223 

-38.30124 

-38.24502 

-38.29228 

-38.22904 

-38.27374 

-38.21430 

-38.25707 

-38.20021 

-38.24175 

-38.19557 

-38.23632 

-38.19403 

-38.23393 

-38.19389 

-38.23349 

-38.19380 

-38.23324 

-38.19378 

-38.23327 

-38.19378 

-38.23327 

-38.19378 

-38.23327 

aAll  quantities  are  given  in  atomic  units. 
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TABLE  IX 

2  a 

Potential  Curve  for  the  B  Z  State  of  CH 


E 


R 


HF 


Valence-CI  First-Order  Cl  Extended  Cl 


1.00 

1.30 
1.60 

I. 90 
2.00 
2.05 
2.10 
2.15 
2.20 

2.30 
2.40 
2.70 
3.00 
3.25 
3.50 
4.00 
5.00 
6.00 
8.00 

II. 00 
15.00 
20.00 


-37.38604 

-37.40844 

-37.99086 

-37.92464 

-38.09067 

-38.11979 

-38.15032 

-38.18783 

-38.15647 

-38.19650 

-38.15806 

-38.199  30 

-38.15889 

-38.20130 

-38.15913 

-38.20263 

-38.15895 

-38.20340 

-38.15799 

-38.20363 

-38.15721 

-38.20269 

-38.15970 

-38.19808 

-38.16563 

-38.19570 

-38.17071 

-38.19610 

-38.17515 

-38.19738 

-38.18153 

-38.20114 

-38.18699 

-38.20602 

-38.18832 

-38.20739 

-38.18865 

-38.20773 

-38.18866 

-38.20774 

-38.18866 

-38.20774 

-38.18866 

-38.20774 

-37.44759 

-37.95884 

-38.15493 

-38.22135 

-38.23023 

-38.23328 

-38.23559 

-38.23729 

-38.23850 

-38.23978 

-38.24008 

-38.23808 

-38.23683 

-38.23781 

-38.23951 

-38.24328 

-38.24739 

-38.24846 

-38.24868 

-38.24867 

-38.24866 

-38.24866 


-37.50726 

-38.02121 

-38.21346 

-38.27774 

-38.28552 

-38.28789 

-38.28946 

-38.29037 

-38.29075 

-38.29027 

-38.28875 

-38.28192 

-38.27728 

-38.27638 

-38.27659 

-38.27858 

-38.28144 

-38.28216 

-38.28223 

-38.28222 

-38.28222 

-38.28222 


aAll  quantities  are  given  in  atomic  units. 
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TABLE  X 


2  +  a 

Potential  Curve  for  the  CT  State  of  CH 


E 


HP  Valence-CI  First-Order  Cl  Extended  Cl 


1.00 

-37.36927 

-37.39209 

1.30 

-37.88227 

-37.90213 

1.60 

-38.06920 

-38.09129 

1.90 

-38.12463 

-38.15132 

2.00 

-38.12884 

-38.15728 

2.05 

-38.12929 

-38.15866 

2.10 

-38.12884 

-38.15917 

2.15 

-38.12764 

-38.15896 

2.20 

-38.12579 

-38.15814 

2.40 

-38.11400 

-38.15074 

2.70 

-38.09209 

-38.13709 

3.00 

-38.08018 

-38.13185 

3.25 

-38.07088 

-38.1298^ 

3.50 

-38.07579 

-38.13062 

4.00 

-38.07577 

-38.13853 

5.00 

-38. 07jG2 

-38.14904 

6.00 

8.00 

11.00 

15.00 

20.00 

(38. 07690 )b 

-38.15135 

-38.15208 

-38.15212 

-38.15212 

-38.15212 

-37.42268 

-37.49620 

-37.93538 

-38.00796 

-38.12668 

-38.19664 

-38.18893 

-38.25543 

-38.19575 

-38.26107 

-38.19756 

-38.26230 

-38.19851 

-38.26268 

-38.19875 

-38.26235 

-38.19838 

-38.26142 

-38.19284 

-38.25354 

-38.17911 

-38.23637 

-38.17294 

-38.22342 

-38.17538 

-38.21942 

-38.18013 

-38  22007 

-38.18723 

-  38.22596 

-38.19201 

-38.23181 

-38.19305 

-38.23342 

-38.19330 

-38.23380 

-38.19331 

-38.23393 

-38.19331 

-28.23392 

-38.19231 

-38.23392 

aAll  quantities  are  given  in  atomic  units. 

2  4’ 

^HF  configuration  state  function  for  the  C  £  state  does  not  dissociate 
correctly  to  the  atomic  limits  of  C(^D)  and  H(  S) ,  instead  it  dissociates 
into  a  mixture  of  C(XD)  and  C^S),  besides  H(2S)  .  The  HF  energy  of 
the  correct  atomic  limits  for  the  C2Z+  state  should  be  -38.13154  hartrees. 
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TABLE  XI 

Properties  of  the  Calculated  Potential  Curves  -  Continued 


Taken  from  Reference  6. 

bIotal  experimental  energy  is  taken  to  be  the  sum  of  experimental  atomic 
energy  and  spectroscopically  determined  D(,°.  Atomic  energies  are  taken 
from  Reference  11  and  Reference  30.  Tor  J)0°,  see  footnotes  c  and  d. 

c Experimental  zero  point  energy  is  calculated  from  we,  ioexe  with  Dunham 
correction.  (Spectroscopic  constants  are  taken  from  Reference  6.) 

d  o 

The  spectroscopic  constants  0Je  and  u>cxe  for  the  B  E'  state  are  not  well 
determined  experimentally,  therefore  the  known  approximate  gjc  (see 
Reference  6)  is  used  to  determine  the  zero  point  energy. 

0 

^hnax  ana  ^max  arc  intemiclear  distance  and  energy,  respectively,  at 
the  place  of  the  maximum  in  the  potential  curve. 

Ill  calculations  predict  a  slight  maximum  ir.  the  potential  curve  of  the 
C-l  state,  but  fail  to  describe  correctly  the  dissociation  limits. 

p 

A  potential  barrier  exists,  but  no  information  about  the  height  and 
place  is  known  experimentally. 

From  References  6  and  11. 


Berrien  heig.it  is  defined  as  the  height  of  the  potential  maximum  with 
the  dissociation  limits  as  the  base  line. 

Metastable  predicted,  i.e.,  lies  higher  than  the  dissociation  limits. 
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TABLE  XII 

MCSCF  4a  ar.'1  ITT  Orbitals  at  R  =  20.0  b 


OrbiLal 

J  a 

Basis  Function 

2 

XI 

4~~  d2v~ 
a  L  ,B  E 

a2a 

c2z+ 

4ob 

2pc  4  "  6.34 

-0.0108 

-0.0039 

-0.0034 

-0.0101 

4  =  2.59 

-0.2347 

-0.1764 

-0.1836 

-0.2459 

4  =  1.42 

-0.5689 

-1.0612 

-1.0595 

-0.4806 

4  =  0.96 

-0.2578 

0.2446 

0.2502 

-0.3438 

4fc  4  =  2.50 

-0.0004 

0.0042 

0.0044 

0.0288 

5fc  4  =  ^-10 

0.0001 

0.0010 

0.0010 

-0.0075 

lnC 

2pc  4  =  6.34 

0.0110 

0.0108 

0.0100 

0.0108 

4  =  2.59 

0.2303 

0.2351 

0  2451 

0.2268 

4  =  1.42 

0.6229 

0.5709 

0.4837 

0.6051 

4  =  0.96 

0.2023 

0.2552 

0 . 3414 

0.2246 

4f  4  =  2.50 

0.0004 

-0.0005 

0.0078 

0.0469 

C 

5fc  4  =  4.10 

-0.0001 

0.0001 

-0.0021 

-0.0115 

a Expansion  coefficients  for  the  basis  orbitals  not  listed  are  all  zero 

b%2p0  of  C. 

c%2p  of  C. 

TT 
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wavef unctions  were  obtained  from  the  calculated  potential  curves  by 
numerical  solution  of  the  radial  Schrodinger  equation  for  the  nuclear 
motion.  Vibration-rotational  analyses  were  carried  out  to  yield  spectro¬ 
scopic  constants  which  are  in  satisfactory  agreement  with  known  experimental 

values . 
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INTRODUCTION 

In  the  preceding  paper, ^  hereafter  referred  to  as  paper  I,  we 
discussed  the  calculation  of  electronic  wavefunctions  and  potential  curves 
for  five  electronic  states  of  CH:  X^IT,  a^E  ,  A^A,  B^E  and  C^E+.  With 
these  wavefunctions,  it  is  possible  to  calculate  expectation  values  of 
many  one-  and  two-electron  operators  of  physical  interest.  Also,  from  the 
calculated  potential  curves,  vibration-rotational  levels  can  be  obtained 

by  numerically  integrating  the  one-dimensional  radial  Schrodinger  equation. 

2 

McLean  and  Yoshimine  observ  d,  in  1966,  "We  have  reached  a  point, 
in  ab  initio  calculations  of  molecular  structure,  where  it  is  no  longer 
satisfactory  to  discuss  only  energies  and  compare  results  with  other 
calculations.  A  wide  spectrum  of  expectation  values  must  be  computed  and 
a  serious  effort  made  to  compare  with,  and  complement,  experimental 
observations.  Only  by  doing  this  can  a  valid  assessment  of  the  accuracy 
of  the  wavefunction  be  made".  While  their  statement  remains  valid  today, 
progress  made  in  the  Intervening  yearn  has  allowed  ab  initio  calculations 
to  become  competitive  with  experiment  as  a  tool  for  the  determination  of 
molecular  properties.  In  many  instances,  ab  initio  calculation  has 
yielded  otherwise  inaccessible  information.  The  calculation  of  molecular 
properties  is  a  minor  task  compared  with  the  calculation  of  the  electronic 
wavefunction.  However,  the  very  large  number  of  parameters  required  to 
describe  an  accurate  electronic  wavefunction  is  difficult  to  communicate. 

It  is  rare  that  anyone,  other  than  the  original  authors  of  the  wavefunction, 
performs  the  straightforward  but  highly  useful  calculations  of  molecular 

r 

properties.  Therefore,  it  is  desirable  that  authors  of  new  wavefunctions 
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carry  out  aru.  report;  molecular  property  calculations.  After  all,  one  of 
the  most  important  purposes  of  wavefunction  calculations  is  to  obtain 
molecular  properties. 

In  this  paper  we  report  one-electron  expectation  values  and  molecular 

properties  obtained  from  the  wavefunctions  described  in  paper  I.  These 

data  are  not  easily  accessible  through  experimental  observations,  which 

are  severely  hampered  by  the  high  reactivity  of  the  CH  radical.  In  fact, 

only  the  dipole  moment  of  the  ground  state  of  CH,  among  all  the  properties 

3 

reported  here,  has  been  determined  experimentally. 

We  also  report  here  spectroscopic  constants  determined  from  the 

calculated  potential  curves.  Available  spectroscopic  information  on  CH 

4 

has  been  summarized  by  Herzberg  and  Johns.  A  comparison  between  the 

theoretical  and  experimental  results  provides  a  valid  assessment  of  the 

accuracy  of  the  calculated  potential  curves,  and  establishes  the  accuracy 

4  _ 

of  the  calculated  a  £  potential  curve  which  is  not  known  experimentally. 


II,  EXPECTATION  VALUES 

We  restrict  our  disci  on  to  expectation  values  of  operators  of  the 

form 


where  the  summation  is  over  all  electrons  of  the  molecule,  and  f^  is  a 
one-electron  operator  which  depends  on  the  coordinates  of  the  i.~th 
electron.  The  one-electron  operators  considered  in  this  paper  have  the 


general  form 


a 


r"  siniek  cos39k  P^Ccos  0fc) 

v;heie  the  subscript  k  refers  to  the  nucleus  of  either  C  or  H  as  the 

coordinate  origin.  The  z-axis  points  from  C  to  H,  and  P  (cos  9)  is 

xo 

normalized  associated  Legendre  polynomial.  The  expectation  value  of  f 
is  given  by 


<f  >=  <'P,f4'> 


-  £  cicj  <vf*j> 

1  ,  J 

‘  •“’j  >  •  <2> 

1  >  J 


In  Eq.  (2),  V  is  the  electron  wavefunction  expanded  in  terms  of 

configuration  state  functions  (CSF)  $  with  expansion  coefficients  C  , 

i. 

as  described  in  paper  I.  The  CSFs  are  constructed  from  a  set  of  molecular 
orbitals  {^J.  The  coefficients  y  are  elements  of  the  first  order 
reduced  density  matrix  belonging  to  the  wavefunction  4',  represented  in 
the  basis  {^}. 

Table  I  gives  expectation  values  of  one-electron  operators,  at  the 

computed  equilibrium  intemuclear  distances,  calculated  from  the  "extended 

Cl"  wavef unctions  of  paper  I.  As  noted  in  paper  I,  these  computed  R  's 

2  - 

are >  except  for  the  B  X  state,  in  excellent  agreement  with  the  experimental 
values . 
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4  _  . 


- - 


4 


III.  MOLECULAR  PROPERTIES 

Among  the  molecular  properties  which  are  related  to  the  computed 
expectation  values,  we  consider  the  dipole  moment,  the  quadrupole  moment, 
the  electric  field  gradients  at  the  nuclei,  the  diamagnetic  susceptibi] ity , 
the  nuclear  shielding  constant,  the  Heilman- Feynman  forces,  and  the  vi 'ial 
ratio.  Strictly  speaking,  the  last  two  properties  are  not  observables ; 
however,  their  values  at  R£  are  known  theoretically.  How  closely  the 
computed  values  approach  the  theoretical  values  gives  an  indication  of 
the  quality  of  the  computed  wavefunction. 

A.  Dipole  Moment 

The  dipole  moment  p  of  a  linear  molecule  is  given  by 


P  =£  K.Z  -  <z>  (3) 

i 

In  Eq.  (3),  the  sum  is  over  all  nuclei  with  charge  Z^,  and  z-coordinate 
R^  in  a  cooiJtnate  system  where  the  z-axis  is  the  molecular  axis.  The 
dipole  moment  of  a  neutral  molecule,  such  as  CH,  is  independent  of  the 
coordinate  origin. 

Table  II  gives  dipole  moments  computed  from  the  "extended  Cl" 

wavefunctions  of  paper  I  for  five  electronic  states  of  CH.  These 

results  are  also  displayed  graphically  in  Fig.  1.  All  computed 

dipole  curves  have  the  correct  asymptotic  behavior  at  large  and 

small  R;  i.e.,  all  dipole  moments  go  to  zero  at  united  and  separated 

4-2  2  - 

atom  limits.  The  dipole  moments  for  the  a  £  ,  A  A  and  B  £  states  are 
in  the  direction  of  C  H+  for  all  intemuclear  distances,  whereas  the 


88 


2  2+  +  - 
dipole  moments  for  the  X  Ii  and  C  E  states  are  in  the  direction  of  C  H 

for  large  R,  and  C  H+  for  small  R.  The  sign  change  in  the  dipole 
2  + 

moment  of  the  C  E  state  is  consistent  with  the  valence  bond  analysis, 

2  + 

given  in  paper  I,  for  the  origin  of  a  maximum  in  the  C  E  potential  curve. 
The  C+H  dipole,  at  large  R,  results  from  the  interaction  between  a 
repulsive  potential  curve  arising  from  ground  state  separated  atoms,  and 
an  attractive  curve  arising  from  C*"H  (ls^2s^2p^P  +  ls^  ^S)  .  The  C  H+ 
dipole,  at  small  R,  results  from  the  ionic  curve  arising  from 

4-  9909  i  _ 

C  H  (Is  2s  2p  P) .  At  large  R,  the  C  H  curve  lies  ^2  eV  below  the 

C  H+  curve.  However,  as  R  decreases,  the  C+H  curve  deviates  from  a 

1/R  behavior  sooner  than  the  C  H+  curve,  due  to  the  large  size  of  H 

compared  to  H+  and  the  small  difference  between  the  sizes  of  C+  and  C  . 

-  +  +  - 

Thus,  at  small  R  the  C  H  curve  lies  below  the  C  H  curve.  As  stated 

-  +  2  + 
in  paper  I,  this  C  H  curve  eventually  crosses  tne  repulsive  E  curve, 

2  + 

and  is  responsible  for  the  potential  maximum  in  the  C  E  curve.  The 

2 

sign  change  in  the  dipole  moment  of  the  X  II  state  can  be  explained  in  the 

4-2  2  - 

same  way.  The  reason  why  the  a  E  ,  A  A  and  B  E  states  have  dipole  moment 

in  the  sense  C  H+  for  all  R,  is  that  the  lowest  C+H  structure  that  can 

give  rise  to  these  states  lies  higher  than  the  lowest  C  11+  states  of  the 

corresponding  symmetry  for  both  large  and  small  R. 

Table  IJ.I  and  Fig.  2  give  dipole  moments  of  CH  calculated  from  the 

? 

SCF  wavefunctions  of  paper  I.  The  SCF  dipole  moment  for  the  X~IT  state 
does  not  approach  zero  as  R  approaches  This  results  from  the 

failure  of  the  HF  wavefunction  to  dissociate  into  the  correct  separated 
atom  limit.  Another  difference  between  the  SCF  and  "extended  Cl"  results 


6 


2  + 

is  that,  for  the  C  Z  state  the  SCF  dipole  moment  remains  in  the  direction 

— 

of  C  H  for  all  internuclear  distances.  This  reflects  the  failure  of  the 

2  “v  2  2  2 

HF  wavefunction  for  the  C  Z  state,  la  2a  3alir  ,  to  properly  include  the 
contribution  of  the  ionic  structure  C+H  ,  at  large  internuclear  distances. 
Both  of  these  deficiencies  can  be  removed  by  going  to  the  "valence  Cl"  or 
"first  order  Cl"  wavef unctions. 

The  dipole  moments  at  the  computed  Re  were  obtained  by  interpolations 

using  four  calculated  points  around  R  .  The  results  are  given  in  Table  IV. 

2 

The  "extended  Cl"  dipole  moment  for  the  X  H  state  at  computed  R^,  which 

is  0.003  bohr  too  short  compared  with  the  experimental  value,  is  1.45  debye. 

This  value  is  in  good  agreement  with  the  experimental  value  of  1.46±0.06 

3 

debye  obtained  by  Phelps  and  Dalby.  The  corresponding  SCF  value  is 

5 

1.62  debye,  in  error  by  ^10%.  The  value  obtained  by  Bender  and  Davidson 

using  the  iterative  natural  orbital  approach  is  1.43  debye.  The  "extended 

4-2  2  -  2  + 

Cl"  dipole  moments  at  Rg  for  a  Z  ,  A  A,  B  Z  ,  and  C  Z  states  are  0.663, 
0.904,  1.389,  and  0.955  debye,  respectively. 

Rigorously  speaking,  to  properly  compare  the  calculated  properties 
with  the  experimental  results,  the  computed  quantities  shoulo  be  averaged 
over  the  appropriate  vibration-rotational  wavefunctions .  However,  this  is 
generally  not  done  either  for  lack  of  vibration-rotational  wavefunctions 
or  because  the  average  usually  does  not  lead  to  significant  changes  in 
the  calculated  values,  especially  for  the  lowest  vibrational  states.  For 
example,  using  the  computed  dipole  moments  as  a  function  of  R  and 

I 

calculating  the  rotation-vibration  average,  we  obtain  1.41  debye  for 

2 

the  v  =  0,  K  =  1  level  of  the  X  II  state  as  compared  to  1.45  debye  at 
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Re.  The  vibrationally  averaged  "extended  Cl"  dipole  moments  for  the 
lowest  vibration- rotational  states  of  the  a^E~,  A2A,  B2£-,  and  C2Z+  states 
are  0.68,  0.93,  1.39,  and  0.99  debye,  respectively.  Averaged  dipole  moments 
for  higher  vibrational  states  are  given  in  Tables  X-XIV.  The  determination 
of  the  vibrational  wavefunctions  will  be  outlined  in  Section  IV. 

B.  Other  Molecular  Properties 

The  quadrupole  moment  Q  of  a  diatomic  molecule  is  given  by 

Q  =  E  Z.rJ  -  <(z2  -  \  (X2  +  y2)>  .  (4) 

For  a  neutral  molecule  with  a  permanent  dipole,  Q  depends  on  the  coordinate 
origin  with  respect  to  which  the  variables  R1,  x,  y,  and  z  are  defined. 

To  facilitate  comparison  with  experiment,  the  quadrupole  moment  of  CH  were 
evaluated  with  respect  to  the  center  of  mass  of  the  molecule.6  Table  V 
gives  quadrupole  moments  as  functions  of  R,  calculated  from  the  "extended 
Cl"  wavefunctions  for  the  five  electronic  states  of  CH. 

The  field  gradient  of  a  diatomic  molecule  at  nucleus  1,  q^,  is  given 
by 


where  R  is  the  intemuclear  distance.  The  first  term  gives  the  electric 
field  gradient  due  to  nucleus  2,  and  the  second  term  the  electronic 
contribution.  The  field  gradient  at  nucleus  2  can  be  obtained  by 
interchanging  subscripts  1  and  2  in  Eq.  (5).  Tables  VI  and  VII  give 
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field  gradients  at  C  and  H,  respectively,  obtained  from  tlie  "extended  Cl" 
wavef unctions . 

The  experimentally  measured  diamagnetic  susceptibility,  X,  is  a 
rotationally  averaged  quantity  consisting  of  two  terms:  the  Langevin  term 
and  the  high  frequency  term.  The  calculation  of  the  high  frequency  term 
requires  a  knowledge  of  all  the  excited  electronic  states  of  the  molecule. 
The  Langevin  terra  is  given  by 

X  =  -  g  a  <r  >  (6) 

where  a  is  the  fine  structure  constant,  and  the  applied  magnetic  field 

is  assumed  to  be  in  the  direction  of  the  intemuclear  axis.  The  diamagnetic 

7 

susceptibility  is  invariant  to  a  change  of  coordinate  origin,  although 
the  Langevin  and  high  frequency  terms  taken  separately  are  not.  The 
were  evaluated  at  the  center  of  electronic  charge,  to  minimize  its 
variation  with  R. 

Similarly,  there  are  two  terms  contributing  to  the  nuclear  shielding 
constant  O,  The  diamagnetic  contribution,  called  the  Lamb  term,  at 
nucleus  k  is  given  by^ 


The  Hellman-Feynman  force  on  the  carbon  nucleus  is  given  by 
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Similarly  the  force  on  the  H  nucleus  is 


(9) 


In  an  electronic  system  at  equilibrium  the  electric  field  seen  by  a  nucleus 
must  be  zero.  Proper  self-consistent  wavefui.ctions  should  lead  to  vanishing 
electric  fields  at  the  nuclei,  at  the  predicted  equilibrium  intemuclear 
cistance  Rg  where  the  energy  reaches  its  minimum.  That  is 


Fc  =  FH  =  0  at  Re  (10) 

The  above  theorem  is  one  of  the  applications  of  the  well-known  Hellman- 
Feynman  theorem  for  an  exact  wavefunction.  It  has  been  proven  by  Hurley9 
to  hold  also  for  an  exact  Hartree-Fock  wavefunction. 

Another  application  of  the  Heilman- Feynman  theorem  is  found  in  the 
virial  theorem,  which  for  a  diatomic  molecule  can  be  written  as 


0  -  XT>  +  <V>  +  R  ||  =  <T>  +  E  +  R  ||  (11) 

where  <T>  is  the  average  electronic  kinetic  energy,  <V>  is  the 
average  potential  energy  including  nuclear  repulsion,  and  E  is  the  total 
electronic  energy  equal  to  <T>+ <V>  .  From  the  above  equation  we 
see  that,  when  the  condition  dE/dR  =0  is  satisfied 

-2.00000  (12) 
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This  ratio  should  hold  at  Rg  and  when  two  nuclei  are  far  apart.  The 

virial  theorem  has  also  been  proven  to  hold  for  exact  Hartree-Fock 

9 

wavef unctions  by  Hurley. 

The  above  two  theorems  can  be  used  to  test  the  quality  of  approximate 
wavefunctions .  However,  an  approximate  wavef unction  satisfying  both 
theorems  is  not  necessarily  a  good  approximation  .to  the  exact  wavefunction . 

In  Table  IV  we  give  the  properties  described  above,  calculated  from 
the  "extended  Cl"  wavefunctions,  at  the  calculated  R£.  Results  obtained 
from  SCF  wavefunctions  are  also  given  for  comparison. 

Table  IV  shows  that  both  the  SCF  and  "extended  Cl"  wavefunctions 
satisfy  the  virial  theorem  to  within  0.0075%  at  the  computed  equilibrium 
internuclear  distances.  This  is  a  considerable  improvement  over  the 
earlier  calculation  by  Lie  et  al.10  where  the  error  is  'U).04%,  indicating 
a  better  choice  of  one-particle  basis  set  in  the  current  calculation. 
However,  the  Heilman- Feynman  forces  at  Re>  calculated  from  the  "extended 
Cl"  wavefunctions,  are  somewhat  larger  than  those  obtained  by  Lie  et  al.^ 
This  may  be  a  result  of  the  truncation  of  the  external  orbital  set  used 
in  the  current  calculation. 

The  diamagnetic  contributions  to  the  magnetic  susceptibility  and 
the  nuclear  magnetic  shielding  constants  do  not  vary  significantly  from 
state  to  state..  Nor  do  they  appear  sensitive  to  the  inclusion  of  electron 
correlation. 

IV.  VIBRATION-ROTATIONAL  ANALYSIS 

In  the  Born-Oppenhcimer  approximation,  it  is  assumed  that  the  total 
wavefunction  of  a  diatomic  molecule  can  be  expressed  as  a  product  of 
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electronic  and  nuclear  wavefunctions ,  which  are  solutions  of  two  separate 
equations.  The  first  equation  is  for  the  motion  of  the  electrons  in  the 
field  of  the  fixed  nuclei  (cf.  paper  I);  the  eigenvalues  and  eigenfunctions 
are  t’  erefore  dependent  parametrically  on  the  intemuclear  distance  R. 

The  second  equation  is  for  the  motion  of  the  two  nuclei  in  the  potential 
determined  by  the  electrons,  i.e.,  the  eigenvalues  of  the  first  equation. 
The  assumption  of  separability  in  the  second  equation  leads  to  two 
independent  equations  for  the  nuclear  vibrational  and  rotational  motions. 
The  solutions  for  the  nuclear  rotation,  i.e.,  the  angular  part  of  the 
nuclear  motion,  can  be  obtained  analytically  as  hypergeometric  functions,"^ 
giving  rise  to  the  rotational  quantum  numbers  K  and  M  (Hund's  coupling 
case  b  is  assumed).  The  energy  levels  for  a  fixed  intemuclear  distance 
R  are  given  by 


(R)  =  K(K  +  1)  -  A2 


where  y  is  the  nuclear  reduced  mass,  and  A  is  the  electronic  angular 
momentum  along  the  intemuclear  axis.  There  are  no  general  analytical 
solutions  for  the  nuclear  vibrational  motion,  the  wave  equation  of  which 


+  E.(k)  +  E  (R)  -  E  v  j  R  „(R)  =  0 
\dR /  A'  rot  v,K  )  v,K 


where  E.(R)  is  the  electronic  energy  as  a  function  of  R  determined  in 


paper  I.  E  „  is  the  vibration- rotational  energy,  where  v  is  the 

V,K. 

vibrational  quantum  number.  Equation  (14)  was  numerically  integrated 
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12 

using  Numerov's  method  as  described  by  Cooley  with  certain  modifications 
13 

due  to  Blatt.  Since  the  potentials  E^(R)  were  obtained  at  a  few  selected 
points  of  R,  we  have  used  a  fifth  order  polynomial  interpolation  to  get 
the  required  intermediate  points  for  a  direct  numerical  integration.  The 
integration  range  was  from  R  =  1.00  bohr  to  R  =  20.00  bohrs.  No  tunneling 

2  -  o  + 

through  the  barriers  in  the  potential  curves  of  the  B  E  and  C  E  states 
were  considered.  The  potential  curves  were  leveled  from  the  maximum  on  to 
R=  20.00  bohrs.  From  the  calculated  vibration- rotational  eigenvalues, 
spectroscopic  constants  were  obtained  by  taking  the  appropriate  energy 
differences.  The  resulting  eigenfunctions  R^  ^  can  be  used  to  vibrationally 
average  certain  observable  properties  for  a  more  realistic  comparison  with 
experimental  values .  Such  vibrational  averaging  was  carried  out  for  the 
dipole  moments  only  (see  the  discussion  in  Section  Ilia). 

The  energy  levels  obtained  by  solving  the  vibrational  Schrodinger 
equation,  Eq.  (14),  are  displayed  in  Fig.  3.  These  energy  levels  can  be 
expressed  as^^ 


+  to 

e 


to  x 
e  e 


+  E 


rot 


(15) 


where  T  is  the  electronic  energy  of  the  molecule  at  P  ,  and  E  is 
e  c'  e’  rot 

the  rotational  energy.  The  rotational  energy  can  be  written  as 


Erot  E  VK)  =  VK(K  +  "  a23  -  dvk2(K  +  1)2  (16) 


by  expanding  Eq.  (13)  about  Rg.  The  spectroscopic  constants  tog,  wexe> 

B  ,  and  D  can  be  determined  from  the.  computed  E  ,,'s  as  follows, 
v  v  v ,  K 
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For  the  same  electronic  and  vibrational  state,  the  energy  difference 
between  two  adjacent  rotational  levels  can  be  obtained  from  Eq.  (16)  as 


Fv(K  +  1)  -  Fv(K)  =  2(K  +  l)Bv  -  4(K  +  l)JDv  (17) 


For  the  same  electronic  state,  the  energy  difference  between  two  adjacent 
vibrational  levels  is  given  by  Eq.  (15)  as 

AW  *  Vl.K  -  WK)  -  Ev,K  +  VK> 


=  (0  -  2(v  +  l)o)x 

e  e  e 


(18) 


Equations  (17)  and  (18),  together  with  the  computed  E  's,  were 

v,K 

used  to  determine  B^,  D^,  U)^,  and  We*e.  A  least  squares  fit  was  employed 

whenever  there  were  more  data  points  than  unknowns.  The  results  are 

summarized  in  Tables  VIII  and  IX,  together  with  known  experimental  values. 

Given  in  Table  X  are  also  the  B  and  a  's  which  were  obtained  from  the 

e  e 

B  's  8y  a  least  squares  fit  to  the  expression 

Bv  =  Mv+i)-ae(v  +  i)  <19> 

While  many  rotational  levels  are  known  experimentally,  for  each 

vibrational  state,  we  only  carried  out  calculations  for  a  few  rotational 

levels.  The  reason  is  that  spectroscopic  constants  B  and  D  do  not  in 

v  v 

general  depend  on  the  number  of  rotational  levels  used  in  carrying  out  a 
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least  squares  fit.  This  is  because  the  primary  contribution  to  the  energy 

difference  between  different  rotational  levels  comes  from  the  centrifugal 

2  2 

correction  tern  in  Eq.  (20),  Erot  =  [K(K  +  1)  -  A  ]/2yR  .  Therefore  the 

2 

rotational  energy  is  expected  to  be  proportional  to  [K(K  +1)  -A  ],  which 
is  used  as  the  expansion  parameter. 

As  can  be  seen  from  Table  IX,  the  "extended  Cl"  B^'s  agree  quite  well 

with  the  experimental  values;  the  errors  are  on  the  order  of  0.2  cm  ^ . 

2  -  -1 
The  only  exception  is  of  the  B  £  state,  where  the  error  is  0.6  cm  . 

2  - 

This  is  to  be  expected  since  the  B  £  state  does  not  have  a  deep  potential 

well  and  our  calculated  dissociation  energy  is  in  error  by  ^25%.  The 

calculated  Bv's  f°r  the  higher  vibrational  levels  are  less  accurate  than 

that  for  the  lower  vibrational  levels,  which  is  generally  the  case  for 

?  _ 

calculated  potential  curves.  Except  for  Bv_^  of  the  B“£  state,  the 

calculated  B^'s  are  all  found  to  be  within  2%  of  the  experimental  values. 

4 

The  calculated  D^,  which  are  'VIO  smaller  than  B^,  are  all  found 
to  be  in  good  agreement  with  experimental  values. 

Experimentally  only  three  vibrational  levels  were  observed  for  the 

2  2  2  +  2  - 
X  H,  A  A,  and  C  £  states,  and  two  for  the  B  £  state.  According  to  the 

results  of  the  "extended  Cl"  calculations,  there  are  only  two  vibrational 
2  -  2  + 

levels  for  the  B  £  state,  and  four  for  the  C  £  state.  We  carried  out 

2  4  -  2 

spectroscopic  analyses  for  all  of  them.  For  the  X  II,  a  £  ,  and  A  A  states 
we  only  give  results  for  v  5. 

2  - 

The  error  in  the  "extended  Cl"  AGv+^2  largest  for  the  B  £  state, 
MOO  cm  \  as  is  to  be  expected  from  the  43%  error  in  the  calculated 
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dissociation  energy.  Similarly,  the  errors  in  the  calculated  AG  for 

2  +  -1  v+1'2 
the  C  l.  state,  61  cm  for  v  =  0  and  90  cm  1  for  v  =  1,  are  larger  than 

that  for  the  X  IT  state,  11  cm  for  v  =  0  and  49  cm  1  for  v  =  1,  and  the 

2  -1  i 

A  A  state,  36  an  for  v  =  0  and  32  cm  for  v  =  1.  The  errors  in  the 
2  2  - 

x  n  and  B  E  states  are  in  the  opposite  direction  compared  with  that  in  the 

2  2  + 

A  A  and  C  E  states.  This  implies  that  the  calculated  potential  curves  for 
2  2- 

the  X  II  and  B  £  states  are  too  wide  as  well  as  too  shallow,  whereas  they 

are  too  narrow  and  too  shallow  for  the  A2A  and  C2E+  states. 

In  deriving  the  equilibrium  spectroscopic  constants,  w  ,  u  x  .  B 

e.  e  e*  e* 

and  ote,  we  have  used  the  same  number  of  v  levels  as  was  observed  and  used 

in  their  experimental  determination  (three  v  levels  were  used  for  the 
4  - 

a  £  state).  This  is  because  the  values  obtained  for  the  spectroscopic 

constants  by  a  least  squares  fit  depends  on  the  number  of  vibrational 

levels  used.  The  variation  can  be  as  much  as  100  cm-1  in  determining 

we,  and  20  cm  1  in  determining  an  indication  that  the  two  term 

expansion  for  the  vibrational  level  is  frequently  not  adequate.  The 

variations  of  the  Be's  and  O^'s  are  not  as  drastic.  At  any  rate,  for  a 

meaningful  comparison  between  theory  and  experiment,  the  same  procedure 

for  extracting  secondary  data  must  be  used. 

The  discrepancies  between  computed  and  experimental  quantities  are 

^50  cm  1  (2%)  or  less  for  the  u  ' s,  and  ^20  cm"1  (30%)  or  less  for  the 

Wexe's*  Much  bettcr  agreements  are  obtained  for  the  B^s  and  o^’s,  since 

they  are  derived  from  B^'s  which  are  themself  in  good  agreement  with  the 

experimental  values.  Exceedingly  good  agreements  between  experimental 

2 

and  calculated  results  for  the  A  A  state,  indicates  that  the  shape  of  the 
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experimental  RKR  curve  for  the  A2A  state  is  well  reproduced  by  the 

"extended  Cl"  calculations.  This  is  reflected  also  in  the  nearly  constant 

2 

errors  of  the  calculated  ^^+1/2' s  ^or  t^'e  ^  ^  state* 

The  experimental  Re's  given  in  Table  IV  are  all  determined  from  the 

6  „  2. -1/2 

experimental  B  -'s  according,  to  the  relation  =  (2pRe  )  .  It  was 

G  2  2 
shown  by  Dunham15  that  there  are  corrections  of  the  order  B£  /u£  to 

this  formula.  These  corrections  depend  on  the  shape  of  the  potential  curve, 

and  for  a  very  shallow  potential  well  they  may  be  large.  Using  the 

relation  B£  =  (2yRe2)"1/2  and  the  calculated  B^s,  we  obtain  the 

following  Refs  for  the  X2H,  a^E  ,  A- A,  B  E  ,  and  C  E  states:  2.114, 

2.053,  2.08C,  2.190,  and  2.094  bohrs,  respectively.  Comparison  with  the 

R  '  s  calculated  from  the  energy  minimum  in  the  potential  curve  shows  that 
*  e 

the  corrections  for  the  X2H,  aV,  A2A,  and  C  E+  states  are  all  less  than 
0.01  bohr,  as  compared  to  the  correction  of  0.026  bohr  for  the  B  E  state. 
The  correction  is  largest  for  the  B2Z"  state  since  it  has  a  very  shallow 
potential  well.  The  true  potential  curve  is  deeper  compared  with  the 
calculated  one;  therefore  the  correction  to  the  experimental  Re  for  the 

state  should  be  smaller  than  0.026  bohr.  This  might  bring  the  current 
experimental  value  of  2.200  bohr  into  agreement  with  the  calculated 
value  of  2.216  bohr. 

Table  IX  also  gives  the  calculated  and  experimental  zero-point  energy 
and  term  splitting  VoQ.  The  term  splitting  is  relative  to  the  v  =  0 
level  of  the  "rotationless"  X  H  state,  i.e.,  the  rotational  energy  has 
been  subtracted  out  of  the  lowest  vibration-rotational  level.  Relative 
to  the  X2n  state,  the  A2A,  B2E-,  and  C2E+  states  are  all  shifted  up 
compared  vith  experimental  results.  The  errors  are  respectively  373, 


100 


156,  and  628  cm"1  for  the  A2A,  B2E",  and  C2E+  states.  The  larger  errors 

in  the  A2A  and  C2E+  states  may  be  attributed  to  the  error  in  the  ealeu- 

3  1 

lated  term  splitting  between  the  P  and  D  states  of  carbon  which  is  too 

i  9  2  +  -1 

large  by  417  cm"  .  If  we  shift  the  A“A  and  C  E  states  down  by  417  cm  , 

the  errors  in  the  computed  term  splittings  would  all  be  less  than  211  cm 

The  computed  zero-point  energy  was  obtained  from  the  energy  difference 

between  the  computed  energy  minimum  and  the  "rotationless"  v  =  0  level. 

Experimental  zero-point  energy  was  obtained  from  We  and  W£Xe  with  Dunham 

correction.1^’15  Zero-point  energies  are  all  found  to  be  within  50  an  1 

2  - 

of  the  experimental  values.  The  largest  error  is  found  in  the  B  E  state, 

where  the  experimental  value  is  only  known  approximately. 

By  subtracting  the  computed  zero-point  energy  from  the  dissociation 

energy  De°  of  paper  1,  we  obtain  the  spectroscopic  dissociation  energy 

D  °,  which  is  given  in  Table  IV.  Since  the  errors  of  the  computed  zero- 

1  o 

point  energies  are  all  less  than  50  cm  ,  the  calculated  Dq  's  should 

have  essentially  the  same  accuracy  as  the  De°'s;  the  errors  are  0.12, 

2  2  2  -  2  + 

0.11,  0.15,  and  0.16  eV  for  the  X  II,  A  A,  B  E  ,  and  C  E  states, 
respectively . 

Apart  from  the  Honl-London  factor,  the  vibration- rotational  transition 
matrix  element  is 


<(Rv,K,(R)|y(R)|Rvl,K„(R)> 


(20) 


where  l-i(R)  is  the  dipole  moment  which  depends  on  the  internuclear  distance 
and  the  particular  electronic  state  considered.  The  integration  is  to  be 
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performed  over  R.  With  the  vibrational  wavefunctions  and  the  dipole 
moments  available,  the  matrix  elements  can  be  obtained  by  numerical 
integration.  Vibrationally  averaged  dipole  moments  are  obtained  by 
letting  v'  =  v"  and  K'  ~  K".  The  squares  of  the  off-diagonal  matrix 
elements  are  proportional  to  the  line  strengths  in  the  infrared  vibration- 
rotational  transitions. 

The  vibration-rotational  transition  matrix  elements  for  all  five 
states  are  all  found  to  be  fairly  constant  within  each  branch,  therefore 
only  the  values  for  the  first  members  of  each  branch  are  given.  Tables  X 
through  XIV  give  the  matrix  elements  obtained  from  the  "extended  Cl"  curves. 
From  a  given  matrix  element  the  oscillator  strength  can  easily  be 
calculated.  Unfortunately  there  are  no  experimental  results  to  compare 
with . 

K'K" 

We  present  in  Table  XV  the  Pv»vn  values,  the  square  of  the  transition 

matrix  elements,  for  the  0-1  and  1-2  bands  in  the  infrared  transitions 

of  the  ground  state  for  two  reasons.  Firstly,  it  is  more  likely  to  be 

studied  experimentally,  although  their  intensities  are  weak  due  to  the 

small  dipole  moments.  The  second  reason  is  to  illustrate  what  to  expect 

for  the  other  states  as  we  give  only  the  transition  matrix  elements  for 

the  first  member  of  each  branch.  It  should  be  noted  here  that  the 

variation  of  with  K  in  the  X  II  state  is  different  from  that  in 

the  other  four  states,  because  of  different  behavior  of  the  dipole 

4  -  2  2  - 

moments  around  For  example,  the  P(K)  of  the  a  E  ,  A'A,  B  E  ,  and 

O  J 

C  i  states  increases  with  increasing  K  values,  unlike  the  P(K)  of  the 
o 

X  II  state  which  decreases  with  increasing  K  as  shown  in  Table  XV. 
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V.  CONCLUSION 

The  "extended  Cl"  calculations  of  the  potential  curves  and  molecular 
properties  for  the  valence  excited  states  of  CH  are  in  satisfactory  agree¬ 
ment  with  the  available  experimental  results.  The  dissociation  energies 
were  calculated  to  within  0.2  eV  of  the  experimental  values.  The  dipole 
moment  for  the  ground  state  was  computed  to  well  within  the  experimental 
uncertainty.  Calculated  AGv+1^  were  in  error  bY  less  than  100  cm  1 
(^5%),  w  by  less  than  50  cm  ^  (^2%),  by  less  than  0.2  cm  ^  (^2%), 

term  splittings  by  less  than  630  cm  \  Excellent  agreement  with  experi- 

2  _ 

mental  values  was  found  in  the  calculated  Re's,  except  for  the  B  £ 

state  where  the  experimental  value  may  not  correspond  to  the  classical 

equilibrium  intemuclear  distance.  Large  percentage  errors,  as  high 

as  30%  (^20  cm  1) ,  were  found  in  the  calculated  anharmonicity  corrections 

wexe>  which  are  two  orders  of  magnitude  smaller  than  we.  These 

comparisons  provide  a  guideline  for  the  reliability  of  the  predictions 

4  - 

made  for  the  experimentally  yet  unobserved  a  £  state. 

Many  deficiencies  in  the  SCF  approximation  were  seen  in  the  calcula¬ 
tions  of  CH,  such  as  the  wrong  dissociation  limits,  wrong  energy  level 
ordering,  etc. 

These  deficiencies,  leading  to  qualitatively  incorrect  results,  v?ere 
not  found  in  the  "valence  Cl"  and  "first  order  Cl"  wavef unctions.  We  have 
already  seen,  in  paper  I,  that  these  simpler  wavefunctions  gave  dissociation 
energies  in  error  by  as  much  as  0.8  eV,  and  equilibrium  intemuclear 
distances  in  error  by  as  much  as  0.15  bohr.  No  definite  conclusion  was 
reached  concerning  the  relative  merits  of  these  two  methods.  In  this 
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paper  we  did  not  tabulate  the  molecular  properties  calculated  from  the 
"valence  Cl"  and  "first  order  Cl"  wavefunctions ,  it  would  have  doubled 
the  number  of  tables.  However  a  detailed  comparison  between  the  "valence 
Cl",  the  "first  order  Cl"  and  the  "extended  Cl"  results  was  made.  The 
results  of  this  comparison  are  summarized  below. 

The  vib rationally  averaged  dipole  moments,  for  the  v  =  0  level  of 
the  X21I  si  ate,  obtained  from  the  "valence  Cl"  and  "first  order  Cl"  wave- 
functions  are  1.40  and  1.25  debye,  respectively.  These  are  to  be 
contrasted  to  the  "extended  Cl"  result  of  1.41  debye,  and  the  experimental 
value  of  1.46+.0.06  debye.  No  experimental  result  is  available  for  the 
dipole  moments  of  the  remaining  four  electronic  states.  The  valence  Cl 
and  "first  order  Cl"  dipole  moments  for  these  states  differ  from  the 
"extended  Cl"  results  by  more  than  0.01  debye  and  less  than  0.15  debye. 

No  correlation  was  found  between  errors  in  the  computed  dissociation 
energies  and  errors  in  the  computed  dipole  moments.  No  conclusion  was 
reached  concerning  the  relative  merits  of  these  two  models  by  comparing 
the  calculated  dipole  moments.  Examination  of  other  calculated  molecular 
properties  did  not  yield  significantly  different  trends.  Thus,  we  conclude 
that  for  CH,  the  "valence  Cl"  and  "first  order  Cl"  wavefunctions  do  not 
consistently  give  results  of  accuracy  comparable  to  those  obtained  from 
the  "extended  Cl"  wavef unction.  It  is  surprising  that  the  "first  order 
Cl"  wavefunction  does  not  consistently  give  results  that  are  better  than 
the  "valence  Cl"  wavefunction.  One  possible  explanation  is  that  we  did 
not  employ  the  iterative  natural  orbital  method  in  determining  the  "first 
order  Cl"  wavefunction,  which  could  conceivably  lead  to  improved  results. 
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Table  I 


fl  b  c 

Expectation  Values  *  at  Rg  for  the  valence  excited  states  of  CH 


x2n 

4r- 
a  l 

a2a 

b2z“ 

c2z+ 

Orifaxn  at  C 

-1 

r 

15.1766 

15.2038 

15.1668 

15.1533 

15.1472 

r 

9.4539 

9.2883 

9.4632 

9.5540 

9.5694 

2 

r 

19.8107 

19.0753 

19.9997 

20.4280 

20.5973 

z 

1.5428 

1.7923 

1.7271 

1.6699 

1.7246 

r  sin  0 

6.3696 

6.6879 

5.8691 

6.9248 

6.9654 

-1  0 

r  cos  0 

5.4087 

5.2246 

5.2067 

5.1506 

5.2000 

-2  Q 

r  cos  0 

0.2260 

0.2270 

0.2186 

0.1965 

0.2182 

1-3  2 

2  r  (3cos  0-1) 

0.5775 

-0.0015 

0.0064 

-0.1546 

0.0145 

|  r2(3cos20-l) 

4.7942 

2.5860 

2.3017 

2.6273 

2.2021 

2  2 
r  cos  0 

9.7997 

8.0825 

8.2010 

8.5608 

8.3339 

Drigin  at  H 


-i 

r 

3.9170 

3.9308 

3.8398 

3.6084 

3.7980 

r 

16.2912 

15.7778 

16.1300 

17.0011 

16.3117 

2 

r 

44.5496 

41.2201 

43.1717 

47.4098 

44.2269 

z 

-13.2496 

-12.5787 

-12.8525 

-13.8442 

-12.9761 

r  sin  0 

“I  2rs 

6.3690 

6.6874 

6.8686 

6.9242 

6.9648 

r  cos  0 

2.5279 

2.5270 

2.4806 

2.3840 

2.4575 

_2 

r  cos  0 

-1.3387 

-1.4197 

-1.3797 

-1.2189 

-1.3582 

r  2(3cos20-1) 

0.5175 

0.5391 

0.5169 

0.4410 

0.5053 

r2(3cos20-l) 

29.5332 

24.7309 

25.4737 

29.6090 

25.8318 

Expectation  values  calculated  from  the  "extended  Cl"  wavefunctions  of 
Reference  1. 

^All  quantities  are  given  in  atomic  units, 
c 

Computed  equilibrium  internuclear  distance  from  Reference  1. 
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Table  II 

Variation  of  Dipole  Moment  witn  R  ("Extended  Cl  Results) 


Dipole  (debyes)° 


R  (bohrs) 

9 

4  - 

2. 

J2  _- 

_2_+ 

XZJI 

A  A 

BE 

C  E 

1.00 

1.8676 

0.1516 

0.1758 

0.2795 

0.1831 

1.30 

1.8914 

0.2973 

0.3476 

0.5155 

0.3588 

1.60 

1.8105 

0.4328 

0.5360 

0.8009 

0.5541 

1.90 

1.6296 

0.5815 

0.7569 

1.1119 

0.7863 

2.00 

1.5504 

0.6343 

0.8370 

1.2117 

0.8700 

2.0'j 

1.5072 

0.6612 

0.8775 

1.2587 

0.9122 

2.10 

1.4620 

0.6882 

0.9180 

1.3026 

0.9545 

2.15 

1.4150 

0.7152 

0.9581 

1.3428 

0.9966 

2.20 

1.3663 

0.7423 

0.9977 

1.3783 

1.0382 

2.30 

1.4312 

2.40 

1.1570 

0.8471 

1.1443 

1.4558 

1.1954 

2.70 

0.7988 

0.9793 

1.2793 

1.3954 

1.3124 

3.00 

0.4550 

1.0440 

1.2234 

1.1625 

1.0792 

3.25 

0.9460 

0.6302 

3.50 

0.0004 

0.8037 

0.8534 

0.7158 

0.1582 

4.00 

-0.2246 

0.4757 

0.4880 

0.3880 

-0.2060 

5.00 

-0.1766 

0.1442 

0.1482 

0.1151 

-0.1573 

6.00 

-0.0619 

0.0474 

0.0511 

0.0391 

-0.0517 

8.00 

-0.0068 

0.0089 

0.0101 

0.0083 

-0.0058 

11.00 

-0.0010 

0.0022 

0.0023 

0.0022 

-0.0023 

15.00 

-0.0003 

0.0006 

0.0007 

0.0006 

-0.0007 

20.00 

-0.0001 

0.0002 

0.0002 

0.0002 

-0.0002 

^Positive  dipole  moment  is  defined  as  C  H  . 
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Table  III 

Variation  of  Dipole  Moment  with  R  (SCF  Results) 


R  (bohrs) 

2 

XI 

Dipole  (debyes)3 

4  -  9  2  - 

aT  A“A  BE 

C2Z+ 

1.00 

1.9904 

0.1519 

0.1697 

0.2452 

0.1694 

1.30 

2.0251 

0.2782 

0.3374 

0.4718 

0.3369 

1.60 

1.9411 

0.3856 

0.5214 

0.7569 

0.5228 

1.90 

1.7677 

0.4949 

0.7469 

1.1167 

0.7552 

2.00 

1.6914 

0.5322 

0.8317 

1.248" 

0.8437 

2.05 

1.6498 

0.5508 

0.8757 

1.3151 

0.8899 

2.10 

1.6060 

0.5695 

0.9207 

1. 3806 

0.9372 

2.15 

1.5599 

0.5882 

0.9666 

1.4434 

0.9857 

2.20 

1.5117 

0.6069 

1.0132 

1.5010 

1.0350 

2.30 

1.5836 

2,40 

1.2975 

0.6809 

1.2028 

1.5890 

1.2378 

2.70 

0.9205 

0.7905 

1.4092 

1.2851 

1.4724 

3.00 

0.4949 

0.9133 

1.1474 

0.9289 

1.2178 

3.25 

0.6890 

0.9375 

3.50 

-0.2606 

0.6377 

0.6597 

0.5063 

0.7043 

4.00 

-1.0050 

0.3600 

0.3642 

0.2745 

0.3882 

5.00 

-2.3207 

0.1193 

0.1187 

0.0907 

0.1252 

6.00 

-3.3702 

0.0455 

0.0455 

0.0366 

8.00 

0.0100 

0.0103 

0.0093 

11.00 

0.0024 

0.0025 

0.0023 

15.00 

0.0007 

0.0007 

0.0007 

(0.0007)“ 

20.00 

0.0002 

0.0002 

0.0002 

(0.0002) 

Positive  dipole  moment  is  defined  as  c' H+. 

b_  2  + 

HF  configuration  for  the  C  L  state  does  not  dissociate 

correctly  to  the  atomic  limits  of  C(3P)  and  H(2S).  It  dissociates 
to  an  admixture  of  C(3P),  C(1S),  and  H(2S),  all  of  these  states 
are  electrically  neutral. 
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Table  IV 

Properties  of  Low-lying  Electronic  States  of  CH 


Property 

2 

xzn 

bV 

cV 

R  (bohrs) 

extended 

Cl 

2.113 

2.053 

2.083 

2.216 

2.100 

e 

SCF 

expt'l3 

2.085 

2.116 

2.023 

2.046 

2.082 

2.151 

2.200 

2.049 

2.105 

D  °  (eV) 

extended 

Cl 

3.33 

2.64 

1.72 

0.11 

0.61 

o 

SCF 

expt' la 

2.29 

3.45 

2.56 

1.14 

1.83 

b 

0.26 

-0.26 

0.77 

Dipole  C‘ll+ 

extended 

Cl 

1.450 

0.663 

0.904 

1.389 

0.955 

(debyes) 

SCF 

expt'  1C 

1.619 

1.4610.06 

0.541 

0.872 

1.444 

0.889 

-<V>/<T> 

extended 
SCF  . 

expt '  1 

Cl 

2.00006 

1.99999 

2.00000 

1.99994 

2.00001 

2.00000 

1.99999 

1.99995 

2.00000 

1.99987 

1.99993 

2.00000 

1.99985 

1.99985 

2.00000 

Total  Heilman- 

extended 

Cl 

0.02 

-0.06 

-0.07 

-0.04 

-0.05 

Feynman  force 

SCF 

0.03 

-0.02 

-0.02 

-0.02 

-0.02 

(a.u.) 

expt '  1 

0.00 

0.00 

0.00 

0.00 

0.00 

Gradient  of  electric 

extended 

Cl 

0.943 

-0.234 

-0.209 

-0.493 

-0.187 

field  at  carbon 
nucleus  (a.u.) 

SCF 

expt'l 

0.972 

-0.187 

-0.152 

-0.437 

-0.075 

Gradient  of  electric 

extended 

Cl 

-0.237 

-0.309 

-0.294 

-0.220 

-0.285 

field  at  Hydrogen 
nucleus  (a.u.) 

SCF 

expt'l 

-0.258 

-0.331 

-0.323 

-0.261 

-0.322 

Quadrupole  w.r.t. 

extended 

Cl 

-0.693 

2.079 

2.584 

2.820 

2.806 

the  center  of  mass 
(a.u. ) 

SCF 

expt'l 

-0.831 

1.912 

2.481 

2.852 

2.669 

-lO^xX1'  (a.u.) 

extended 

Cl 

172.8 

165.2 

173.7 

177.8 

179.0 

w.r.t.  the  center  of 
electronic  charge 

SCF 

expt'l 

172.1 

163.0 

171.5 

175.0 

176.3 

-106tfJ  L 
(a.u.) 

extended 

Cl 

69.5 

69.8 

68.2 

64.1 

67.4 

SCF 

expt'l 

70.2 

71.0 

69.2 

65.2 

68.9 

-106xo  L 

extended 

Cl 

269.4 

269.9 

269.2 

269.0 

268.9 

(a.u.) 

SCF 

expt'l 

269.3 

269.8 

269.2 

269.0 

268.8 

no 
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Table  IV  -  Continued 


Taken  from  Reference  4. 

b  2 

No  vibrational  state  exists  in  the  HF  potential  curve  for  the  1$ 

Q 

See  Reference  3. 

^Theoretical  results. 

0 

Attractive  force  towards  hydrogen  nucleus  is  positive. 


Z  state. 
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Table  V 

Variation  of  Quadrupole  Moment3  With  R^,C 


R 

2 

XI  . 

03 

M 

1 

a2a 

bV 

C2Z+ 

1.00 

-0.8562 

0.8146 

0.9959 

0.8698 

1.1523 

1.30 

-0.8590 

1.0535 

1.2841 

1.2006 

1.4420 

1.60 

-0.7953 

1.3875 

1.6849 

1.6503 

1.8613 

1.90 

-0.7358 

1.8238 

2.2171 

2.2305 

2.3937 

2.00 

-0.7149 

1.9884 

2.4149 

2.4286 

2.5951 

2.05 

-0.7049 

2.0738 

2.5167 

2.5253 

2.6992 

2.10 

-0.6956 

2.1609 

2.6200 

2.6192 

2.8053 

2.15 

-0.6869 

2.2496 

2.7243 

2.7092 

2.9131 

2.20 

2.30 

-0.6789 

2.3397 

2.8292 

2.7941 

2.9436 

3.0219 

2.40 

-0.6583 

2.7091 

3.2419 

3.0612 

3.4526 

2.70 

-0 . 7022 

3.2502 

3.7335 

3.2367 

3.8477 

3.00 

3.25 

-0.7764 

3.6660 

3.9055 

3.1220 

2.9204 

3.3692 

2.0342 

3.50 

-0.9402 

3.5480 

3.5853 

2.7107 

0.2535 

4.00 

-1.0720 

3.0540 

3.1019 

2.4060 

-2.0143 

5.00 

-1.1047 

2.4053 

2.5408 

2.1540 

-2.7150 

6.00 

-1.0398 

2.1412 

2.3126 

2.0580 

-2.4087 

8.00 

-0.9828 

1.9750 

2.1587 

1.9679 

-2.1966 

11.00 

-0.9661 

1.9258 

2.1090 

1.9254 

-2.1558 

15.00 

-0.9586 

1.9114 

2.0937 

1.9110 

-2.1392 

20.00 

-0.9562 

1.9063 

2.0882 

1.9058 

-2.1330 

^ith  respect  to  the  center  of  mass. 

^All  quantities  are  in  atomic  units. 

c 

Calculated  from  the  "extended  Cl"  wavefunctions  of  Reference  1. 
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Table  VI 

Electric  Field  Gradient  at  the  C  Nucleus3’^ 


R 

2 

xzn 

4V- 
a  l 

a2a 

b2e" 

c2e+ 

1.00 

1.1468 

-0.4047 

-0.3773 

-0.6262 

-0.3393 

1.30 

1.3721 

-0.0098 

0.0327 

-0.1639 

0.0707 

1.60 

1.2628 

-0.0404 

0.0085 

-0.1702 

0.0464 

1.90 

1.0754 

-0.1609 

-0.1145 

-0.2989 

-0.0786 

2.00 

1.0123 

-0.2084 

-0.1648 

-0.3550 

-0.1310 

2.05 

0.9813 

-0.2328 

-0.1910 

-0.3849 

-0.1586 

2.10 

0.9509 

-0.2576 

-0.2180 

-0.4161 

-0.1869 

2.15 

0.9212 

-0.2827 

-0.2457 

-0.4484 

-0.2162 

2.20 

2.30 

0.8921 

-0.3082 

-0.2740 

-0.4819 

-0.5520 

-0.2464 

2.40 

0.7829 

-0.4130 

-0.3940 

-0.6252 

-0.3767 

2.70 

0.6432 

-0.5801 

-0.5949 

-0.8379 

-0.6183 

3.00 

3.25 

0.5442 

-0.7620 

-0.8015 

-1.0156 

-1.1235 

-0.7013 

-0.4431 

3.50 

0.4680 

-1.0546 

-1.0648 

-1.1948 

0.0556 

4.00 

0.4772 

-1.2115 

-1.1779 

-1.2624 

0.8185 

5.00 

0.5820 

-1.2908 

-  J..2360 

-1.2964 

1.2047 

6.00 

0.6331 

-1.3015 

-1.2448 

-1.3020 

1.2481 

8.00 

0.6503 

-1.3032 

-1.2462 

-1.3032 

1.2677 

11.00 

0.6517 

-1.3032 

-1.2466 

-1.3032 

1.2699 

15.00 

0.6517 

-1.3032 

-1.2466 

-1.3032 

1.2699 

20.00 

0.6517 

-1.3032 

-1.2466 

-1.3032 

1.2699 

All  quantities  are  in  atomic  units. 

^Calculated  from  the  "extended  Cl"  wavefunctions  of  Reference  1. 
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Table  VII 


Electric  Field  Gradient  at  the  H  Nucleus 


a,b 


R 

2 

x  n 

/> 

M 

1 

a2a 

bV 

C2£+ 

1.00 

-7.3467 

-7.5583 

-7.5843 

-7.6299 

-7.5869 

1,30 

-2.7150 

-2.822' 

-2.8408 

-2.8699 

-2.8435 

1.60 

-1.0835 

-1.1451 

-1.1599 

-1.1833 

-1.1656 

1.90 

-0.4493 

-0.4807 

-0.4929 

-0.5128 

-0.4989 

2.00 

-0.3336 

-0.3600 

-0.3717 

-0.3910 

-0.3770 

2.05 

-0.2869 

-0.3112 

-0.3228 

-0.3418 

-0.3278 

2.10 

-0.2463 

-0.2688 

-0.2803 

-0.2991 

-0.2850 

2.15 

-0.2110 

-0.2319 

-0.2433 

-0.2620 

-0.2478 

2.20 

-0.1803 

-0.1998 

-0.2112 

-0.2298 

-0.2156 

2.30 

-0.1781 

2.40 

-0.0927 

-0.1078 

-0.1192 

-0.1400 

-0.1245 

2.70 

-0.0280 

-0.03S6 

-0.0490 

-0.0709 

-0.0613 

3.00 

0.0000 

-0.0068 

-0.0300 

-0.0414 

-0.0359 

3.25 

-0.0323 

-0.0235 

3.50 

0.0126 

-0.0113 

-0.0192 

-0.0253 

-0.0141 

4.00 

0.0115 

-0.0101 

-0.0126 

-0.0150 

-0.0036 

5.00 

0.0043 

-0.0047 

-0.0056 

-0.0057 

0.0015 

6.00 

0.0015 

-0.0023 

-0.0026 

-0.0025 

0.0017 

8.00 

0.0003 

-0.0006 

-0.0007 

-0.0006 

0.0006 

11.00 

0.0001 

-0.0001 

-0.0001 

-0.0001 

0.0001 

15.00 

0.0000 

-0.0000 

-0.0000 

-0.0000 

0.0000 

20.00 

0.0000 

-0.0000 

-0.0000 

-0.0000 

0.0000 

aAll  quantities  are  in  atomic  units. 

Calculated  from  the  "extended  Cl"  wavefunctions  of  Reference  1. 
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Table  VIII 

Constants  Obtained  from  Rotational  Analysis3 
("extended  Cl"  results)*3 


State 


B  (cm  1) 
v 


D  (10  ^cm  "*■) 
v 


c  h+ 

0 

2673.79(2612.5) 

14.349(14.2466) 

1.55(1.555) 

1 

2460.11(2370.5) 

13.666(13.509) 

1.61(1.67) 

2 

2095.81 

12.808(12.608) 

1.99(2.0) 

3 

11.317 

4.57 

b  V 

0 

1695.40(1794.9) 

12.542(12.645) 

2.26(2.22) 

1 

10.609(11.160) 

6.47(3.28) 

a2a 

0 

2773.40(2737.4) 

14.618(14.577) 

1.52(1.56) 

1 

2576.47(2544.1) 

13.951(13.907) 

1.57(1.58) 

2 

2349.47 

13.223(13.182) 

1.67(1.65) 

3 

2077.97 

12.387 

1.88 

4 

1734.02 

11.366 

2.33 

5 

10.009 

3.26 

aV 

0 

3002.20 

15.086 

1.43 

1 

2858.67 

14.536 

1.43 

2 

2706.22 

13.981 

1.44 

3 

2540.78 

13.399 

1.48 

4 

2356.58 

12.773 

1.56 

5 

12.069 

1.69 

x2n 

0 

2722.02(2732.50) 

14.208(14.190) 

1.44(1.43) 

1 

2557.98(2606.46) 

13.605(13.655) 

1.46(1.39) 

2 

2432.52 

13.030(13.122) 

1.40(1.39) 

3 

2320.26 

12.522 

1.36 

4 

2197.76 

12.008 

1.37 

5 

11.481 

1.36 

3 

Experimental  values  taken  from  Reference  4  are  given  in  parentheses. 
^Calculated  from  the  "extended  Cl"  wavefunctions  of  Reference  1. 
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Table  IX 

Derived  Spectroscopic  Constants 
("extended  Cl"  results)3’^3 


State 

Zero-point 

energy 

V  c 
oo 

0J 

e 

0)  X 

e  e 

B 

e 

a 

e 

cV 

1403.1 

32406.7 

2887.5 

106.8 

14.763 

0.771 

(1381.7) 

(31778.1) 

(2840.2) 

(125. 9fi) 

(14.603) 

(0.7185) 

b  h~ 

1015.1 

25854.9 

2141. 7d 

223. 2d 

13.51 

1.933 

(M.068) 

(25698.2) 

(^2250)e 

('V'229 ) 6 

(13. 39) 

u.y 

a2a 

1454.4 

23590.6 

2970.3 

98.5 

14.976 

0.697 

(1418.1) 

(23217.5) 

(2930.7) 

(96.65) 

(14.934) 

(0.697) 

aV 

1555.4 

5395.5 

3145.7 

71.8 

15.364 

0.553 

x2Ji 

1424.9 

0.0 

2886.1 

82.0 

14.498 

0.589 

(1415.5) 

(2858.5) 

(63.0) 

(14.457) 

(0.534) 

cl  “1 

All  quantities  are  given  in  cm 

^Experimental  values  taken  from  Reference  4  are  given  in  parentheses. 

2 

cRefer  to  v  =  0  vibrational  state  of  X  IT. 

dSince  only  two  vibrational  levels  are  obtained  in  the  Cl  calculations, 
we  and  wexe  for  the  B2E“  state  are  derived  from  AG an(*  computed 
zero-point  energy. 

eObtained  from  the  values  for  CD  (see  Reference  4)  according  to  the  isotope 
relations . 
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Table  X 

Transition  Dipole  Matrix  Elements  <v'K' |p(R) |v"K">  for  the 

2  a 

X  II  State  in  Atomic  Units  (e*bohr) 


v'/v" 

0 

1 

2 

3 

4 

5 

A.  For  K'  =  1  and  K"  =  1 

0 

0.553b 

1 

-0.058 

0.515b 

2 

0.003 

-0.086 

0.476b 

3 

0.000 

0.005 

-0.110 

0.438b 

4 

0.000 

0.001 

0.009 

-0.130 

0.399b 

5 

0.000 

0.000 

0.001 

0.015 

-0.147 

0.359b 

B.  For  K'  -  1  and  K"  =  2 

0 

0.553 

-0.059 

0.003 

0.000 

0.000 

0.000 

1 

-0.056 

0.515 

-0.089 

0.006 

0.001 

0.000 

2 

0.002 

-0.084 

0.476 

-0.112 

0.011 

0.008 

3 

0.000 

0.005 

-0.108 

0.438 

-0.132 

0.016 

4 

0.000 

0.001 

0.008 

-0.127 

0.399 

-0.150 

5 

0.000 

0.000 

0.001 

0.014  ■ 

-0.145 

0.359 

aExtended  Cl  results. 
bVibrationally  averaged  dipole  moment. 


117 


34 


Table  XI 

Transition  Dipole  Matrix  Elements  <Cv'K' jy(R)  |v"K">  for  the 

A  —  0 

a  I  State  in  Atomic  Units  (e*bohr) 


v'/v" 

0 

1 

2 

3 

4 

5 

A.  For 

K 1  =  0  and 

K"  =  0 

0 

0.268b 

1 

0.282b 

2 

0.296b 

3 

0.311b 

4 

0 . 324b 

5 

0.332b 

B.  For 

K'  -  0  and 

K"  =  1 

0 

0.268 

0.030 

-0.004 

0.000 

0.000 

0.000 

1 

0.031 

0.282 

0.041 

-0.007 

0.001 

0.000 

2 

-0.004 

0.042 

0.296 

0.050 

-0.010 

0.002 

3 

0.000 

-0.007 

0.051 

0.311 

0.056 

-0.015 

4 

0.000 

0.001 

-0.010 

0.058 

0.324 

0.057 

5 

0.000 

0.002 

0.002 

-0.015 

0.060 

0.332 

aExtended  Cl  results. 

bVib rationally  averaged  dipole  moment. 
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Table  XII 

Transition  Dipole  Matrix  Elements  < v'K' | p(R) | v"K">  for  the 

2  a 
A  A  State  in  Atomic  Units  (e*bohr) 


v'/v" 

0 

1 

2  3 

4 

5 

A.  For 

K'  =  2  and  K"  =  2 

0 

0.367b 

1 

0.046 

0.390b 

2 

-0.008 

0.061 

0.409b 

3 

0.001 

-0.0.16 

0.065  0.420b 

4 

0.000 

0.001 

-0.029  0.056 

0.421b 

5 

0.000 

0.000 

0.006  -0.040 

0.032 

0.401b 

B.  For 

K’  =  2  and  K"  -  3 

0 

0.367 

0.044 

-0.008  0.001 

0.000 

0.000 

1 

0.047 

0.390 

0.058  -0.016 

0.002 

0.000 

2 

-0.008 

0.064 

0.409  0.061 

-0.028 

0.006 

3 

0.001 

-0.016 

0.068  0.421 

0.052 

-0.040 

4 

0.000 

0.001 

-0.029  0.061 

0.421 

0.026 

5 

0.000 

0.000 

0.006  -0.041 

0.037 

0.400 

Extended  Cl  results. 
bVibrationally  averaged  dipole  moment. 
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Table  XIII 

Transition  Dipole  Matrix  Elements  < v'K' |y(R) | v"K">  for  the 

2  -  a 

B  £  State  in  Atomic  Units  (e*bohr) 


v'/v” 

0 

1 

A. 

For  K'  =  0 

and  K"  = 

0 

0 

0.546b 

1 

0.513b 

B. 

For  K'  =  0 

and  K"  = 

1 

0 

0.546 

0.014 

1 

0.017 

0.513 

aExtended  Cl  results. 
bVibrationally  averaged  dipole  moment. 
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Table  XIV 

Transition  Dipole  Matrix  Elements  <v'K' |p(R)  |v"K">  for  the 

o  +  o 

C  I  State  in  Atomic  Units  (e*bohr) 


v'/v" 

0 

1 

2 

3 

A. 

For  K*  =  0 

and  K"  =  0 

0 

0.388b 

1 

0.048 

0.412b 

2 

-0.009 

0.062 

0.428b 

3 

0.000 

-0.022 

0.052 

0.416b 

B. 

For  K’  *  0 

and  K"  =  1 

0 

0.388 

0.048 

-0.009 

0.000 

1 

0.049 

0.412 

0.061 

-0.022 

2 

-0.009 

0.063 

0.428 

0.050 

3 

0.000 

-0.022 

0.053 

0.416 

Extended  Cl  results. 

^Vib rationally  averaged  dipole  moment. 
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Table  XV 

K*KM 

Line  Strengths  Pvivh  f°r  Two  Bands  in  Ground  State 

_  3  2  o 

Infrared  Spectrum  (in  10  e  *bohr  )a 


K 

POO 

0-1 

Q(K) 

R(K) 

R(K) 

1-  2 

Q(K) 

ROO 

1 

3.34 

3.52 

7.47 

7.85 

2 

3.16 

3.34 

3.63 

7.12 

7,49 

8.05 

3 

3.09 

3.36 

3.73 

6.97 

7.51 

8.27 

4 

3.01 

3.37 

3.84 

6.82 

7.54 

8.49 

5 

2.94 

3.39 

3.96 

6.68 

7.58 

8.73 

6 

2.88 

3.41 

4.08 

6.56 

7.63 

8.98 

7 

2.82 

3.44 

4.21 

6.44 

7.69 

9.23 

8 

2.77 

3.47 

4.35 

6.33 

7.75 

9.50 

9 

2.72 

3.50 

4.49 

6.23 

7.82 

9.78 

10 

2.67 

3.54 

4.63 

6.15 

7.91 

10.06 

11 

2.63 

3.58 

4.78 

6.06 

8.00 

10.36 

12 

2.59 

3.63 

4.94 

6.00 

8.09 

10.67 

13 

2.56 

3.68 

5.10 

5.94 

8.20 

10.99 

14 

2.53 

3.74 

5.27 

5.89 

8.31 

11.31 

15 

2.51 

3.80 

5.84 

8.43 

aExtended  Cl  results. 
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Figure  1.  dipole  moment  curves  for  the  five  lowest 

electronic  states  of  CH 
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Figure  2.  §<CF  dipole  moment  curves  for  the  five  lowest  electronic  states  of  CH 
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ABSTRACT 


The  general  multi-configuration  self-consistent-field  (MC-SCF) 
method  is  presented  with  no  restrictions  on  the  types  of  configurations  participating 
in  the  expansion  of  the  total  wave  function.  The  general  coupled  Fock  like  equations 
for  ihe  "best"  orbitals  to  be  used  in  such  a  multi-configuration  wave  function  are 
derived.  Formally  these  coupled  nonlinear  equations  are  decoupled  with  the  use 
of  projection  operators  and  transformed  into  a  pseudo  eigenvalue  problem.  Several 
general  methods,  based  on  orbital  transformations  and  on  the  use  of  the  generalized 
Brillouin  theorem,  are  presented  for  solving  the  coupled  nonlinear  Fock  like  equations 
for  the  determination  of  the  MC-SCF  orbitals.  The  formalism  presented  is  applicable 
not  only  to  the  ground  state  of  a  given  system,  but  also  to  any  excited  state, 
yielding  an  upper  bound  to  the  true  energy  of  the  desired  state. 


Introduction 


•  In  the  MC-SCF  model  the  total  wave  function  is  determined  by 

optimizing  variational ly  the  configuration  expansion  coefficients  in  a  many 

configurational  wave  function,  as  well  as  all  the  one  particle  functions,  the 

orbitals,  which  are  used  to  construct  the  configurations.  Clearly,  the  use  of  a 

many  configurational  function,  with  no  restriction  on  the  type  and  number  of 

configurations,  permits  an  arbitrarily  close  approximation  to  the  exact  wave  function. 

It  is  well  known,  however,  that  a  many  configurational  function  frequently  requires 

an  excessively  large  number  of  configurations  to  obtain  a  reasonably  accurate  wave 

function  if  only  the  configuration  expansion  coefficients  ai»  optimized  vocationally. 

The  idea  of  the  MC-SCF  method  is  to  reduce  the  number  of  configurations  required, 

by  simultaneously  optimizing  vocationally  also  all  the  single  particle  functions. 

This  idea  of  the  MC-SCF  method  traces  back  to  the  early  years  of  quantum  mechanics.^ 

2  3 

Early  MC-SCF  calculations  for  atoms  were  carried  out  by  Hartree  and  later  by  Jucys, 
who  also  introduced  many  simplifying  approximations.  The  method  was  first  applied 

4 

to  diatomic  molecules  by  Das  and  Wahl  and  more  recently  has  been  developed  and 

5 

applied  by  many  others  to  atoms  and  molecules.  By  now  the  method  has  been 
sufficiently  generalized  and  refined,  the  initial  numerical  difficulties  in  solving  the 
orbital  equations  have  been  overcome,  making  the  routine  calculations  of  MC-SCF 
wave  functions  only  little  more  cumbersome  than  a  standard  Hartree-Fock  calculation. 

It  has  been  demonstrated  that  the  resulting  wave  functions,  with  a  reasonably  small 
number  of  configurations,  are  of  high  accuracy.  With  this  it  can  be  expected  that 
the  MC-SCF  model  will  enjoy  renewed  and  growing  interest. 
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It  is  the  purpose  of  the  present  series  of  articles  to  (1)  present  the 
MC-SCF  formalism  in  its  fully  general  form,  as  we  have  developed  it;  (2)  present 
methods  developed  for  solving  the  orbital  equat'ons;  (3)  describe  in  detail  the 
necessary  complications  in  the  formulae  when  symmetry  is  introduced  explicitly,  in 
order  to  make  the  actual  computations  more  efficient;  (4)  explain  the  procedures  by 
which  excited  state  wave  functions  can  be  obtained,  such  that  they  give  the 
espectation  value  of  the  energy  as  a  true  upper  bound  to  the  excited  state,  even 
though  there  are  lower  states  of  the  same  irreducible  representation;  (5)  compare 
the  MC-SCF  method  to  other  methods  used  ot  obtain  correlated  wave  functions; 

(6)  discuss  several  alternatives  for  the  selection  of  configurations  which  participate 
in  the  total  wave  functions;  (7)  derive  the  formulae  which  permit  the  incorporation 
of  a  pseudo  potential'  method,  i.e.  Frozen  Core  Approximation,  into  the  MC-SCF 
formalism;  (8)  discuss  the  applicability  of  the  MC-SCF  approach  to  semi-empirical 
MO  theories  useful  for  large  organic  molecules;  (9)  present  results  of  detailed 

5,< 

molecular  calculations  of  ground  and  excited  states  using  the  MC-SCF  methods. 
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General  MC-SCF  Formalism. 

The  basis  of  an  MC-SCF  wave  function  for  an  N  particle  system^  is 
a  set  of  m  spin  orbitals 


{  •  •  •  +m3  with  m  >  N, 


0) 


which  may  be  chosen  orthonormal,  i.e. 


<\iy  ■  v 


(2) 


This  orthonormality  constraint  represents  no  loss  of  generality,  since  it  does  not  affect 
the  total  space  spanned  by  the  orbitals  i|[;  it  may  however  result  in  the  need  for  more 
configurations  in  order  to  give  a  total  wave  function  of  specific  quality. 

From  these  orbitals  antisymmetrized  N -electron  functions  are  constructed 
as  Slater  Determinants  (SD's), 


$1  .  .v  det[i|r.  (1)  (2)...  (N)  } 

i  V'j/  '2*  •  •  vN!  *1  '2  N 


(3) 


with  the  restriction  i^  <  <  .  •  •  < i^ /  in  order  not  to  construct  redundant  SD's. 

From  the  total  m  dimensional  single  particle  space  spanned  by  the 
orbitals,  we  obtain  a  total  of  M  =  ( j^)  linearly  independent  SD's,  which  are 
mutually  orthonormal 


<  |  *j >  =  6 


IJ 


(4) 


due  to  the  orthonormality  of  the  basis  orbitals  and  the  definition  of  the  SD's.  These 
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SD's  span  the  total  available  M  dimensional  N-particle  space.  A  linear  trans¬ 
formation  of  the  basis  orbitals  by  a  non  singular  mxm  matrix  A  will  result  in  a  linear 
transformation  of  the  N-particle  basis  functions,  the  SD's,  by  a  non  singular  MxM 
matrix  B,  clearly  leaving  the  N-particle  space  spanned  by  the  SD's  invariant.  Thus 
the  original  choice  of  ortho  normal  orbitals  represents  no  restriction. 

In  the  MC-SCF  model,  as  in  a  normal  configuration  interaction  model, 
the  total  wave  function  of  a  given  state  K  is  expressed  us  a  linear  combination  of 
these  SD's, 

•  \  ’  £|  *1  CJK*  (5) 

Orthonormality  of  the  total  electronic  state  functions  demands  that  the  configuration 
expansion  coefficients  C]K  form  a  unitary  matrix,  C,  which  is  obtained  variationally 
by  solving  the  conventional  configuration  interaction  eigenvalue  problem 

(H  -  E)  C  =  0  (6) 

with  E  the  diagonal  energy  matrix  and  H  defined  by  the  elements 

H1J  =  <  *|  lKl  5j>,  (7) 

where  K  is  the  total  Hamiltonian,  which  may  be  decomposed  into  sums  of  one  and  two 
electron  operators  ^ 

N  N 

H  =  Y  h(i)  +  y  g(i,j)/ 

u\  i>i 
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Clearly,  had  we  used  in  eq.  5  for  the  description  of  the  total  wave  function  the 

totality  of  M  SD's,  which  span  the  entire  N-particle  space  available  with  m  fixed 

spin  orbitals,  the  solution  of  eq.  6  would  yield  the  best  possible  energies  E„  and  Y 

l\  l\ 

within  this  restricted  space. 

In  general,  however,  we  do  not  wish  to  do  this,  because  in  order  to 
get  a  good  description  of  the  state  functions  Y^  we  will  require  a  large  number  of 
spin  orbitals,  and  if  m  is  large,  M  and  with  it  the  computational  labor  to  solve  eq. 

(6)  become  excessive.  It  is  therefore  desirable  to  restrict  the  number  of  spin  orbitals 
to  a  small  number,  and  if  possible  to  restrict  the  configuration  expansion  such  that 
not  all  possible  SD's  are  used.  The  idea  of  the  MC-SCF  method  is  to  arrive  at 
eqi/ations  for  the  determination  of  the  "best"  orbitals  to  be  used  in  the  restricted 
expansion  of  the  wave  function,  eq.  (5).  "Best"  is  used  here  in  the  sense  that  the 
"best"  orbitals  will  yield  the  lowest  possible  eigenvalue  E^  for  a  state  K  in  a 
particular  restricted  expansion  of  the  wave  function  into  SD's.  Clearly  the  Hartree- 
Fock  method  is  a  special  case  within  the  MC-SCF  model,  with  the  restriction 
m  =  N  and  thus  M  =  1 . 

It  is  clear  that  the  use  of  symmetry  can  reduce  and  simplify  the  configu¬ 
ration  interaction  problem,  as  well  as  the  problem  of  determining  the  orbitals.  However, 
the  explicit  use  of  symmetry  would  complicate  the  notation  unnecessarily;  therefore 
we  will  discuss  symmetry  after  the  general  theory  has  been  developed. 

To  arrive  at  the  orbital  equations  of  the  MC-SCF  model  in  a  reasonable 
and  compact  form,  it  is  convenient  to  make  use  of  the  language  of  second  quantization. 
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From  this  we  will  use  the  creators  a+ and  annihilators  a,  which  we  will  define  here, 
in  order  to  clarify  the  notation  to  be  used. 

The  action  of  the  annihilator  a.,  associated  with  the  spin  orbital  i|t.  on  an 
SD  is  defined  here  as 


0ifi^(y2.  ,.iN) 


a.  $.  -  a.  $  .  .  v 

I  I  I  (',  '2*  •  *'N) 


(9) 


N-k 

/_!  K  s 

v  i  l  */•  •  •  •  \  •  r 

,k+r**,N)  ,f  1  V 


where  §  (i^.  .  .1^  i^ .  .  .i^)  is  a  normalized  N-l  particle  SD,  which  is  obtained 

from  deleting  row  N  and  column  k  containing  i|t.  =  i|r.. 

Note  here  that  the  given  definition  of  the  annihilator  acting  on  an  SD 

;  .  .  7 

deviates  somewhat  from  the  conventional  definition  in  second  quantization,  where 
creators  end  annihilators  are  defined  to  act  cn  state  vectors  specifying  orbital 
occupation  numbers,  rather  than  of  wave  functions  or  SD's.  In  the  definition  given 
here  the  annihilator,  a.,  is  to  be  understood  as  an  integral  operator 

a.  =  v/N  fd(N)t*(N)  (10) 

I  »•  I 

while  the  creator,  a.+,  the  Hermitian  conjugate  to  a.,  acting  on  an  N-l  particle  SD 
should  be  presented  as 
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+ 

a. 

I 


('  1  /  *2*  * 


•‘n-V 


0  if  j  0^/  i 2 •  *  *  1 ) 


(ID 


N-k+1 

nr 


(ir  "V'  ‘k+r 


*f*.  <i<! 


k+1 . 


Clearly  the  creators  and  annihilators  defined  in  this  way  are  linear  operators  and 
satisfy  the  conventional  anti-commutation  relations. 

Using  the  definition  of  a.  in  rq.  (9),  it  can  be  seen  readily  that 


1  m 

$  =  -  Y  t.  ( N)a.  $  (12) 

v/N  L  \  '  1 


is  nothing  but  the  expansion  of  the  SD  $  along  its  N'th  row. 

Since  creation  and  annihilation  operators  are  linear,  we  have 


Y  = 


m 

T  UN)  a.* 


n/N 


i  i 


(13) 


Similarly  we  have 


$ 


- 1 -  y  UN)  UN-1)  a  a  * 

v/N(N-1)  «/i  1 


(14) 


and 


Y  = 


- i -  7  UN)  UN-1)  a  a  Y, 

v/N(N-1)  Li,j  1  1 


(15) 
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We  are  now  in  a  position  to  write  down  the  energy  matrix  elements  using 
the  Hamiltonian,,  eq.  (8),  such  that  the  orbital  dependence  appears  explicitly, 
suitable  for  the  application  of  the  variational  principle  with  respect  to  an  orbital 


variation. 


We  obtain  for  eq.  (7) 


<  $1  | K  I  $  J  >  -  y  <  tj(l)  1  h(l )  I  t  (1))  <  |a.+  a.  |  $  j  > 


1  111 

+  ?  I  <*.(1)^(2)1902)  I  *,(1)4/2)  > 

ijkA  1 


and  for  the  expectation  value  of  the  energy  for  a  particular  state  Y^  Y  we  get 


m 

<  Y  |K  |  Y  >  =  y  <  t.  |h  |  ♦.)  <  Y  |  a.  a.  1  Y  > 


+  o  7  <  ♦:  V  19  I  ♦;♦,>  <  Y  |a  a,  a  a  |  Y>  . 

/  L .!j|a  ik  |  *  1  k  1  I 


In  the  above  and  following,  we  always  focus  on  one  particular  state  K  only,  and  we 
have  therefore  dropped  the  state  index. 

In  eq.  (17)  we  can  identify  the  first  order  reduced  density  matrix  elements 
in  the  space  spanned  by  the  orbitals 

y.,  =  <  Y  |  a.+  a.  |  Y>,  (18) 
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end  the  second  order  reduced  density  matrix  element 


rij,  la  = 


(16a) 


Thus  eq.  (17)  may  be  rewritten  as 


<T|Kh>  -  ^  [  <  t.|  h  i  +.>  V;.  +?Ike<»l*kl9l*jV 

rij,  la]' 


07a) 


Before  we  proceed  to  apply  the  variational  principle  to  eq.  (18),  we 
have  to  add  the  restrictive  conditions 

<*i  >V  -  ‘ij 

multiplied  with  as  yet  unknown  Lagrangian  multipliers  to  arrive  at  a  functional, 
which  may  be  varied  without  further  constraints. 


m  _  ,  _  m 

,h  1  ♦i>  Vti  <*|  *k  I  8  I  >  rii,  kl 


“  <♦:  I  +i  >  €..  1  =  0. 
•  I  |i  J 


09) 


The  variation  with  respect  to  yields 


10 


m 

I.  [<6*i'h'VVii  ■  <6*l'*|>‘ilJ 

1  m 

jljkx  L<6 


+  c.c.  -  0. 


(20) 


Note  that  T..  ,  =  T,  ... 

i  1 1  f  K  Xj  K  1 1 

We  may  now  set  the  part  which  has  been  written  out  explicitly  equal 
to  zero  independently  of  the  part  which  is  abbreviated  by  c.c.  This  has  to  hold  for 
any  6  ty.;  thus  we  get  the  Fock  like  equations  for  the  determination  of  t's, 


I  [h  vij  +  UUrij,ki]  *i  I  *,•  V 


(21) 


with 


Uki  =  J<l(2)'>k‘(2,9(,'2)*i(2)' 


(22) 


Since  y.. 

•I 


V..*  and  T..  ,  ,  =  r?.  it  can  be  shown  readily  that  e..  -  et.. 
ji  1 1,  kl  ji,  Ik  '  ij  ji 

The  Fock  like  orbital  equations  of  the  MC-SCF  model,  in  abbreviated 


form 


t 


m 


f..  ♦.  =  y  t. 

•I  I  L.  II' 


(21a) 


are  coupled  explicitly  on  right  and  left  hand  side.  This  coupling  may  be  removed,  at 
least  formally  using  conventional  projection  operator  techniques  yielding  a  pseudo¬ 
eigenvalue  equation 
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G  f.  = 


*51  V 


(23) 


with  the  Hermitian  operator 


G  ■  rX.  <Gi  +  <>' 


(24) 


with 


m  _  m 

G!  =  [''I,  ,  l+k><*kl]I  FM '  ♦}>  (  *1  1 


(25) 


The  method  for  solving  these  orbital  equations  requires  some  close  scrutiny.  Solving 
the  pseudo-eigenvalue  equation  (23)  does  not  appear  promising  for  two  reasons: 
a)  the  equation  is  of  seventh  order  in  the  unknown  orbitals  (normal  Fock  ec  uations 
are  third  order),  thus  it  is  unlikely  that  conventional  iterative  solutions  of  these  SCF 
equations  will  converge;  b)  there  is  no  unique  way  of  assigning  the  solution  functions 
of  eq.  (23)  to  the  desired  orbitals,  except  of  using  those  with  maximum  overlap  with 
the  input  orbitals  used  in  constructing  G. 

More  promising,,  and  in  practice  successful,  is  the  solution  of  the  Fock 
like  eq.  (21)  directly,  based  on  the  fact  that  enforcing  the  Hermiticity  of  the  Lagrange 
multiplier  matrix,  i.e. 


•I 


(26) 


is  a  necessary  and  sufficient  condition  for  eq.  (21)  to  be  satisfied.  However,  this 
method  for  solving  the  orbital  equations  appears  to  require  the  expansion  of  the 
orbitals  into  basis  functions  wish  a  transformation  of  the  relevant  equations  into  matrix 
form.  We  will  discuss  this  method  in  the  next  section. 


i 

I 

| 

[ 
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Methods  for  Solving  the  Orbital  Equations 

In  the  following  discussion  we  will  restrict  ourselves  to  the  solutions 
of  the  orbital  equations  in  the  basis  function  expansion  form,  since  we  are  not  aware 
of  a  generally  convergent  procedure  for  solving  the  orbitai  equations,  eq.  (21)  or  eq. 
(25)  in  their  coordinate  representation.  The  total,  available  one  particle  space  will 
be  spanned  by  a  set  of  m  selected,  linearly  independent  basis  functions 


C  X,  •  •  •  X  3 
■  m 


(27) 


which  may  not  be  orthonormal,  i.e.  the  matrix  elements 


<X  !xfl  >  =  s 
p  q  pq 


(28) 


are  the  elements  of  the  overlap  matrix  S  ,  which  is  the  matrix  of  this  one  particle 
space.  • 

As  indicated  above,  we  may,  without  loss  of  generality  transform  this 
basis  to  an  orthonormal  one  by  the  linear  transformation 


{  V  •  •  ♦  _,}  =  (  x..  .  .  x  1  C 
•  I  m  I  m  ~ 


(29) 


for  which  we  have 


(*i  i  v =  y 


(30) 


provided 


C  SC  =  1. 


(31) 
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These  initial  guess  orbitals,  ^  .  ijr^,  will  in  general  not  satisfy  eq.  (21).  What 

we  are  looking  for  is  a  new  set  of  orbitals,  connected  to  the  initial  guessed  set  by 
a  unitary  transformation 

{  V*  •  •  =  {*1  •  •  .  *  }  U  ,  (32) 

i  m  I  m  ~ 


such  that  the  orbital  equations  for  the  primed  set 


(33) 


.are  satisfied-  Procedures  of  this  type  for  solving  SCF  or  MC-SCF  equations  have 

9  ]0 

been  described  by  Rossi  and  Levy.  We  will  give  a  more  general  discussion. 

A  unitary  transformation  is  all  the  freedom  we  have  in  the  space 
spanned  by  our  one  particle  functions,  the  orbitals.  It  should  be  noted,  however, 
that  this  is  really  no  restriction  beyond  the  initial  one,  due  to  ihe  selection  of  a 
finite  set  of  basis  functions.  One  may  always  make  m  sufficiently  large;  this  does 
not  require  that  we  need  to  use  more  orbitals  in  the  total  wave  function.  In  fact, 

i 

generally  only  the  first  few  n  <  m  orbitals  will  be  used,  be  occupied,  in  the 

total  wave  function.  However,  there  is  no  need  to  restrict  our  sums  to  n  in  eq. 

(33),  since  F..  will  go  to  zero  due  to  the  definition  of  the  first  and  second  order 

reduced  density  matrix  elements,  eq.  (18)  and  (19),  once  i  or  j  is  larger  than  n. 

Thus  we  may  say  our  m  dimensional  one  particle  space  is  divided  into  an  occupied 

{  .  .  .  tn3  and  an  empty  {  .  .  .  ijr^}  part.  The  unitary  transformation, 

eq.  (32),  which  we  are  to  choose  such  that  eq.  (33)  is  satisfied,  will  have  three 
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domains,  transformations  (1)  between  occupied  orbitals,  (2)  between  occupied  and 
empty  orbitals  and  (3)  between  empty  orbitals.  The  last  one  will  not  affect  the  wave 


function. 


The  necessary  and  sufficient  conditions  for  eq.  (33)  to  be  satisfied  are 


e..'  -el.  =  0 

I'  'I 

This  becomes  clear  once  one  notices  that 


with  |  > 


Cj. -e;j  »  3E/3U..  =  <(a.+a.  -  a.+a.)  *1  3C  |  Y  > 


must  become  equal  to  zero  for  a  wave  function  built  from  MC-SCF  orbitals.  The  later 
expression  is  for  the  generalized  Brillouin  theorem  applicable  to  MC-SCF  wave  functions. 


This  leads  with 


Y  =  Ik  <  •*',  i  F;k  i  v  >  ■ 


(1 )  i  and  j  part  of  the  occupied  set 


L  «YlF ik'v>  -  <v  ’ FV v>>  ■ 0 


(2)  j  part  of  the  empty  set,  i  part  of  the  occupied  set 

l[<Y  1  F'ik 1  >  ■  0 


(3)  i  and  j  part  of  the  empty  set  gives  nothing,  and  is  not  required,  since 
transformations  of  type  (3)  leave  the  wave  function  unaffected. 


Eq.  (35)  and  (36)  give  us  just  enough  conditions  for  the  determination 
of  the  independent  variables  of  interest  in  the  desired  unitary  matrix  U  of  eq.  (32). 
However,  it  is  sufficient,  for  ease  of  notation,  to  deal  only  with  eq.  (35),  since  it 


15 


contains  eq.  (36)  as  a  special  case  provided  the  sum  over  k  is  extended  to  m  and  we 
observe  F  =  0  if  i  or  j  is  part  of  the  empty  set.  One  way  of  solving  eq.  (35)  is  to 

•i 

perform  repeated  2x2  rotations,  similar  to  the  Jacobi  procedure  for  matrix  diagonali- 
zation.  This  v  ill  be  described  later.  An  alternative  is  to  write  the  unitary  matrix 
such  that  its  independent  variables  are  expressed  explicitly,  solving  for  these  variables 
This  could  be  done  using  the  generalized  Eularian  angles,  but  we  will  not  pursue 
this,  since  it  would  lead  to  rather  untractable  nonlinear  equations.  Easier  and 
followed  here  is  to  approximate  the  unitary  matrix  as 

U  =  1  +  D  (37) 

r** 

which  is  good  to  second  order  in  terms  of  D,  provided  D  is  antisymmetric.  Using 
this  approximation,  which  requires  that  the  guessed,  unprimed  set  of  orbitals  is 
reasonably  close,  and  neglecting  the  change  of  the  Fock  operators,  F..,  i.e.  the 
potential,  for  the  determination  of  £  ,  we  get 


v'  -  v  "  Ik«V|Fik'V>  -<V>F|k1V» 

-  IkImn(0mi<*mlFik'+n>  -  “mi  <♦• 1  Fik 1  V>  V 

-  Ik  [<VFik'*k>  -  <+ilFik1+k> 

+  I  [  V*JF-,k'*k>  -  V,<*JFikiV 

m  1 

+  «  +|  I  Fik>  V  -  <*i>Fik1V)dmk11 

+  0  (d2 )  =  0 


(38) 
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Keeping  in  mind  that  d..  — d..,  neglecting  terms  of  order  d  ,  and  collecting  terms 
we  get  a  set  of  linear  equations  for  the  non  redundant  d..'s  of  the  type 

i| 


y  M..  d  =g.. 
L  _  'l/mn  mn  ii 


with  ij  and  mn  as  composite  column  and  row  indices  of  the  matrix  M  ,  with  the 
restrictions  i>  j;  m>n,  j  and  n  not  part  of  the  empty  set. 

Defining 

1 V  =  Ik  Fik 1  \ >  <41 


we  obtain 


9ij  =  I  V  “  <  ♦:  I  fj  > 


‘‘-I  <♦»"!>  '  <VFI-'V  +  <MFimi*„> 


+  <  +|  I  F|J  "  <  ♦;!  F;  I  ♦_> 

|  in  m  i  |n  m 


Since  we  have  neglected  the  change  of  the  Fock  operators,  F..,  with  the  orbital 
transformation,  and  since  we  have  neglected  terms  of  second  order  in  d  in  eq.  (38) 
and  (37),  it  will  necessary  to  iterate  to  convergence  (however,  see  below),  as 
in  the  conventional  method  of  solving  Hartree  Fock  equations. 


17 


Solving  eq.  (39)  may  become  rather  cumbersome,  since  there  are  a 

large  number,  n(n-1)/!2  +  n(m-n),  of  unknowns  if  the  number  of  occupied  orbitals, 

n,  and  the  total  number  of  orbitals,  m,  becomes  large.  To  avoid  solving  eq.  (39) 

directly  we  may  a)  neglect  the  elements  which  couple  the  different  d..'s,  i.e. 

M..  =  0  unless  ij  =  mn,  or  b)  treat  those  coupling  elements  as  small,  as  they 

ij,mn 

should  be  relative  to  the  diagonal  elements  of  M 


a.)  Neglect  of  coupling  between  d..'s  leads  to 


d..  =  g../M . 

•I  >1  M/'l 


(43) 


This  process,  described  by  Levy  ,  is  extremely  simple,  and  we  have  used  it. 

However,  in  order  to  obtain  convergence  in  solving  the  Fock  like  equations  using 
eq.  (43)  it  is  frequently  necessary  to  resort  to  sophisticated  damping  and  extrapolation 
techniques,  and  even  then  many  iterations  will  be  required. 


b.)  Treating  the  off  diagonal,  coupling,  elements  cf  M  as  small  compared  to 
the  diagonal  ones  permits  two  different,  simplified  solutions  of  eq.  (39).  For  this  we 
split  up  M  into  a  diagonal  matrix  N  and  an  off  diagonal  one  O  with  all  diagonal 
elements  zero,  thus  we  have  for  eq.  (39) 

Md  =  (N+0)d  =  £  (44) 

or 

d  =  (N  +  0)_1  g  ^  (N"1  -  N"1  O  N*"1 )  g  (45) 
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Alternately  we  may  solve  eq.  (44)  Iterative  by  writing 


N  d(n)  =  g  -  Od(n'') 


where  d^  is  the  n'th  iterate  to  the  solution  vector  d.  The  process  may  be  started 

with  d^  =  0,  and  carried  to  convergence.  A  variant  of  this  procedure  has  been 

used  successfully  in  MCSCF  calculations.  Clearly  d^  ^  is  the  same  as  that  obtained 

by  eq.  (43),  and  d^  is  the  same  as  that  obtained  from  eq.  (45). 

It  should  be  noted  that  the  process  proposed  here  to  solve  the  set  of 

linear  equations,  eq.  (39),  which  may  become  quite  large,  is  the  well  known  static 

1 3 

Gauss-Seidel  method.  Clearly  one  could  improve  convergence  by  using  the  more 

efficient  dy  lie  Gauss-Seidel  method,  where  each  element  d^  once  found  is 

used  immediately  on  the  right  of  eq.  (46)  for  the  determination  of  successive  elements 

of  d^.  The  problem  of  possible  nonconvergence  of  the  Gauss-Seidel  method  which 

will  occur  if  the  diagonal  element  M..  ..  is  small  in  magnitude  relative  to  the  off 

■Ml  . 

diagonal  elements  in  row  ij,  may  be  overcome.  Here  we  realize  that 

2  2 

M..  ..  —  -9  E/du..  ,  if  this  becomes  small  and  g..  s:  dE/du..  is  not  small  a 

i|/i|  'I  *1  'I 

45°  rotation  between  orbitals  1  and  ilf.  will  be  required.  Thus  all  one  needs  to  do 

'  I 

is  carry  out  this  rotation  and  recompute  the  F's  and  M  continuing  the  SCF  iterations. 

2  2 

The  realization  that  M..  ..  2=  -  S  E/du..  permits  one  also  to  monitor  the  sign  of 

'l/'l  'I 

M..  ..  and  with  it  to  determine  whether  a  minimum  or  maximum  in  the  energy  is 

•l/'l 

approached.  To  determine  this  definitely,  however,  would  require  one  to  ascertain 
that  M  is  negative  definite,  which  is  clearly  impractical  due  to  the  size  of  M.  As 

long  as  the  diagonal  elements  of  M  are  dominant,  it  appears  sufficient  to  assure  that 
these  elements  are  negative. 
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An  alternate  method  of  solving  eq.  (36)  is  obtained  by  writing 


U  =  IL  .  U.. 

~  i>  |  ~  ij 

where  U..  is  a  unit  matrix  except  for  the  elements  u..  =  u..  =  coscp,  u..  =  -u..  =  sin  cp 

~i|  M  i|  'I  I1 

describing  a  plane  rotation  by  the  angle  cp .  Thus  the  process  is  quite  similar  to  the 
Jacobi  matrix  diagonalization;  however,  different  formulae  yield  sin  cp  =  s  and 
cos  cp  =  c  ,  and  the  updating  of  the  remaing  matrix  elements  determining  the 
angles  is  not  quite  as  simple. 

Using  eq.  (35)  in  order  to  determine  the  angle  of  roation  in  the  i,j 
plane  we  obtain,  neglecting  the  dependence  of  the  F's  on  such  a  rotation. 

•|t"*i|,“Ik(<V,F'k|V>  *  <V'Fik>V>> 

*  c(U.|f.>  -  <t.|f.>)  +  s«^!f.>  +  <  ♦.  I O ) 

+  (i-c)  tc «  1 1  F.J  u.  >  -  <  *, |  F..  !♦.>  +  <  ♦. |F..  u.)  -  <  tj  If..  |  tf> ) 

+  *  (<*|  I  Fj|  !♦.)  +  <*.  I  F.|U.)  +  <  tj  |Fif  l+.>  +O.IF..U.))] 


+  *Cc(<ti|F..Ui>  -  <  VFii'V  ’^j^ii'V  +  <tilFii1V) 


+  »  «*.  If..  l*i>  +  <♦- If..  1  *.>-  <^i  lFii  Uj>  -  <*1 1 F..  I  ♦.>)]  -  0  (47) 


146 


20 


where  we  have  used  eq.  (40)  for  the  definition  of 
Making  the  approximation 


cos 


.  2 

sin  cp 


2;  1-1/2  sin  cp , 


(48) 


observing  that  all  matrix  elements  are  real  and  F..  =  F..;  collectinq  terms  in  powers 

•I  I' 

of  sin  cp  and  neglecting  terms  cubic  in  sin  cp,  we  obtain  a  quadratic  equation  for  the 
determination  of  sin  cp 


As  +Bs+C  =0 


(49) 


with 


A  =  j  ( <  t;  I  f|>  “  <  *|  I  fj>  +  3  <  ♦.  I  F..  |  t.) 


and 


3  <t.  I  F..  It.)  +  3  <  i  |  F..  |  i)  “3  <i  |  F..  |  i  ) 


B  -  <♦.  |f|>  +  <  1. 1  f.) +2  <  tj  |  F..  |  t.) 


-  <  i  I F..  |  -  <  1. 1  F..  1  t.) 

I  »  I  '  ||  r| 


C  “  1  f.> 


(50) 


(51) 


(52) 


The  desired  solution  of  eq.  (49)  is  that  which  gives  the  smallest  angle  of  rotation  or 


sin  cp  =  B/2A  ( -  1  +  /l  -  4CA/B  )  . 


F 


(53) 
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It  she  jld  be  clear  that  Is  is  possible  to  implement  this  method  such 

that  convergence  is  guaranteed.  This  would  require  that  the  formulae  are  derived 

such  as  to  include  the  dependence  of  the  F..'s  on  the  angle  of  rotation  and  the 

•I 

recomputation  of  the  F..'s  after  each  rotation.  Including  the  angle  of  rotation 
dependence  of  the  F..'s  appears  unnecessary  and  undesirable,  since  it  will  require 
a  different  contraction  of  the  basis  function  integrals,  and  we  have  left  this 
dependence  out  of  our  formulae  since  it  would  unduly  burden  the  notation.  It  appears 
to  be  unimportant  also  on  physical  grounds,  since  it  is  unlikely  that  the  local  potential — 
our  F..'s  contain  local  potentials  only — will  depend  strongly  on  a  small  orbital  change. 
Computational  experience  bears  this  out.  Performing  only  one  two  by  two  rotation 
and  then  recomputing  the  F..'s  is  computationally  uneconomical;  thus  it  doesn't 
appear  advisable  to  implement  this  form  of  two  by  two  rotations  such  that  convergence 
is  guaranteed.  The  described  procedure  should  be  implemented  rather  in  such  a  way 
that  one  computes  the  two  by  two  rotations  between  all  orbital  pairs,  then  corrects 
the  orbitals  and  recomputes  the  F. . 's .  Only  in  the  case  of  convergence  difficulty, 
which  will  be  noticed  readily  by  the  appearance  of  large  rotation  angles,  should  one 
resort  to  performing  only  one  or  a  few  rotations  befose  recomputing  the  F..'s,  thus 
still  taking  advantage  of  the  fact  that  the  presented  method  for  solving  the  SCF 
equations  will  guarantee  convergence. 

Another  method  for  the  determination  of  the MC-SCF orbitals  is  based 
on  the  extended  Brillouin  theorem,  rather  than  on  the  Fock  like  equations,  eq. 

14 

(21).  Using  the  language  of  second  quantization  introduced  above,  the  extended 
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Brillouin  theorem  may  be  expressed  as 

<(a.+a.  -  a.+  a.)  Y  j  X  1  Y  )  =  0 


(54) 


if  Y  is  anMC-SCFwave  function;  i  and  j  can  take  the  values  1,2, .  .  .m.  Defining 
+  + 

Y..  S  fa.  a.  -  a.  a.)  Y,  one  needs  to  do  a  configuration  interaction  calculation 

•I  I  '  'I 

for 


Y'  =  A  Y  +  )  A..  Y..  (55) 

o  L..  ii  i| 

•I 

i.e.  solving 

(  H  -  E  S)  A  =  0  (56) 

with  H  defined  by  the  elements  (if.,  IX  I  1/ )  for  the  first  column  and  else  as 
~  '  'I 

(  Y..  I  X  I  Y,  .  )  and  similarly  S.  Note  that  S  will  be  diagonal;  however  it  will 
1 1  *  k  x  ~  ~ 

not  be  a  unit  matrix,  in  general  (Y.t  |  Y,  )  =  a..  6..  ,  with  a..  ^  1. 

I|  K  X/  1 1  1 1/  K  X  l| 

The  resulting  expansion  coefficients  A^  and  A.,  need  then  to  be 
associated  with  the  elements  of  the  unitary  matrix  U  in  eq.  (32)  yielding  the  MC-SCF 
orbitals.  This  association  is  always  possible  though  not  simple.  Using  for  U  the 
unitary  matrix  which  diagonalizes  the  first  order  reduced  density  matrix  of  Y' 
is  not  always  appropriate,  since  the  first  order  reduced  density  matrix  of  the 
MC-SCF  wave  function  Y  need  not  be  diagonal,  depending  on  the  configuration 
selection  in  eq.  (5). 
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In  general,  eq.  (56)  may  become  quite  large,  and  it  is  impractical 
to  construct  H  fully  in  order  to  find  a  solution  to  this  Cl  problem.  It  may  be 
preferable  to  use  a  perturbation  form  to  solve  x\.  (56)  approximately  as 


A.,  as  <*..  |3C|*>/«4|X|><Y  |Y  >-<Y  |K|i.» 

ii  ii  i  I  '«  1 


This  equation  is  quite  similar  to  eq.  (43)  since  A.,  can  be  identified  with  d..,  and 
the  numerators  on  the  right  hand  side  are  identical;  however,  the  denominators  differ 
slightly.  It  is  not  appropriate  to  give  here  in  detail  the  form  of  the  H  and  S  matrix 
elements  in  terms  of  one  and  two  electron  matrix  elements  over  the  orbitals.  Their 
derivation  in  the  general  case  discussed  here  in  terms  of  spin  orbitals  is  quite 
straightforward,  though  lengthy.  This  is  no  more  true  in  the  practical  case,  where 
one  wants  to  include  the  proper  spin,  angular  momentum  or  symmetry  coupling. 
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It  is  well  known  that  the  time  independent,  electrostatic  Schroedinger 


equation  of  an  n  electron  system 


XY  =  EY 


K  =  Y  h(t)  +  1  gOi) 
i  i>i 


may  be  solved  to  any  degree  of  accuracy  for  any  stationary  state  K  by  using  a 
configuration  inte-action  (Cl)  ansatz  for  the  wave  function 


\  =  I 


*1  °IK 


provided  the  n  electron  basis  spanned  by  the  configuration  state  functions  (CSF's) 

with  <  $  |  $  >  =  6  .  is  complete  or  nearly  so.  The  variational  solution  of  (1 )  with 

1  J  •  J 

ansatz  (3)  leads  to  an  algebraic  simple  matrix  equation 

NIC  •££ 

with  H,  ,  =  (  $.  |  3C  |  §  .),  C  a  matrix  of  column  eigen  vectors  and  E  a 
IJ  I  J  ^ 

diagonal  matrix  of  the  eigen  values  which  are  upper  bounds  to  the  true  stationary 
state  energy  eigen  values  E  ^  ^  of  (1).  This  is  the  basis  of  the  large  Cl  as  well  as 
the  MC-SCF  (multi-configuration  self-consistent-field)  method. 

Solution  of  equation  (4)  and  therefore  (1)  would  be  simple,  were  it  not 
for  the  need  of  an  exceedingly  large  expansion  in  (3),  i.e.  the  expansion  in  (3)  is 


.2 


slowly  convergent  and  N  becomes  excessively  large  if  high  accuracy  is  desired, 

unless  a  judicious  or  optimal  choice  of  the  n  electron  basis  functions,  the  CSF's 

is  affected.  It  is  in  the  approach  to  a  judicious  selection  of  the  CSF's  where  the 

large  Cl  and  the  MC-SCF  method  differ.  In  both  methods  the  CSF's  are  generally 

constructed  from  anti symetrized  products  of  orthonormal  orbitals  cp.,  properly 

2 

coupled  to  yield  eigen  functions  of  S  ,  S  and  to  transform  as  the  irreducible 
•  21 

representation  of  the  point  group  of  the  system.  Thus,  the  CSF's  are  specific  linear 
combinations  of  Slater  determinant  (SD's).  The  set  of  orthonormal  orbitals  cp.,  used 
to  construct  the  SD's  and  CSF's,  span  the  one-electron  space  and  they  are  generally 
expanded  in  terms  of  primitive  basis  functions — Slater  type  functions,  Gaussian's  or 
ellyptical  functions. 


<P: 


=  V 


m 


X  c  . 
P  P' 


(5) 


The  number  m  and  the  type  of  basis  functions  Xp  used  in  (5)  determine 
the  size  and  quality  of  the  one-electron  basis.  No  amount  of  Cl  or  other  tricks  can 
overcome  the  shortcoming  in  this  basis,  thus  it  has  to  be  adequately  large  and  well 
chosen.  We  will  not  concern  ourselves  here  with  the  intricacies  of  the  selection  of 
these  primitive  basis  functions,  except  to  note  that  a  minimal  basis  set  for  quantitative 
work  requires  at  least  a  "double-zeta  plus  polarization"  representation  for  all  valence 

shells. ^ 

From  the  m  linearly  independent  basis  functions  (for  simplicity  they  are 
considered  to  contain  the  spin  coordinate)  one  can  construct  m  orthonormal  spin 
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orbitals,  which  provide  the  building  blocks  for  the  SD's  and  CSF's,  the  latter  span 
the  n-electron  space  which  has  a  maximal  dimension  N  =  ).  Even  though 


max  n 


Nmax 's  reduced  significantly  by  requiring  the  CSF's  to  be  properly  spin  and  symmetry 

coupled,  the  dimension  of  the  remaining  n-electron  space  Nf>max  is  still  excessive 

5 

for  reasonable  m  and  n  >  4.  Typically  NSmax  >  10  ,  preventing  the  solution  of 

the  full  Cl  problem,  which  would  mean  diagonalization  of  the  Hamiltonian  in  the  full 

space  spanned  by  all  CSF's,  which  can  be  constructed  from  the  m  orbitals. 

It  is  obvious  that  in  the  case  of  a  full  Cl  calculation  the  particular 

choice  of  orbitals  is  irrelevant,  since  the  resulting  wave  functions  and  expectation 

values  are  invariant  to  a  unitary  transformation  among  the  orbitals.  However,  since 

a  full  Cl  calculation  is  in  general  not  feasible,  and  thus  a  Cl  calculation  is  performed 

3 

with  a  truncated  and  judicially  selected  subset  of  CSF  types,  the  resulting  wave 
functions  and  expectation  values  will  depend  critically  on  the  choice  of  orbitals  used. 
It  is  in  this  choice  of  the  particular  shape  of  the  orbitals  used,  where  the  various  large 


Cl  methods  differ  from  the  MC-SCF  method. 


In  the  MC-SCF  method  the  CSF's  used  in  expansion  (3)  are  chosen 
judiciously  with  N  «  NS^^  and  all  the  orbitals  participating  in  the  total  wave 
function,  as  well  as  the  Cl  expansion  coefficients  ore  determined  variationally.  It 
is  obvious  that  this  will  result  in  a  wave  function,  which  gives  the  lowest  possible 
energy  within  the  chosen  m  dimensional  one-particle  space  and  the  prescribed 
selection  of  CSF's,  this  is  merely  the  result  of  the  variational  principle. 

The  si  mul  ianeous  optimization  of  Cl  coefficients  and  orbitals  is  achieved 
by  solving  iteratively,  to  full  self-consistency  equation  (4)  and  the  Fock  like  equations 
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for  the  orbitals 

I  {Ftl  -  *i,5) «,  -o 


(6) 


which  are  obtained  by  varying  the  energy  expectation  value  with  respect  to  a  change 
of  the  orbital  expansion  coefficient  vectors  c..  In  (6)  we  have 


S 

pq 


<x  lx  > 

p  q 


e..  -  e|j  Lagrangian  multipliers 


and 


FMpq  =  VXp1MV+IkjeVlrs<Xpl<Xrl9lxs>1VCl 


V  kr  j£s 


with  Y.j  ar,d  r..|^  -the  first  and  second  order  reduced  density  matrices  of  state  K 
desired  in  the  space  spanned  by  the  orbitals. 

In  practice  an  MC-SCF  calculation  proceeds  along  the  steps: 

1)  Select  one  particle  basis  and  an  initial  guess  of  cp.  . 

2)  Compute  1  and  2  electron  integrals  over  the  basis  functions. 

3)  Select  the  types  of  CSF's  to  participate  in  the  Cl  expansion  (eq.  3). 

4)  Generate  Cl  energy  expressions. 

5)  Solve  equation  (4)  for  state  K  desired. 


6) 

7) 


Construct  ymm  and  T...  .  for  state  K. 
ij  ijkX 

Solve  equation  (6)  to  convergence. 


Repeat  steps  5-7  until  complete  self-consistency  is  achieved. 


5 


In  the  large  Cl  method,  the  orbitals  used  in  constructing  the  CSF's 

are  generally  not  fully  optimized,  however  some  optimization  is  obtained  by 

performing  an  SCF  calculation  with  the  dominant  CSF  or  even  an  MC-SCF  calculation 

using  a  few  of  the  dominant  CSF's;  the  reference  configurations.  This  is  again  followed 

by  a  judicious  choice  of  CSF  types  which  will  participate  in  expansion  (3)  with 

N  <  NS  •  Generally  an  inclusion  of  all  single  and  double  replacements  from  the 
max 

reference  configurations  will  be  adequate,  however  even  with  this  N  becomes  rapidly 
large,  of  c  der  n2m2/4.  Equation  (6)  is  then  solved  within  this  basis  of  CSF's  for  the 
state  desired.  In  practice  a  large  Cl  calculation  proceeds  along  the  steps: 

1)  Select  one  particle  basis  functions  and  initial  guess  of  cp.. 

2)  Compute  1  and  2  electron  integrals  over  the  basis  functions. 

3)  Select  the  types  of  CSF's  to  participate  in  the  Cl  expansion  (eq.  3). 

4)  Generate  Cl  energy  expressions. 

5)  Perform  SCF  or  limited  MC-SCF  calculation  to  obtain  orbitals  for  the 
reference  configurations. 

6)  Solve  equation  (4)  for  state  K  desired. 

We  are  now  in  a  position  to  compare  the  amount  of  computational  effort 
required  in  both  types  of  computations  and  indicate  how  much  this  is  a  function  of  the 
accuracy  desired;  accuracy  is  to  be  understood  here  as  the  difference  between  the 
solution  obtained  and  that  obtainable  from  a  full  Cl,  i.e.  the  best  solution  obtainable 
with  the  limited  one-electron  basis  set. 
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Steps  (1)  and  (2)  are  identical  for  large  Cl  and  MC-SCF.  Step  (3), 

being  proportional  to  N  is  more  cumbersome  for  large  Cl;  however  in  the  case  of 

MC-SCF  more  care  must  be  exercised  in  the  selection  of  configurations.  Step  (4) 

2 

being  proportional  to  N  is  the  most  time  consuming  step  in  a  large  Cl  calculation 

2  2 

were  N  is  of  order  n  m  /4;  in  the  MC-SCF  method  N  is  much  smaller.  Thus,  this 

step  together  with  the  construction  of  Hie  energy  matrix  is  the  limiting  bottleneck 

for  , large  Cl  calculations,  while  they  are  insignificant  in  the  MC-SCF.  However, 

for  the  MC-SCF  step  (7),  solving  equation  (6)  is  the  bottleneck.  It  is  by  no  means 

easy  to  get  the  SCF  equations  to  converge  rapidly.  There  are  algorithms  for  solving 
4 

equation  (6);  although  convergent,  they  require  frequently  100  iterations,  and  in 
each  iteration  the  integrals  must  be  contracted,  a  process  which  is  of  order  m^.  k, 
with  k  the  number  of  valence  orbitals.  If  the  basis  function  limit  is  to  be  closely 
reached,  k  will  become  almost  the  size  of  m,  in  which  case  the  MC-SCF  method 
requires  large  amounts  of  computer  time. 

Thus,  we  can  conclude  that  in  cases  where  the  basis  function  limit  is 
to  be  approached  in  a  calculation,  the  large  Cl  method  is  superior  to  the  MC-SCF 
method,  the  latter  being  more  advantageous  for  more  approximate  calculations. 

This  will  be  so,  unless  faster  convergent  algorithms  can  be  developed  for  solving 
equation  (6).  However,  it  should  be  noted  that  in  case  of  more  approximate 
calculations  it  is  possible  with  the  MC-SCF  to  stay  within  a  well  defined  model, 
for  example  introducing  just  the  extra  bond  correlation  as  is  done  in  the  optimized 
valence  configuration  (OVC)  variant  of  MC-SCF.  In  addition  an  MC-SCF  function 
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is  frequently  advantageous  for  the  construction  of  reference  configurations  for  large 

,  ,  3 

Cl  methods. 

Another  method  of  reducing  the  number  of  configurations  required  in 
a  large  Cl  calculation  is  the  iterative  natural  orbital  method,  where  in  one  iteration 
only  the  dominant  single  and  double  replacements  from  the  reference  configurations 
are  used  in  the  Cl  calculation.  This  is  followed  by  a  diagonalization  of  the  first 
order  reduced  density  matrix  and  corresponding  orbital  transformation  to  an  approxi¬ 
mation  of  the  natural  orbitals  for  the  state  desired.  This  process  is  repeated  to 
convergence,  and  yields  approximate  natural  orbitals  and  a  Cl  expansion  wave 
function  with  N  between  that  of  the  MC-SCF  and  the  large  Cl  method.6  It  should 
be  understood  that  this  is  only  one  variant  of  many  methods  designed  to  obtain 
approximations  to  the  natural  orbitals  in  order  to  reduce  the  size  of  the  required 
configuration  interaction  calculation. 
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lultlconflgu ration  self-consistent-field  calculations  were  performed  on  the  following  states 
of  1  oron:  2si2p,  >P,  2s2p\  *P,  20,  2P,  2si3s,  2S,  and  2p\  *S.  For  each  state,  only  configura¬ 
tions  resulting  from  the  replacement  of  the  valence-shell  orbitals  were  used,  and  consequently 
only  the  valence-shell  correlation  was  calculated  adequately.  The  correlation  orbital  set  con¬ 
sisted  of  one  orbital  in  each  of  the  symmetries  s,  p,  and  d  (except  for  the  2s23s,  2S  state,  where 
there  were  two  orbitals  of  p  symmetry).  For  the  ground  state,  the  value  of  0.067  hartree  was 
obtained  for  the  valence-shell  correlation  energy.  From  the  wave  functions  obtained,  the  term 
energies  and  the  oscillator  strengths  for  the  allowed  transitions  were  calculated  and  found  to  be 
in  general  agreement  with  the  results  of  more  elaborate  calculations  and  experiments. 


INTRODUCTION 

It  is  well  known  that  Hartree-Fock  (HF)  calcula¬ 
tions  for  atoms  and  molecules  do  not  produce  wave 
functions  sufficiently  accurate  for  calculating  many 
atomic  and  molecular  properties  satisfactorily. 

What  is  not  represented  accurately  in  these  calcula¬ 
tions  is  the  “correlation”  between  electrons, 1-1  and 
especially  correlation  between  electrons  of  opposite 
spins.  In  order  to  represent  the  electron  correla¬ 
tion  more  accurately,  the  method  of  superposition 
of  configurations  (SOC)  was  used  in  this  work. 

One  of  the  disadvantages  of  the  SOC  approach  is 
that  usually  a  large  number  of  configurations  is 
needed  to  obtain  a  wave  function  of  high  quality.  The 
number  of  configurations  needed  depends  a  great 
deal  on  the  orbitals  used  to  construct  the  configura¬ 
tions.  In  the  multiconfiguration  self -consistent  - 
field  (MCSCF)  method,  the  orbitals,  as  well  as  the 
configuration  mixing  coefficients,  are  determined 
variationally,  and  hence  the  best  energy  possible, 
with  a  given  set  of  configurations,  is  achieved. 
Clearly,  the  MCSCF  method  is  a  natural  extension 
of  the  Hartree-Fock  SCF  model. 

In  any  SOC  approach,  since  the  number  of  con¬ 
figurations  Is  necessarily  finite,  it  is  possible  to 
select  the  configuration  set  in  such  a  way  that  the 
resulting  wave  function  is  more  suitable  for  cal¬ 
culation  of  some  properties  of  the  system  than 
others.  Thus,  for  example,  Sabelll  and  Hinze, 5  in 
the  earlier  version  of  the  MCSCF  method,  re¬ 
stricted  the  configurations  to  those  whose  shell  oc¬ 
cupation  numbers  have  even  differences,  i.e.,  only 
replacements  of  the  type  (nlf  to  (n'l'f  were  al¬ 
lowed.  Th.i<5,  they  only  trratwi  lr.tr a^hell  correla¬ 
tion  accurately.  In  their  Be  wave  function,  for  ex¬ 
ample,  they  had  no  configurations  of  the  type 

aid  &nea£ttnUy  Any  r>tHd  not  reptu- 
sent  the  m/ershell  correlation  adequately. 

The  MCSCF  formalism  presented  and  applied  here 

5 


has  no  restrictions  on  the  types  of  configurations 
that  can  be  used  in  the  wave  function,  and  conse¬ 
quently  both  intershell  and  intrashell  correlation 
can  be  calculated  accurately. 

In  this  work  MCSCF  calculations  were  performed 
on  the  ground  state  and  several  excited  states  of  the 
boron  atom  with  the  aim  of  producing  wave  functions 
of  compact  form  and  rather  high  accuracy.  The 
wave  functions  obtained  were  then  used  in  calcula¬ 
tions  of  oscillator  strengths. 

MCSCF  PROCEDURE 

The  formalism  for  the  unrestricted  MCSCF 
method  used  in  this  work  is  similar  to  the  forma¬ 
lism  for  the  restricted  MCSCF  method  presented 
in  the  paper  by  Hinze  and  Roothaan, 6  and  conse¬ 
quently  only  an  outline  wlU  be  given  here. 

A  many -particle  wave  function  is  constructed 
from  spin  orbitals  defined  by 

Xi\ams(r,  d,  <p)=r-lPM(r)  F»aO,  <p)S(m,)  ,  (1) 

where  S(m4)  are  the  spin  functions,  F>a(o,  <p)  are  the 
usual  spherical  harmonics,  and  PKi(r)  are  the  radial 
shell  functions.  A  shell  consists  of  all  the  spin 
orbitals  that  form  a  degenerate  set;  for  example, 
the  p  shell  consists  of  six  degenerate  spin  orbitals. 
From  the  spin  orbitals,  antisymmetrized  products, 
or  Slater  determinants  (SD’s),  are  constructed.  The 
number  of  spin  orbitals  of  a  shell  used  for  the  con¬ 
struction  of  a  particular  SD  is  the  occupation  number 
of  the  shell  in  that  SD.  The  set  of  all  SD’s  which 
have  the  same  shell  occupation  numbers  Is  said  to 
form  an  electron  configuration. 

When  a  symmetry  operation  is  applied  to  a  set  of 
ED’ s  which  constitute  An  electron  configuration,  a 
linear  transformation  of  the  SD’s  among  themselves 
is  induced;  this  transformation  is,  of  course,  a 
representation  ol  the  symmetry  group  oi  tne  sys¬ 
tem,  and  Is  In  general  reducible.  Linear  combina  - 
tions  of  these  SD’s  that  form  irreducible  represen- 
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tations  are  called  configuration  state  f mictions 
(CSF’s);  each  CSF  belongs  to  a  definite  symmetry 
species  and  subspecies. 

In  many  simple  cases  the  CSF’s  are  unique;  in 
more  complicated  cases,  such  as  configv rations 
with  three  open  shells,  there  may  be  several  CSF’s 
of  the  same  symmetry  species  and  subspecies  aris¬ 
ing  from  one  configuration.  In  such  cases  the  shells 
may  be  coupled  together  in  different  order,  thus 
producing  a  different  complete  set  of  CSF’s  for  that 
configuration.  However,  it  is  most  natural  to 
couple  together,  first,  shells  which  have  the  largest 
electrostatic  interaction.  The  CSF’s  obtained  from 
different  hierarchies  of  coupling  are  connected  by 
unitary  transformations,  and  as  long  as  a  complete 
set  of  CSF’s,  from  any  coupling  scheme,  is  used, 
it  does  not  matter  which  scheme  is  chosen.  Cou¬ 
pling,  in  this  context,  means  constructing  the  wave 
function  of  the  combined  system  in  such  a  way  that 
it  belongs  to  an  irreducible  representation  of  the 
symmetry  group  of  the  system,  and  is  thus  itself 
of  definite  symmetry  species  and  subspecies.  For 
example,  <h[(2s2p,  xP)2d,  LSMlMs]  and  <&[(2s2/>, 
3P)2d,  LSMlMs  ]  constitute  a  complete  set  of  CSF’s 
arising  from  the  configuration  2s2p2d. 

Let  is. i  denote  a  CSF  where  the  index  I  is 
used  to  label  CSF’s  arising  from  different  configura¬ 
tions  and/or,  if  necessary,  from  within  the  same 
configuration.  The  wave  function  for  an  actual  state 
^z,stfLvs  is  now  Put  forward  as  an  expansion  in  terms 
of  <bLsMLMs,i •  Since  the  spin-dependent  terms  in 
the  Hamiltonian  will  be  neglected,  L,  S,  ML ,  and 
Ms  are  good  quantum  numbers,  so  that 

-  (2) 

The  good  quantum  numbers  remain  constant  for  a 
given  calculation  and  will  be  omitted  from  now  on. 

The  normalization  chosen  is  such  that 

and 

£|C/=  1.  (4) 

Using  the  usual  spin -free  nonrelativistic  Hamilto¬ 
nian 

3C=  -£  (iViZ  +  Zrml)  +  £  rli-1 ,  (5) 

i  i>i 

the  expectation  value  of  the  energy  of  the  system  is 
given  by 

£=(*|3C|*>  =SC/C,<*l|3C|*/>.  (6) 

\ 

Each  shell  function  PXf(r)  is  now  expanded  into  a 
set  of  (generally  nonorthogonal)  basis  functions 
Rx„{r),  namely, 

PX((r)  =  £pRxp{r)  cx (V 


The  orbital  expansion  coefficients  cxlp  are  not  to 
be  confused  with  the  configuration-mixing  coeffi¬ 
cients  C,  introduced  earlier. 

In  order  to  express  the  energy  in  a  form  suitable 
for  the  application  of  the  variational  principle  with 
respect  to  the  orbital  expansion  coefficients  cxip, 
the  matrix  elements  of  the  Hamiltonian  with  respect 
to  the  CSF’s  are  expressed  in  terms  of  integrals 
over  the  basis  functions.  The  relevant  integrals 
are  defined  by 

SXPQ  =  j*  dr  Rxp(r)  Rjr)  ,  (8) 

R^=f0K'trtiR'xp(r)R'Jr) 

+  [i  X(X  +  1  )rJt-  Zr'x\  Rxp(r)  Ru(r)\ ,  (9) 

f-'ApHs.proi,  v~  Jq  ^  Jq  dS  Pv{r,  s) 

x  RXp(r)  R  „,(r)  Rpr(s)  Rai(s)  ,  (10) 

where 

,,  ,  .  (  r'“1s'‘  if  s 

Uv(r,  s)=  ^ 

r^s'1"1  if  r<s  .  (11) 

For  each  given  set  of  p,  p,  and  a,  the  allowed 
values  of  u  are  from  Ix-pl  or  Ip-ol,  whichever 
is  larger,  to  X+  p,  or  p  +  a,  whichever  is  smaller, 
in  steps  of  two;  this  is  concisely  expressed  by 
vCF(\,  p;p,  o). 

In  the  terms  representing  the  contributions  from 
closed  shells,  the  special  combination 

OU,n;A,4) 

+  (12) 

occurs,  where  the  coefficients  xXtlv  are  expressed 
in  terms  of  Wigner  3  -j  symbols,  namely, 


For  the  contributions  from  open  shells,  certain 
interaction  coefficients  occur  which  are  constant  for 
a  given  calculation;  they  are  denoted  by  aIJiXlJ  and 
As  this  notation  suggests,  they  enter 
in  the  expression  for  the  matrix  elements 
(fc/lKIfc/);  they  depend  on  the  shell  occupation 
numbers  of  the  configurations  /  and  <7,  the  coupling 
schemes  used,  and  the  orbital  and  spin  angular 
momenta  of  the  system.  The  diagonal  coefficients 
aIllXiJ  are  particularly  simple,  namely, 

a//,»u  =  2(2x  + 1)  (1^) 

the  coefficients  bltiXllll, can  be  expressed  in 
terms  of  the  coefficients  n*  and  6*  of  Condon  and 
Shortley.7  The  off-diagonal  coefficients  are  more 
complicated,  but  can  be  expressed  in  terms  of  the 
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coefficients  of  fractional  parentage,  3-;  and  6-; 
symbols,  and  were  calculated  using  Racah’s  meth¬ 
ods.  6 

It  is  also  useful  to  define  net -interaction  coeffi¬ 
cients  axu  and  bX(UJt(lll 0,>p  by  means  of 

axu-  E  aij,\i)CiCj  ,  (15) 

bxiui.etmt.v-E  bulk(tljll)kclltlC[Cj  ,  (16) 


and  the  density  matrices  by 

Ec,xpq-  Zj  2(2x+  1) cX(pCxiQ , 

ICC(») 

(17) 

Dr,xpQ-  E  axucxipcx)<t  t 

i.JCrtxy 

(18) 

where  C(x)  and  F(x)  denote  the  sets  of  closed  and 
fractionally  occupied  shells  of  symmetry  x. 

Employing  the  integrals  and  coefficients  just  de 
fined,  the  energy  of  the  system  can  be  written  as 


E=E{(  E  2(2x  +  l  )cx{pcxJ 

xpq  i  c  c») 

+  ~nE  f  Prs  (  E  2(2p  +  1)  CPXr  Cpk3+  2  Zj  dpk  !  Cpkr  ^  Expq(  Zj  j  ^  Xip 

‘pm  kQCuo  *,i  crip)  i.JCrU) 

+E  E  E  E  E  G*pn«,  proi,p  Zj  E  E  E  ^»(4^,p»o|,pCx(pCWj,Cp*rC0|j  .  (19) 

XP  p«  Pr  os  ICfU)  1  QF (M)  *  QFM  I  Qf(*\ 

f 


As  was  mentioned  earlier,  in  the  MCSCF  method 
two  independent  variations  of  the  energy  are  per¬ 
formed;  one  with  respect  to  the  orbitals,  i.  e.,  the 
orbital  expansion  coefficients  cXip,  and  the  other 
with  respect  to  the  configuration-mixing  coeffi¬ 
cients  Ct.  The  energy  expression  (6)  is  suitable 
for  the  variation  with  respect  to  the  configuration¬ 
mixing  coefficients,  and  expression  (19)  for  the 
variation  with  respect  to  the  orbitals.  Performing 
the  variation  now  with  respect  to  all  cXip,  and  sub¬ 
ject  to  the  orthogonality  conditions  for  the  orbitals, 
the  MCSCF  equations  are  obtained  for  closed-  and 
open-shell  (fractionally  occupied)  orbitals,  namely, 

E  Fc,\pqC\lp-E  ^Xpq^Xil  C*(,+  E  *XU<-'Xjq)  (20) 

i  «  JCru> 

for  all  Xi  CC,  and 

E  E  FXtP,ui,,cuj<l  =  E  SXPa  E  iCxjQ  (21) 

q  uiQF  ,  }  QC*P 

for  all  xi  C  F.  The  Fock-like  matrices  are 
^CtXPq  ~  2(2x+  l)[f/X(KI  +  2  E  ^xpp.Pra^C.prj  +  ^f.prj)]  > 

Prs 

(22) 


bxuax<j[Hxp<,+  E  lxpq,ortDc,ors\ 

prs 

+  2  E  E 

Ij  ^\fiuq,Pras 

p r  <»»  p 

GvUttftP,*) 

x  E 

Ij  b\iujtPkal,vCpkrcal$  •  (23) 

*  c  F(p> 

i  cf(0> 

The  €XiJ  are  the  Lagrange  multipliers  which  must 
be  introduced  to  fulfill  the  orbital  orthonormality 
constraints.  In  terms  of  the  expansion  coefficients 
these  constraints  are  expressed  by 


E  c\ipSkpqcfiQ-bii  •  (24) 

p,t 

Performing  the  variation  of  the  energy  with  re¬ 
spect  to  the  configuration -mixing  coefficients  C, 
leads  to  the  well-known  eigenvalue  equation 

Ej  HtJ  Cj  =  ECj  6,j  ,  (25) 

where 

(26) 

For  the  MCSCF  solution  the  orbital  expansion  co¬ 
efficients  satisfy  Eqs.  (20)  and  (21),  and  the  con¬ 
figuration-mixing  coefficients  satisfy  Eq.  (25).  This 
solution  must  be  obtained  by  some  iterative  method, 
and  many  strategies  are  possible;  the  strategy  used 
in  this  work  is  given  by  the  flow  diagram  in  Fig.  1. 
The  pre-SCF  orthonormalization,  an  indicated  in 
the  flow  diagram,  is  done  because  it  is  inconvenient 
to  supply  an  initial  orthonormal  orbital  set.  The 
post-SC F  orthonormalization  is  desirable  because 
the  orbitals  that  are  obtained  by  solving  Eqs.  (20) 
and  (21)  are  orthonormal  but  not  always  to  the  de¬ 
sired  degree  of  accuracy.  The  Schmidt  orthonor¬ 
malization  procedure  used  takes  the  orbitals  in  the 
natural  order,  i. e.,  Is,  2s,  ...;  2/>,  3 p,  ...;  etc. 

The  analysis  presented  here  does  not  specify  the 
choice  of  the  basis  functions  Rxp(r).  In  this  work 
the  well-known  Slater-type  basis  functions  were 
used;  they  are  defined  by 

Exp(r)  =  [(2£)2"w*V(2 nj \]rn» e'V  ,  (27) 

where  and  are  adjustable  parameters,  with 
nXp  restricted  to  Integer  values  and  nxp  a  X  +  1.  For 
each  calculation,  the  program  provides  for  the  ad¬ 
justment  (optimization)  of  the  exponents  until  the 
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FIG.  1.  Flow  diagram  of  the  MCSCF  procedure. 


minimum  of  the  energy  is  obtained.  A  straight¬ 
forward  method  for  such  optimization  is  given  by 
Roothaan  and  Bagus. 9  Their  method  was  followed 


in  this  work,  and  was  often  simplified  to  a  quadratic 
rather  than  a  fourth-order  interpolation. 

The  oscillator  strength  (in  dipole  approximation) 
for  a  transition  from  the  initial  state  4'/  to  the  final 
state  •if  is  given  by 

/l  =  §  (£/-£r)gj‘1|('J'/|r|'I'F>|i! ,  (28) 


or,  equivalently,  for  exact  wave  functions  by 

fv  =  §  (Ej  - Ef r1  g*  |  < |  V  | « , >  |  ■ 2 ,  (29) 


where  g,  is  the  degeneracy  of  the  initial  state  and 
the  squared  matrix  elements  are  summed  over  the 
initial-  and  final-state  degeneracies. 

When  approximate  wave  functions  are  used,  the 
agreement  between  the  two  forms  is  a  necessary 
but  not  sufficient  condition  for  the  correctness  of 
the  oscillator  strength  value. 

Recently10  it  has  been  shown  that  when  HF  or  SOC 
wave  functions  are  used,  the  length  form  fL  is  more 
appropriate  for  the  calculation  of  the  oscillator 
strengths. 

Both  formulas  (28)  and  (29)  were  used  in  this 
work  to  calculate  the  /  values. 


APPLICATION  TO  BORON  ATOM 


Calculations  were  performed  on  the  following 
states  of  boron:  2sz2/>,  iP°,  2s2/>2,  *P,  ZD,  2jP, 
2s23s,  2S,  and  2 p3,  *S°. 11  Each  state  considered  is 
the  lowest  state  of  that  particular  symmetry  for  the 
boron  atom. 

As  was  mentioned  earlier,  the  configuration  set 


TABLE  I.  Basis-function  parameters  and  orbital  expansion  coefficients  from  the  28  CSF  representation  of  the  2sz2p,  2P 

state,  (full  MCSCF  and  frozen  HF  orbital  calculations). 


Full  MCSCF  Frozen  HF  orbitals 

s  symmetry 


n 

£ 

Is 

2s 

3s 

Is 

2s 

3s 

i 

7.3306 

0.172 343 

-0.047  463 

-0.153  852 

0.171 570 

-0.054  951 

-0.173  736 

i 

3.8999 

0.913 394 

-0.134  467 

0.766  515 

0.911338 

-0. 131943 

0.816102 

2 

1.7400 

0.021047 

-1.193  120 

-9.483  725 

0.002346 

-  1.418  650 

-10.169023 

2 

1.3370 

-0.023  666 

1.490  514 

5.902149 

-0.000139 

1.608  475 

6.141 672 

3 

4.  7860 

-0.092969 

0.075  327 

0.641 943 

-0.091  873 

0.092  837 

0.687687 

3 

2.6000 

-0.013153 

0.685  851 

2.831  922 

-0.002  837 

0.777 875 

3.229055 

p  symmetry 

n 

£ 

2 p 

3 P 

2 P 

3 p 

2 

5.4000 

0.009469 

-0.165  998 

0.010  075 

-0.158  350 

2 

2.0480 

0.164  774 

-0.946  628 

0.200  676 

-0.820  473 

2 

1 . 2060 

0.471 341 

-1.447  065 

0.391755 

-1.661696 

2 

0.8666 

0.407  739 

2.123  415 

0.460  842 

2.  246  233 

2 

3.7000 

0.003  471 

0.501915 

0.000197 

0.470 599 

d  symmetry 

n 

£ 

3d 

3d 

3 

1.5265 

1.011881 

1.012  538 

4 

4.7759 

-0.025  225 

-0.026  651 
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TABLE  II.  Configuration-mixing  coefficients  for  tho  28  CSF  representation  of  the  2s22/>,  2P  state  (results  from  full 

MCSCF  and  frozen  HF  orbitals  calculations). 


Configuration  Coefficients  Configuration  Coefficients 


Full  Frozen 

MCSCF  HF 


1 

2sl2p 

0,96209 

0.96235 

2 

2 p3 

0.209  81 

0.20888 

3 

(2s2p,  *P)3d 

0.107  33 

0.10667 

4 

(2s 2p,  3P)3d 

-0.082 10 

-0.08145 

5 

3s22 p 

-0.03482 

-0.03579 

6 

(2s3s,  3S)2p 

-0.018  25 

-0.019  93 

7 

2/.  (3d2,  lS) 

-0.03165 

-0.03168 

8 

2/>  (3d2,  3P) 

-0.01839 

-0.018  22 

9 

2p  (3d2,  lD) 

-0.01429 

-0.014 13 

10 

2p(3p2,  lSi 

0.020  21 

0.019  66 

11 

2p  (3p2,  3P) 

0.012  23 

0.01237 

12 

2p(3p2,  lD) 

0.01201 

0.01216 

13 

(2s3s,  'Si3p 

-0.057 19 

-0.05839 

14 

(2s  3s,  3S)3p 

0.02139 

0.02186 

Total  cncrg>  (full  MCSCF) 
E  =  —  24 . 595  97  hartrecs 


Full  Frozen 

MCSCF  iif 


15 

(2s3p ,  'p)3d 

-0.023  84 

-0.023  52 

16 

(2s 3p,  3  Pi  3d 

0.01378 

0.013  75 

17 

3s23p 

0.003 29 

0.003 99 

18 

3  p3 

0.003  56 

0.003  62 

19 

(3s2p,  !P)3d 

0.003  38 

0.002  93 

20 

(3s2p,  3P)3d 

0.00418 

0. 004  94 

21 

(3s3p,  >P)3d 

-0.005  84 

-  0. 005  76 

22 

(3s3p,  3 Pi  3d 

0.00144 

0.00132 

23 

3/)  (3d2,  *S) 

0.003  58 

0.003  56 

24 

3/>  (3d2,  3 Pi 

0.003  68 

0.003  62 

25 

3/. (3d2,  'Di 

0.003  25 

0. 003  20 

26 

(2 p2,  'Si3p 

0.01848 

0.018  50 

27 

(2 p2,  3Pi3p 

0.045  47 

0. 044  38 

28 

(2 p2,  lDi3p 

0.035  93 

0.035  39 

Total  energy  (frozen  HF  orbitals) 
£  =  -  24. 595  35  hartrees 


for  an  SOC  wave  function  can  be  selected  in  a  vari¬ 
ety  of  ways,  depending  on  which  properties  of  the 
system  the  interest  is  centered.  This  tailoring  of 
the  wave  function  is  well  known  and  has  been  used 
by  Bagus  and  Moser, 12  Weiss, 13  Schaefer,  Klemm, 
and  Harris, 14  Das  and  Wahl, 13  and  others.  In  each 
instance  listed,  the  wave -function  configuration  set 
was  chosen  with  a  different  purpose  in  mind.  Bagus 
and  Moser  wanted  to  represent  accurately  the  ener¬ 
gy  level  spacings,  Schaefer,  Klemm,  and  Harris 
the  “core  polarization, "  Das  and  Wahl  molecular 
dissociation,  aud  so  on. 

In  this  work,  the  interest  was  in  the  optical  prop¬ 
erties  and  the  configuration  set  was  chosen  ac¬ 
cordingly,  i.  e.,  the  SOC  wave  function  is  composed  • 
only  of  configurations  which  result  from  the  re¬ 
placement  of  the  2s,  3s,  and  2 p  orbitals,  the  va¬ 
lence  orbitals.  The  core  is  represented  by  the 
doubly  occupied  HF-like  Is  orbital,  which  is  al¬ 
lowed  to  adjust  under  the  Influence  of  the  correla¬ 
tion  configurations.  Since  no  configurations  in 
which  a  core  spin  orbital  was  replaced  were  al¬ 
lowed  to  participate,  the  core  correlation  and  the 
core -valence  correlation  are  not  represented  ac¬ 
curately.  But  since  the  core  electrons  are  ener¬ 
getically  and  spatially  well  separated  from  the  va¬ 
lence  electrons,  the  correlation  error  thus  intro¬ 


duced  is  nearly  constant  for  all  the  states  con¬ 
sidered.  This  is  borne  out  by  the  fact  that  the  core 
orbital,  which  in  the  model  is  state  dependent,  is  in 
practice  nearly  the  same  for  all  states,  and  only 
slightly  changed  from  the  ground -state  HF  orbital. 

When,  in  the  absence  of  interelectron  interac¬ 
tions,  two  configurations  have  the  same  energy, 
they  are  said  to  be  hydrogenically  degenerate.  For 
example,  2sl2p  and  2 p3  or  2s23s  and  2/>23s  are  two 
such  pairs  of  configurations.  (The  configuration 
2s2pz  is  also  hydrogenically  degenerate  with  the 
first  pair  but  is  of  different  parity,  and  thus  ex¬ 
cluded  from  the  set.)  In  this  work  a  minimal  set 
of  configurations  is  adopted,  consisting  of  the  domi¬ 
nant  onfiguration  for  the  state,  and  the  hydrogen¬ 
ically  degenerate  configurations  obtained  by  re¬ 
placing  2 s2  by  2 p*  or  2pz  by  2s2  in  the  dominant  con¬ 
figuration.  The  orbitals  that  make  up  the  config¬ 
urations  of  the  minimal  set  are  called  dominant 
orbitals.  Thus,  in  the  second  of  the  above  ex¬ 
amples,  Is,  2s,  3s,  and  2 p  are  the  dominant  or¬ 
bitals.  All  other  orbitals,  which  are  introduced  to 
construct  additional  configurations,  are  called  cor¬ 
relation  orbitals.  Occasionally,  the  dominant  or¬ 
bitals  so  defined  cannot  all  be  used  for  a  particular 
state.  For  example,  for  the  ls22/>J,  V  state,  re¬ 
placement  of  2pz  by  2s2  cannot  yield  a  *S°  state,  and 


Correlation 

energy 


TABLE  III.  Valence-electron  correlation  energy  for  the  ground  state  of  Boron. 


This  work 

28  CSF’s 

Weiss  (Ref.  13) 
tis  3  configurations 

Weiss  (Ref.  13) 

35  CSF’s 

Schaefer  and 
Harris  (Itef.  19) 

Ncsbet 
(Ref.  4) 

0.067 

0.064 

0.068 

0.066 

0.071 
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FIG.  2.  Dominant  orbitals  2s  and  2p  and  the  correla¬ 
tion  orbitals  3s,  3 p,  and  3d  for  the  ground  state  of  boron. 


hence  the  2s  orbital  is  absent  from  the  dominant 
orbital  set. 

The  calculation  with  dominant  orbitals  only  serves 
as  a  starting  point  for  more  elaborate  calculations, 
in  which  one  correlation  orbital  is  introduced  in  each 
of  the  symmetries  s,  p,  and  d. 

For  the  CSF’s  the  obvious  notation  4>[1  sz(nln'l', 
S'L'W'l",  SLMsMl  I,  with  n  «  «  n"  and  l  «  l'  «  l", 

will  be  used,  indicating  the  coupling  explicitly. 

To  determine  the  orbitals  and  configuration-mix¬ 
ing  coefficients,  the  iterative  procedure  outlined  in 
Fig.  1  is  used.  This  procedure,  however,  does  not 
converge  unless  a  good  basis  set  is  chosen  and  a 
reasonable  initial  guess  is  made  for  the  orbital 
expansion  coefficients.  The  procedure  used  in  this 
work,  which  provides  good  initial  basis -function 
and  orbital  sets,  and  a  method  for  augmenting  these 
sets,  will  now  be  described. 

For  each  state,  the  starting  point  for  the  MCSCF 
calculation  was  a  single  configuration  SCF  calcula¬ 
tion.  Guided  by  earlier  experience  a  basis  set  ap¬ 
propriate  for  the  expansion  of  the  SCF  orbitals  was 
selected, 1C  and  SCF  calculation  performed,  and  all 
exponents  optimized.  For  the  2sz2p,  ZP°  and  2sz3s, 

2S  states,  the  hydrogenically  degenerate  configura¬ 
tions  2 p3,  ZP  and  2pz3s,  ZS,  respectively,  were  added, 
thus  creating  minimal  configuration  sets  for  these 
states.  An  MCSCF  calculation  was  then  performed 


TABLE  IV.  Calculated  and  observed  term  energies  for 
boron. 


Term 

HF 

MCSCF 

Observed 

2sz2p,  2P° 

0 

0 

0 

2s2pz,  ZP 

0.3502 

0.3390 

0.3305 

2s2pz,  2D 

0.2172 

0.2271 

0.2180 

2s2pz,  *P 

0.0784 

0.1288 

0. 1313 

2s23s,  2S 

2 p3,  *S° 

0.1770 

0.1767 

0.1824 

0.4010 

0.4424 

0.4421 

and  all  exponents  reoptimized.  During  this  re¬ 
optimization  the  exponents  determined  in  the  SCF 
calculation  changed  only  slightly. 

For  one  symmetry  at  the  time,  a  correlation  or¬ 
bital  was  determined  by  performing  the  following 
three  steps. 

(1)  The  starting  basis -function  set  was  augmented 
by  adding  one  basis  function  (two  in  case  of  d  sym¬ 
metry),  and  a  new  orbital  generated  by  orthonor- 
malizing  to  all  previous  orbitals  of  the  same  sym¬ 
metry. 

(2)  All  possible  configurations,  resulting  from 
the  replacement  of  any  of  the  valence  orbitals  by 
the  new  (correlation)  orbital,  were  generated,  and 
added  to  the  set. 

(3)  The  MCSCF  calculations  were  performed  and 
the  exponent(s)  of  the  added  function(s)  optimized. 

The  exponents  determined  from  the  minimal -con¬ 
figuration -set  calculation  were  not  further  reop¬ 
timized,  since  this  would  have  yielded  only  a  small 
improvement. 

Since  all  CSF’s  resulting  from  the  replacement 
of  the  valence  orbitals  were  used  in  the  wave  func¬ 
tion,  the  valence  and  the  correlation  orbitals  are 
determined  only  up  to  a  unitary  transformation. 
Hence  these  orbitals  are  not  unique,  and  can  there¬ 
fore  be  chosen  so  as  to  satisfy  some  arbitrary  con¬ 
straints.  A  particularly  convenient  choice,  used 
in  this  work,  consists  of  requiring  that  certain 
CSF’s  are  absent  from  the  wave  function.  As  an 
example  consider  the  function 

<f>=  C14>(ls2)  +  Ca4>(ls2s,  lS)+  C3$(2sz)  ,  (30) 

which  is  composed  of  a  complete  set  of  CSF’s  that 


TABLE  V.  Oscillator  strengths. 


Hartree-Fock 

This  work 

Weiss  (Ref.  13) 

Transtltlon 

length 

voloclty 

length 

velocity 

length 

velocity 

Experiment 

2sz2/>,  2P-2s2p2,  2D 

0.339 

0.336 

0.115 

0.157 

0.067 

0.084 

0.059,*  0.048b 

2s22p,  2P-2s2p2,  2P 

1.003 

0.389 

0.640 

0.685 

2s22p,  2P- 2s23s,  2S 

0.052 

0.063 

0.062 

0.068 

0.067 

0.074 

0.055* 

2s2p2,  *P-2p\  *S 

0.266 

0.146 

0.214 

0.216 

0.213 

0.225 

*L.  Bergstom,  J. 

Bromunder,  R.  Buchtar, 

L.  Lundln, 

and  J.  Martinson, 

Phys.  Letters  28A.  721  (1969). 

bG.  M.  Lawrenee  and  B.  D.  Savage,  Phys.  Rev.  141,  67  (1966). 
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TABLE  VI.  Basis-function  parameters  and  orbital  ex¬ 
pansion  coefficients  from  the  17  CSF  representation  of  the 
2s2p2,  2P  state. 


s  symmetry 

M 

£ 

Is 

2s 

3s 

i 

7.2867 

0.161861 

0.000743 

-0.064  722 

i 

4.0160 

0.898495 

-0.280  462 

0.468  522 

o 

1.7455 

0.000  689 

0.856251 

-4.346  655 

2 

1.1292 

0.0014G1 

0.465031 

2.842027 

3 

4.8005 

-0.065  219 

-0.063  031 

0.385  078 

3 

2.5952 

0.001504 

-0.208  263 

1.138  674 

p  symmetry 

n 

£ 

2 P 

3 P 

2 

5.2000 

0.005515 

-0.050  443 

2 

2.0939 

0.  275  846 

0.603495 

2 

1.217G 

0.485  508 

-2.585190 

2 

0.7833 

0.337 093 

2.434  843 

3 

3.7000 

-0.033  589 

-0.198  903 

d 

symmetry 

n 

£ 

3  d 

3 

1.4031 

1.001259 

3 

2. 9400 

-0.002013 

can  be  generated  from  the  Is  and  2s  orbitals  for  a 
two-electron  system.  Under  the  transformation 

(ls)=  (Is') cosffl  +  (2s')sina  , 

(31) 

(2s)  =  -  (Is')  sin®  +  (2s')  cost*  , 

(32) 

where 

tan  o'  —  2C2/(C3  —  C\) , 

(33) 

the  wave  function  remains  invariant  and  can  be  ex¬ 
pressed  in  terms  of  the  primed  orbitals  as 

4*  =  Cj  4>(ls'2)  +  C'z  $(2s'2)  .  (34) 


When  similar  transformations  are  applied  to  the 


TABLE  VII.  Configuration-mixing  coefficients  for  the  17 
CSF  representation  of  the  2s2p2,  2P  state. 


Configuration 

Coefficient 

Configuration 

Coefficient 

l 

2s  2 p2 

0.895  97 

10 

<2p3p,  *P)3d 

0.02552 

2 

<2 p\  zP)3d 

0. 10965 

11 

(2p3p,  zP)3d 

-0.01601 

3 

(2 p2,  lD)3d 

0.16714 

12 

(2p3p,  zD)3d 

0.013  28 

4 

2s3p2 

-0.074  20 

13 

3s3p2 

-0.000  47 

.1 

2s3d2 

0.03414 

14 

353d2 

0.00073 

6 

<2s2/>,  'P)3p 

0.026  98 

15 

(3 p\  xD)3d 

-0.017  24 

7 

<2s2 p,  zP)3p 

0. 377  32 

16 

(3 p\  zP)3d 

-0.00254 

8 

(3s2p,  'P)3p 

-0.039  28 

17 

3d3 

0.01299 

9 

(3s  2 p,  zP)3p 

-0.0G6  44 

Total  energy 

t: 

-  24.  25G99  hartrees 

TABLE  Vin.  Basis-funetion  parameters  and  orbital 
expansion  coefficients  from  the  2G  CSF  representation  of 
the  2s2 p2,  2D  state. 


s  symmetry 

n 

£ 

Is 

2s 

3s 

i 

7.2847 

0.165  862 

-0.011129 

-0.032391 

i 

3.9833 

0.900  422 

-0.24G  10G 

0.430  4G2 

2 

1.7463 

0.000003 

0.440  35G 

-3.505518 

2 

1.1813 

0.000117 

0.650595 

2.  853  607 

3 

4.7958 

-0.071705 

-0.031833 

0.238777 

3 

2. 9000 

0.000  833 

-0.005  983 

0.319  0G9 

p  symmetry 

n 

£ 

2 p 

3  p 

2 

5.2500 

0.005 16G 

0.043  988 

2 

2.0616 

0.303  718 

-0.916316 

2 

1.2332 

0.481791 

-1.084  907 

2 

0.8172 

0.309  941 

1.806129 

3 

3.7301 

-0.037  733 

0.305  807 

d 

symmetry 

n 

£ 

3d 

3 

1.2031 

0.948G02 

3 

2.1000 

0.0GG017 

ground-state  orbitals  of  boron  the  CSF’s  <I>[(2s3s, 
1S)2/>,  *P]  and  4>[2sz3/>,  ZP]  may  be  omitted  from  the 
wave  function.  This  leads  to  a  unique  set  of  or¬ 
bitals  which  minimizes  the  energy.  Aside  from  the 
advantage  of  a  slightly  shorter  representation,  this 
uniqueness  is  also  important,  for  both  the  physical 
interpretability  of  the  orbitals  and  for  the  conver¬ 
gence  of  the  MCSCF  procedure.  Namely,  if  such 
uniqueness  were  not  guaranteed,  the  iterative  pro¬ 
cedure  could  go  from  one  set  of  equivalent  orbitals 
to  my  ot’i  >r,  and  thus  apparently  fail  to  converge 


TABLE  IX.  Configuration-mixing  coefficients  for  the  2G 
CSF  representation  of  the  2s2p2,  2D  state. 


Configuration 

Coefficient 

Configuration 

Coefficient 

1 

2s2/)2 

0.943  89 

14 

(2s2p,  zP)3p 

0. 1GG  GO 

2 

2s3p2 

-0.07305 

15 

(3s2p,  'P)3p 

0.007  34 

3 

2s3d2 

0.04590 

1G 

(3s2p,  3P)3p 

-O.0G015 

4 

3s2p2 

-0.00295 

17 

<2p3p,  zS)3d 

0.008G4 

5 

3s3p} 

-0.00203 

18 

<2p3p,  1 P)3d 

-0.00741 

6 

3s3d2 

-0.00184 

19 

(2p3p,  zP)3d 

-0.007  77 

7 

(2 p2,  'S)3d 

0.04203 

20 

(2p3p,  'D)3d 

-0.001  22 

8 

(2 p2,  }P)3d 

0.13971 

21 

(2p3p,  zD)3d 

0.0124G 

9 

(2 />*,  *£>)3d 

-0.01004 

22 

(3d3,  \D) 

-0.007  5G 

10 

(3 p2,  'S)3d 

0.002G6 

23 

(3d3,  ]D) 

-0.00770 

11 

(3 p2,  zP)3d 

-0.007  03 

24 

(2s3s,  JS)3d 

0.00219 

12 

(3 p2,  'D)3d 

0.00226 

25 

2sJ3d 

0.21944 

13 

(2s2p,  lP)3p 

-0.006G1 

2G 

3s23d 

-0.00896 

Totai  energy 

E  = 

-24.368  81  hartrees 
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TABLE  X.  Basis-function  parameters  and  orbital 
expansion  coefficients  from  the  12  CSF  >  epresentatlon  of 
the  2s2p2,  4P  state. 


s  symmetry 

n 

£ 

Is 

2s 

3s 

i 

7.2841 

0.173 652 

-0.007  574 

0.072  826 

i 

3.9166 

0.904  061 

-0.200056 

0.270  875 

2 

1.7366 

0.000  029 

0.235152 

-0.100  672 

2 

1.2299 

-0.001016 

1.024672 

2.065  985 

3 

4.7836 

-0.084  853 

-0.042569 

-0.208130 

3 

2.4354 

-0.000  208 

-0.210658 

-2.178  339 

p  symmetry 

n 

£ 

2p 

3 P 

2 

5.2000 

0.004438 

0.076  258 

2 

2.0694 

0.335447 

-1.648  509 

2 

1.  2285 

0.539474 

-0.197  028 

2 

0.8815 

0.216  220 

1.425210 

3 

3.5294 

-0.045  283 

0.434 101 

d 

symmetry 

n 

£ 

3d 

3 

1.5154 

0.988  588 

3 

2.  8000 

0.015709 

under  the  test  used. 11 

In  order  to  test  the  effect  of  the  correlation  con¬ 
figurations  on  the  HF  orbitals,  a  variant  of  the  full 
MCSCF  method  was  employed.  In  this  procedure 
the  HF  orbitals  were  taken  over  from  a  HF  calcula¬ 
tion  and  “frozen,"  i.  e.,  not  allowed  to  readjust, 
while  the  correlation  orbitals  were  determined  by 
the  MCSCF  method. 

A  detailed  discussion  will  now  be  presented  for 
the  ground -state  calculation  only. 

The  Slater -type  basis -function  set  consists  of  6 


TABLE  XI.  Conflguration-mlxingcoefflcients  for  tho  12 


CSF  representation  of  the  2s2p2,  *P  state. 


Configuration 

Coefficient 

1 

2s  2p2 

0.974  88 

2 

3s2/>2 

-0.132  25 

3 

(2 p2,  3P)3d 

0.064  44 

4 

2s3p2 

-0.043  89 

5 

(3 p2,  3P)3d 

-0.003  21 

6 

2s3d2 

0.054  97 

7 

3s3d2 

-0.007  71 

8 

(2s2p,  3P)3p 

0.136 82 

9 

(3s  2p,  sP)3p 

-0.063  40 

10 

(2p3p,  sP)3d 

0.00173 

11 

{2p3p,  3D)3d 

0.013  50 

12 

3d 3 

-0.002  87 

Total  energy 

£  =  -24.467  14  hartrees 

TABLE  XII.  Basis-function  parameters  and  orbital  ex¬ 
pansion  coefficients  from  the  24  CSF  representation  of 
the  2ss3s,  2S  state. 


s  symmetry 


n 

t 

Is 

2s 

3s 

4. V 

1 

7.3516 

0.160329 

-0.008  106 

0.002939 

0.040332 

1 

3.9890 

0.911963 

-0.259  869 

0.007  708 

-0.541  830 

2 

1.7422 

-0.005  854 

0.490  139 

-0.  100108 

4.737  585 

2 

1.3486 

-0.009731 

0.599 086 

-0.225009 

-4.590  339 

3 

4.7799 

-0.074183 

-0.045  791 

0.018400 

-0.070  095 

3 

0.5430 

0.000145 

0.008  827 

1.047  700 

0. 539  007 

p  symmetry 

n 

£ 

2 P 

3/> 

2 

5.3000 

-0.052709 

-0.008  223 

2 

2.0672 

0.892418 

-0.031  608 

2 

1 . 2200 

-0.401  842 

-  1.903  876 

2 

0.7381 

0.980  819 

1.823  751 

3 

3.5293 

-0.348  264 

0.044  579 

d  symmetry 

n 

f 

3d 

3 

1.7000 

1.142786 

3 

2. 8000 

-0.184  575 

s-type,  5  p-type,  and  2  </-type  functions.  This  set 
is  based  on  the  Bagus-Gilbert  5-s,  4-p  set, 16  and 
augmented  through  the  procedure  already  described. 
Table  I  contains  the  basis-set  parameters  and  the 
expansion  coefficients  for  all  the  ground-state  or¬ 
bitals  for  both  the  full  MCSCF  and  the  frozen  HF 
orbitals  calculations. 

The  MCSCF  wave  function  consists  of  28  CSF^ 
(equivalent  to  30  without  constraints;  see  above) 
arising  from  16  configurations.  Table  H  shows  the 
CSF’s  the  configuration -mixing  coefficients,  and 
the  total  energy  obtained  for  the  full  MCSCF  and 
for  the  frozen  HF  orbitals  wave  functions.  As  can 
be  seen  from  the  size  of  the  configu  ration -mixing 
coefficients,  the  most  important  correlation  con- 


TABLE  XIII.  Configuration-mixing  coefficients  for  the  24 
CSF  representation  of  the  2s23s,  2S  state. 


Configuration 

Coefficient 

Configuration 

Coefficient 

1 

2s!3s 

0.95149 

13 

3s3 d7 

“0.017  17 

2 

2s2p7 

0.043  85 

14 

2p73d 

-O.OOG88 

3 

2s3s2 

0.003  32 

15 

3p73d 

0.005  90 

4 

3s  2p2 

0.  203  88 

1G 

4s2p7 

“0.002G7 

5 

2s3p2 

0.03138 

17 

4s3  p7 

-0.002  13 

G 

2s3d2 

0.0077G 

18 

2sJ4s 

-0.005  34 

7 

<2s2p, 

'P)  3/> 

0.10930 

19 

3s?4: 

-0.009  11 

8 

(2s2p, 

7P)3p 

—  0.035  8G 

20 

2s  4  s'2 

-0.007  54 

9 

(3s2/>. 

'P)3p 

0.08579 

21 

3.s4s2 

-0.022  07 

10 

<3s2/>, 

*P)3p 

-0.14882 

22 

(4s2/>.  'P)3p 

-0.000  7(> 

11 

(2p3p, 

7D)3d 

“0.01843 

23 

<4s2/»,  7P)3p 

-0.000  3(5 

12 

3s3p2 

0. 07  G  23 

24 

(2s 3. s',  ’il  ls 

0.013  2G 

Total  energy 
£  =  —  24.419  23  hartrees 
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figuration  is,  of  course,  the  hydrogenically  de¬ 
generate  configuration  2 />’.  The  next  configuration 
in  order  of  importance  is  the  2s2p3d 18  configura¬ 
tion,  containing  the  CSFs  4>[(2s2/>,  1P)3d,  2P|  and 
4>[(2s2/>,  iP)3d,  ZP].  A  calculation  using  these  con¬ 
figurations  (2 />’,  2s2p3d'  and  the  dominant  configura¬ 
tion  yields  78%  of  the  correlation  energy  from  all 
28  CSFs.  Table  HI  shows  the  valence-electron 
correlation  energy  calculated  by  various  authors 
and  compared  with  the  present  work.  Weiss, 13  in 
his  calculation  using  35  CoFs,  used  s,  p,  d,  and 
/  symmetry  orbitals,  Schaefer  and  Harris19  used 
only  s,  p,  and  d  symmetry  orbitals  but  had  18C  con¬ 
figurations  (tor  both  core  and  valence  correlation), 
and  Nesbet’s4  result  is  obtained  by  adding  the  cor¬ 
relation  energy  of  different  electron  pairs.  The 
present  work,  as  was  said  earlier,  used  s,  p,  and 
d  symmetry  orbitals  and  16  configurations.  In  in¬ 
terpreting  these  results,  one  must  keep  in  mind 
that  the  correlation  energy  of  different  electron 
pairs  is  not  strictly  additive. 5 

Weiss’s  calculation  using  only  configurations 
with  (second  entry  in  Table  HI)  is  analogous 
to  the  present  calculation,  and  a  comparison  of 
the  respective  results  should  be  of  particular  interest. 
In  Weiss’  s  pseudonatural  orbital  SOC  method  only 
17  CSFs  contribute  to  the  lowering  of  the  energy 
(his  orbitals  are  determined  so  that  other  configura¬ 
tions  with  n  «  3  contribute  negligibly,  and  hence  are 
omitted).  In  this  particular  case  the  MCSCF  cal¬ 
culation  gave  3.  7%  more  of  the  correlation  energy. 

As  can  be  seen  from  Table  II,  the  difference  be- 


TABLE  XIV.  Basis-function  parameters  and  orbital 
expansion  coefficients  from  the  6  CSF  representation  of 
the  2/>3,  4S  state. 


s  symmetry 

n  t 

Is 

1  7.5061 

0.101 843 

1  4.3853 

0.  905  392 

2  2.1010 

0.006  260 

2  1.3873 

-0.000  511 

3  4.8390 

-0.000  800 

p  symmetry 

n  t 

2p 

3 P 

2  5.3214 

0.008  644 

0.101 737 

2  2.0795 

0.241  521 

-1.940  579 

2  1.1307 

0.  582  400 

0. 269  296 

2  0.7913 

0.246 040 

0.984 896 

3  3.5000 

-0.014112 

0.  595  383 

d  symmetry 

n  C 

3d 

3  1.3000 

0.  986  369 

3  2. 8000 

0.018941 

TABLE  XV.  Configuration-mixing  coefficients  for  the  G 
CSF  representation  of  the  2 p3,  4S  state. 


Configuration 

Coefficient 

1 

2 p3 

0.990  76 

2 

2p2di 

0.096  29 

3 

2p3p‘l 

-0.09471 

4 

3/>3 

-0.001  17 

5 

3/>3d2 

-0.000  35 

6 

2p*3p 

0.01227 

Total  energy 

£  =  -24.15354 

hartrees 

tween  the  energy  obtained  in  the  full  MCSCF  cal¬ 
culation  and  the  frozen  HF  orbitals  calculation  is 
extremely  small  (0.  Q0Q24W).  This,  along  with  the 
fact  that  the  overlap  integrals  between  the  HF  and 
the  corresponding  MCSCF  orbitals  are  at  least 
0.  999,  suggests  that  in  many  MCSCF  calculations 
one  can  take  over  the  HF  orbitals  unchanged,  and 
determine  the  correlation  orbitals  only. 

Figure  2  shows  the  dominant  orbitals  2s  and  2 p 
and  the  correlation  orbitals  3s,  3 p,  and  3d.  As 
expected,  the  correlation  orbitals  are  roughly  in 
the  same  region  of  space  as  the  dominant  orbitals, 
and  do  not  resemble  the  hydrogenic  orbitals,  or 
even  the  so-called  virtual  SCF  orbitals.20 

Table  IV  shows  the  HF,  MCSCF  and  observed 
term  energies  for  boron. 

Table  V  Shows  the  computed/ values  and  the 
comparison  with  HF,  Weiss’s,  and  experimental 
values,  where  available.  As  can  be  seen,  the 
greatest  discrepancy  occurs  in  the  /value  for  the 
transition  2s2pz,  ZD- 2sz2p,  ZP.  Here,  there  is  also 
the  largest  departure  from  the  HF  value.  Since  the 
configurations  involving  d-symmetry  correlation 
orbitals,  mixed  into  the  wave  function  of  the  2s2pz, 

ZD  state,  serve  to  lower  the  oscillator  strength  value 
for  the  above  transition, 13  and  since  the  present 
work  has  only  one  correlation  orbital  of  d  sym¬ 
metry,  the  oscillator  strength  computed  here  is 
therefore  too  high. 

All  other  /values  agree  closely  with  those  com¬ 
puted  by  Weiss. 

Tables  VI-XV  show  the  energies,  basis  sets,  and 
CSF’s  for  all  other  states  calculated. 
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The  Pauli  approximation  for  many-electron  atoms  Is  derived.  This  yields  an  unambiguous 
expression  for  the  fine-structure  splitting  and  other  first-order  reiatlvlstlc  corrections  to  the 
energy,  using  nonrelatlvlstlc  wave  functions.  A  formalism  Is  developed  for  atoms,  based  on 
these  results,  which  Is  suitable  for  the  evaluation  of  the  fine  stru  ture  using  multlconflguratlon 
wave  functions.  Fine-structure  splittings  calculated  from  Hartree  Took  wave  functions  are 
presented  for  the  ground  states  from  He  through  Ar;  the  remaining  energy  corrections  are 
also  presented.  Multlconflguratlon  results  are  presented  for  the  lowest  }D  and  SP  states  of  N, 
accounting  for  about  80%  of  the  discrepancy  between  Ilartree-Fock  values  and  experimental 
values. 


I  INTRODUCTION 

The  Pauli  approximation  is  the  basis  for  most 
attempts  to  deal  with  relativistic  effects  in  many- 
electron  systems.  In  this  approach,  expressions 
are  derived,  with  respect  to  the  appropriate  non- 
reiativlstic  wave  function,  which  give  the  first- 
order  corrections  to  the  energy.  Such  expressions 
were  found  by  Breit1  for  a  two-electron  system  and 
appear,  with  a  few  modifications,2-4  In  their  most 
familiar  form  as  the  terms  //,  through  //5  given  by 
Bethe  and  Slapeter.5  These  terms  give  the  fine 
structure  and  Include,  among  others,  spin-orbit, 
spin-spin,  and  spin-other-orbit  couplings.  They 
do  not  account  for  hypcrfine  structure  or  the  effects 
of  nuclear  motion,  ‘rhe  primary  reason  for  the 
popularity  of  the  Paul,  approximation  lies  in  Its 
ease  of  application  In  comparison  to  more  fully 
relativistic  treatments:  Only  the  nonrelativistic 
wave  function  need  be  dealt  with,  rather  than  the 
more  complicated  relativistic  wave  function. 

In  this  paper  we  apply  the  Pauli  approximation 
to  the  case  of  atoms.  The  formalism  we  develop 
here  is  of  sufficient  generality  to  apply  to  wave 
functions  which  are  mixtures  of  configurations. 

We  present  expressions  for  all  of  the  terms  which 
contribute  to  the  first-order  relativistic  correction 
to  the  energy. 

We  begin  with  a  derivation  of  the  Pauli  approxi¬ 
mation  in  Sec.  II.  The  relativistic  formalism  from 
which  we  start  is  not  entirely  satisfactory:  The 
terms  for  the  electron-electron  interactions  are 
not  Loreniz  invariant,  and  higher-order  quantum 
electrodynamical  effects,  such  as  those  giving 
rise  to  the  Lamb  shift,  are  not  included.  It  does, 
however,  contain  all  the  first-order  relativistic 
effects,  and  therefore,  suffices  for  a  derivation  of 
the  Pauli  approximation.  Since  our  relativistic 
formalism  treats  an  arbitrary  lumber  of  electrons 
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N,  we  obtain  the  Pauli  approximation  expiicitly 
generalized  to  an  ^/-electron  system. 

Along  with  such  generality,  our  goal  is  derivation 
of  the  Pauli  approximation  characterized  by  suf¬ 
ficient  rigor  and  attention  to  detail.  In  contrast  to 
previous  treatments, 1,8-10  we  do  not  attempt  to 
present  the  first-order  relativistic  correction  to 
the  energy  in  terms  of  an  "equivalent  Hamiitonian.  ” 
Consequently,  we  obtain  an  expression  which  is 
entirely  unambiguous  and  simple  to  evaluate. 

In  Sec.  Ill  the  orbital  Integrals  arising  from  the 
first-order  relativistic  energy  corrections  in  atoms 
are  presented.  We  outline  the  construction  of 
muiticonfiguration  wave  functions  In  Sec.  IV  and 
reduce  the  single-configuration  matrix  elements  to 
simpler  forms  on  the  basis  of  their  assumed  sym¬ 
metry  properties.  With  these  results  in  hand,  we 
give  expressions  in  terms  of  orbital  radial  integrals 
in  Sec.  V. 

Numerical  results,  obtained  by  application  of  our 
formalism,  are  given  in  Sec.  VI.  These  include 
results  from  Hartree- r^ck  wave  functions  for  the 
ground  states  of  He  through  Ar.  We  also  give 
multiconfiguration  calculations  for  the  lowest  ni¬ 
trogen  ZD  and  2P  states.  These  calculations  yield 
substantial  improvement  in  the  computed  fine- 
structure  splittings  in  comparison  to  the  Hartree- 
Fock  results. 

II.  DERIVATION  OF  THE  PAULI  APPROXIMATION 

The  many-electron  Dirac  Hamiltonian  D  for  an 
N-electron  system  is,  in  atomic  units, 

\/rH  ,  (1) 

p  p  <i*p 

where  the  summations  are  from  1  to  N,  rH  is  the 
distance  between  thepth  and  <?th  electrons,  and  h„ 
is  the  Dirac  Hamiltonian  of  the  /?th  electron: 

hp  =  c20p  +  cap- Pp  +  Vp  .  (2) 

2014 


172 


5 


PAULI  APPROXIMATION  IN  M  A  N  Y  -  E  LE  C  TRO  N  ATOMS 


2015 


In  Eq.  (2)  p  is  the  momentum  operator,  V  is  the 
potential  due  to  the  nuclear  and  external  fields,  c 
is  the  speed  of  light,  and  a  and  /3  are  the  Dirac 
matrices  in  conventional  representation,  namely 

“=(s  o)  ’  t-io  -/)  •  (3) 

where  a  has  as  its  components  the  2x2  Pauli  ma¬ 
trices  and  I  is  the  2x2  unit  matrix. 

The  Dreit  operator  ffl  for  an  N-eiectron  system 
is 

<b  =  £££&„,  (4) 

p  t*p 

where 

l>p,=  -  ilap  at'rPQ  +  (Zp-r  J&'-t'J/rl,]  ,  (5) 

and  the  summations  are  again  from  i  to  N\  we  use 
rpt  for  the  quantity  (?,-?,).  Roughly  speaking, 
bpil  is  the  correction  to  the  interaction  term  i /rpt 
due  to  first-order  magnetic  and  retardation  ef¬ 
fects.  1,11 

The  relativistic  one-electron  orbitais  8t  are 
four -component  Dirac  spinors  which  we  take  to 
form  an  orthonormal  set: 


<e,|fl/)=6(y  .  (6) 

Note  that  the  left-hand  side  of  Eq.  (6)  Involves  a 
summation  over  four  terms  us  well  as  integration 
over  the  space  coordinates.  It  is  also  useful  to 
write 

where  ip,  and  are  two-component  Pauli  spinors: 
<p,  Is  the  large  component  of  0,,  and  x,  is  the 
small  component . 

From  the  set  of  orbitals  8,  we  construct  Slater 
determinants  ®7: 


e,w}=(N)"/2 


0(1U)  e,2(i)...e)w(i) 

8,x( 2)  8Iz(2)...8,n(2) 

efl(N)  P,Z(N). . .  8tll(N) 


we  assume  that  0  is  normalized  to  unity,  nameiy 

(®|e)  =  i  .  (12) 

The  many-electron  generalization  of  the  Breit 
equation  is 

CD  +  ffi)©=£0  ,  (13) 

where  £  is  the  totai  energy  of  the  JV-eiectron  sys¬ 
tem.  In  view  of  Eq.  (12),  we  have 

£  =  (®  |  D+  <b|  0)  ,  (14) 

The  Breit  equation  yields  unsatisfactory  resuits,2 
a  difficulty  often  circumvented  by  determining  0 
from  the  equation 

D0=£o0  ,  (15) 

Instead  of  from  the  generalized  Breit  equation. 

Other  modifications  to  the  Breit  equation  have  been 
proposed  by  Brown  andRavcnhaii12and  by  Salpeter  13 
Here  we  shali  proceed  from  the  generalized  Breit 
equation,  pointing  out  the  objectionable  terms  when 
we  encounter  them,  Then  the  motivation  for  the 
proposal  that  Eq.  (15)  be  used  to  determine  0, 
Instead  of  the  generalized  Breit  equation,  wiii  be 
clear. 

It  is  convenient  to  decompose  the  Dirac  Hamil¬ 
tonian  in  terms  of  powers  of  c,  namely 

D  =  c23U  +  c<P  +  U  ,  (16) 

where  [see  Eqs.  (1),  (2)] 

3,1  =L  0,  ,  &  =E  ap-pp  , 

'  _  ’  (17) 

u=£  -  i frH  ■ 

p  p  ppp 

We  Introduce  orbitals  u>,  which  satisfy  the  equation 

0W(=w(u), ,  m(=±  1  .  (18) 

In  case  »tt  =  1,  u>,  contains  only  a  large  component 
(the  small  component  Is  zero),  and  in  case  mt  =  -  1, 
up,  contains  only  a  small  component.  Correspond¬ 
ingly,  we  Introduce  the  Slater  determinant  D,  v/here 

0  =  {wj  Wj. . .  WjJ  .  (19) 


(8) 

The  index  I  indicates  an  ordered  set  of  indices 

*li  *2>  •  •  •  > 

J  =  («i, »2 * i < *2 <  •••<«'„  .  (9) 

The  ordering  of  the  indices  t8,  . . . ,  iN  avoids 
redundancies  in  the  set  of  Slater  determinants  0,. 

It  follows  that 

<0/l®,>  =  6/,  •  (10) 

In  general,  we  adopt  a  multiconfiguration  wave 
function  ©  of  the  form 

0=£C,0,  ;  (11) 


Then  we  have 

Dltn  =  Mn  ,  (20) 

where 

M  =  T,m,=2k-N,  0 <k<N.  (2i) 

i 

In  Eq.  (21),  k  Is  the  number  of  orbitals  with  positive 
>n, ,  i.e. ,  with  large  components  only.  We  shali 
call  M  the  rest  mass  of  fl.  There  are  an  infinite 
number  of  O’s  with  the  same  rest  mass,  since  Eq. 
(20)  determines  nothing  of  the  space  and  spin  be¬ 
havior  of  0.  In  general,  a  wave  function  with  rest 
mass  M  is  a  linear  combination  of  R’s  with  rest 
mass  M. 
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We  note  that 

N,U]  =  0  ,  (22) 

where  the  brackets  indicate  a  commutator.  Hence 
if  R  has  rest  mass  M,  so  does  "UR.  To  deal  with 
V  and  ®,  we  introduce  the  matrices  a*  and  a', 
where 


h:  d  ■  hi  i)  • 

(23) 

We  have  the  relations 

a '  =  a*  +  cT" 

(24) 

[(3,3*]  =  x2a1  . 

(25) 

In  view  of  Eq.  (24),  we  may  write 

®  ®*  +  ®‘  , 

(26) 

®  ®*+®°+®'  , 

(27) 

where 

«"  =  £  . 
p 

(28) 

®*=|£  Lb*p,  , 

(29) 

P  a*p 

®°=-i£  sc  , 

(30) 

p  t*p 


with 

hU  =  -  2  [  •  a;  /rp,  +  (cT*  •  rPa)G\  •  rM  )/rp„]  , 

OD 

ftw="5  {(a*p-a;  +  a;-al)/rp. 


+  [(op  •  ?p,  )(a'Q  •  rM)  +  (a'p  •  r pJ(ap 

From  Eq.  (25)  these  relations  follow: 

(32) 

[‘Jit,  ®*]  =  ±2®‘  , 

(33) 

[3H,ffi*]^i4®‘  , 

(34) 

[31t,®°]  =  0  . 

(35) 

Hence,  if  R  .  as  rest  mass  M,  so  does  ®°R,  while 
®‘R  has  rest  mass  M± 2,  andffi*Rhas  rest  mass 
JU  ±4. 

These  relations  suggests  a  partition  of  ©  into 
N+l  component  eigenfunctions  of  311,  each  with  a 
different  rest  mass,  while  the  decomposition  of 
D,  as  given  by  Eq.  (16),  suggests  a  perturbation 
expansion  in  c'1  for  these  components.  We  expect 
the  part  of  ©  of  order  c°  to  be  an  eigenfunction  of 
311  with  rest  mass  M.  We  anticipate  that  the  parts 
of  ©  of  order  c*‘  wili  have  rest  masses  M±2,  since 
(P*  and  a>'  occur  in  D  multiplied  by  one  power  of 
c  less  than  that  multiplying  311 .  Similarly,  the 
parts  of  0  of  order  c'2  wili  have  rest  masses  M  and 
A/±4,  etc.  Accordingly,  we  write 

(AT-tf)/2  » 

0=  I  £  c'lml'2"©m„  ,  (36) 

2  n- 0 


where 

®0«i =  W  +  2»i  )©mB  .  (37) 

We  also  expand  E  in  powers  of  c'2: 

E  =  czt  c ~2n E„  .  (38) 

n»0 

We  substitute  Eqs.  (36)  and  (38)  for  0  and  E, 
respectively,  in  the  generalized  Breit  equation, 
Eq.  (13),  and  appiy  Eq.  (37).  N+l  equations  re¬ 
sult:  one  for  each  eigenvalue  of  OH,  each  equation 
containing  only  functions  of  one  particular  rest 
mass.  We  equate  powers  of  c'1  in  these  resuits. 


From  the  equation  of  order  c2,  we  find 

(A/-£O)0OO  =  0  ,  (39) 

while  the  equations  of  order  c  give 

(M-E0±  2)0.,,o+®‘0oo  =  O  ,  (40) 

and  the  equations  of  order  unity  yield 

(A/  —  Eq  ±4 )0*2,o  +  +  ®a©oo  - 0  ,  (41) 

(Af  -  E0  )0O1  +  ®*©_li0  +  O’ '01O  +  (T  +  m°  -£,)©„„  =  0. 

(42) 

From  these  equations  foilow 

A/=£0,  (43) 

0»i,o-  T  |P*0oo  >  (44) 

0.2.0  =  s(02®oo*i«‘©oo  ,  (45) 

(T  +  T  +  ®O)©OO  =  £,0OO  ,  (46) 

where 

7-=M«,,,®']=l£/3,p/  .  (47) 

p 

It  is  convenient  to  in  roduce  ©J,,  defined  in  terms 
of  ©oo  and  0O,  by  the  equation 

0oi  =  -i(a,,<5,'+<P'O,*)0oo+0o'i  •  (48) 

We  substitute  Eq.  (36)  for  0  in  the  normalization 
condition,  Eq,  (12),  and  equate  powers  of  c'1.  The 
equation  of  order  c°  is 

<®ooKo>  =  l  i  (49) 

while  the  equation  of  order  c'2  becomes,  after  the 
substitution  of  Eqs.  (44)  and  (48)  for  0,1>o  and  W01, 

(©o, | ®oo) +(®oo|®oi)  =  0  •  (50) 

The  substitution  of  Eqs.  (44),  (45),  and  (48)  for 


©»i,o>  0*2,o.  and  ®oi  in  Ecl-  (36)  yields  a  compact 
approximate  expression  for  ©  ,  nameiy 

©  =  [l  +  c'‘X  + 1  c'23C2  +  i  c*2(®'  -  ®*)  ]©00 

+  c'20^,  +  O(c'3)  ,  (51) 

where 

K=i(®'-®*M£,  ap-$p  .  (52) 


174 


5 


PAULI  APPROXIMATION  IN  M  AN  Y  -  E  LE  C  TRON  ATOMS 


2017 


We  may  evaluate  E  to  order  c"2  by  simply  using 
Eo.  (51)  to  substitute  for  ©  In  Eq.  (14)  and  enforc¬ 
ing  the  normalization  condition  given  by  Eq.  (12). 
We  compare  the  resulting  expression  for  E  with 
that  given  by  Eq.  (38)  to  find 

Ei=(®oo  T- + 1' +  tB°|  0M)  ,  (53) 

which  is  consistent  with  Eqs.  (46)  and  (49).  Pro¬ 
ceeding  with  the  evaluation  of  the  second-order 
energy,  we  find,  after  dropping  the  objectionable 
term  i  <«00 1 I  fc)00> , 14 

-<*■»«!  +<i3c20oo! re00> 

-<iac2©00|an -£0|  |x2(-.00>  +<0M|v  +  «|  lac2©,*) 
+(xw00 1 V  +  ffl|jc©00>  +<!x2yj-u  +  <b| (54 ) 

The  objectionable  term  does  not  arise  in  the 
evaluation  of  £2  if  Eq.  (45)  Is  replaced  by  the  equa¬ 
tion 

fc’a.o  -  a  (4>1)2y00  ,  (55) 

omitting  the  term  t  {  ffl‘o00  occurring  In  Eq.  (45). 
Cieariy,  Eq.  (55)  resuits  instead  of  Eq.  (45)  if  we 
start  from  Eq.  (15)  instead  of  the  generalized  Breit 
equation:  This  Is  the  motivation  for  the  proposal 
that  Eq.  (15)  be  used  to  determine©,  instead  of  the 
generalized  Breit  equation.  We  conclude  that  Eq. 
(55)  is  correct  and  abandon  Eq.  (45). 

Now  Eq.  (51)  is  replaced  by  the  equation 

0  =  ll+c-13C+Jc-23C2]©oo  +  c-20'1+O(c-3)  .  (56) 
This  equation  gives  the  wave  function  to  order  c"2 
in  terms  of  0M  and  ©„',;  it  Is  one  of  the  central  re¬ 
sults  of  our  treatment.  Even  without  an  evaluation 
of  ©oil  if  has  application  apart  from  the  evaluation 
of  the  energy  to  order  c"2.  For  instance,  If  one 
supposes  the  large  component  of  a  relativistic  or¬ 
bital  is  given  by  <pt,  it  follows  from  Eq.  (56)  t..at 
the  small  component  is  given,  to  order  c'z,  by 
'2c’'v -pip,. 

Since  our  treatment  assumes  reiativistic  effects 
are  smali,  we  may  identify  c2E0  as  the  rest-mass 
energy.  Observable  electrons  always  have  positive 
rest  mass,  hence,  the  rest  mass  of  an  N-electron 
system  shouid  be  N,  i.  e, , 

Eo  =  N  ■  (57) 

Combining  this  with  Eq.  (38),  we  give  for  the  en¬ 
ergy  to  order  c'2 

E  =  c  N  +  £,  +  c  2Ez  +  •  •  •  ,  (58) 

with  £,  given  by  Eq.  (53)  and  £2  given  by  Eq.  (54). 

©oo  anc*  ©oi  consist  only  of  Slater  determinants 
which  contain  orbitals  ai,  satisfying  Eq.  (18)  and, 
in  consequence  of  Eq.  (57),  only  the  possibility 
»>:  =  1  may  occur  for  these  orbitals.  Note  that  each 
term  in  W°  contains  an  operator  a,  which  gives  zero 
when  operating  on  an  orbital  o>,  with  w,  =  1,  Hence 


®°©oo  fs  zero,  and  the  Breit  operator  does  not  con¬ 
tribute  to  the  energy  £,.  Since  each  orbitai  o>,  has 
positive  m  1,  oniy  the  large  components  are  different 
from  zero.  A  wave  function  "h  can  be  derived  from 
©M  by  replacing  each  four-component  w,  in  ->00  by 
the  corresponding  large  component  «?,,  a  two-com¬ 
ponent  Pauii  spinor.  Then  Eqs.  (49),  (46),  and 
(53)  go  over  into  the  equations 


<*I*>=1  , 

(59) 

3C4’  =  Ej'k  , 

(60) 

£,  =  <*|3C|*>  , 

(61) 

respectively,  where 

3c=I  Up/  +  *»M£  £  1  />■„  , 

(62) 

P  p  Qtp 


with  the  summations  running  from  1  to  ;V.  1C  is 
plainly  the  nonreiativistic  Hamiltonian,  hence  * 
and  £,  must  be  the  nonreiativistic  wave  function 
and  nonreiativistic  energy,  respectively. 

Our  expression  for  Ez  in  terms  of  ©00  likewise 


goes  over  into  an  expression  in  terms  of  4'. 
find 

We 

+  (Z12'I' |  4< >  +(4'|Z)2'I')  +(’!'  j  F  +  C0  +  Cj  -t 

where 

(63) 

D\s-  s  £  1  <S p * pp  , 

p 

(64) 

A>=s£  £iS,a- p„  , 

P  Q*p 

(65) 

F=Zfp  , 

P 

(66) 

G0  -  2  ^  />o,  pq  > 

P  9*P 

(67) 

c,  =  i£  , 

p  **p 

(68) 

1  £  £  #2,p,  , 

p  i*p 

with 

(69) 

Sp^iPpVp  , 

(70) 

5p,  =  ippl/rp,  , 

(71) 

fp  =  i(£pXPp)-s„  , 

(72) 

Zo,p<  =-  ^K»Pp  P,+r;3rN-  (rp,  -pp)p,]  , 
Z\  ,pt  =  ?.  (<S p,  x  Pp)  •  Sp  4  1  (I ,p  x  p, )  •  s. 

(73) 

+  (<Sp,xpp)'5a  +  (<S,pXpa)  -Sp  , 

(74) 

Si, pi  =  Sp  •  s ,/r*  -  3(sp  •  Fp, )(s,  •  ?p,)/rp,  . 

(75) 

Here  we  have  used  Sp=£3p;  notice  that  St  and  &pq 
are  the  electric  fields  acting  on  the  />th  electron  due 
to  the  nuclear  charge  and  the  17th  electron,  respec- 

tively. 
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Although  we  have  integrated  by  parts  to  express 
£2  in  terms  of  the  Hermitian  operators  fp,  g0tPq, 
gilPq,  and  gitPq,  we  have  not  done  so  in  the  case  of 
the  integrals 

,  <Z)14'j'I'>  +(4'|  £),<')  , 

The  attempt  to  find  a  general  expression  for  the  in¬ 
tegral  (p/Vlp/*)  in  terms  of  the  expectation  value 
of  an  operator  is  unprofitable. 4  This  rules  out  the 
possibility  of  expressing  E2  as  the  expectation  value 
of  some  operator.  The  Integrals  given  in  Eq.  (63), 
however,  are  unambiguous  and  can  be  evaluated  in 
a  straightforward  manner. 

Integrals  involving  -  (§-n)sp-sq5w(rpq),  which 
occur  in  other  treatments,  have  here  been  elim¬ 
inated  in  favor  of  simpler  terms.  As  pointed  out 
by  de-Shalit  and  Talmi,15  the  integral  involving 

-  ( f-77)sp  ■sq6a)(rpq)  is  equal  to  the  integral  involv¬ 
ing  2jr6<3,(rM)  whenever  the  wave  function  is  anti¬ 
symmetric  with  respect  to  the  exchange  of  the  />th 
and  17th  electrons.  Accordingly  we  have  the  result 

-  i  £  £  l<(i'Sp,  •  Pp+lls,  sj  <F) 

p  q*p 

=  2«/),*|#>+<*|iJ1*)]  .  (76) 

This  relation  was  used  in  deriving  Eq.  (63). 

Classically,  the  quantity  -  ^(p/4  (Pp2*)  gives 
the  relativistic  shift  in  mass  of  the  pth  electron  due 
to  its  speed.  /  is  the  well-known  spin-orbit  cou¬ 
pling  term  due  to  the  nuclear  charge,  coupling  the 
electron  with  its  own  orbital  moment  with  respect 
to  the  nucleus.  The  first  two  terms  In  gx  are 
similar  terms,  with  the  nuclear  charge  replaced 
by  that  of  another  electron.  The  last  two  terms  in 
AT  couple  the  spin  of  one  electron  with  the  orbit  of 
another  electron.  g2  gives  the  spin-spin  coupling. 
The  quantities  <£>,'!' I  #>  +<4'|  O,*)  and  < |  * ) 

+  D^i')  have  no  obvious  classical  interpretation. 

It  is  worth  pointing  out  that  although  we  have 
derived  *  starting  from  the  relativistic  0,  the 
starting  point  of  calculations  using  the  Pauli  ap¬ 
proximation  will  be  4'.  From  this  point  of  view, 

X  rather  than  >17  is  the  zeroth-order  Hamiltonian, 
since  the  rest-mass  energy  is  simply  a  constant. 
Then  the  relativistic  effects  constitute  a  simple 
perturbation  on  3C  (although  this  perturbation  is  not 
given  by  a  Hamiltonian  operator),  yielding  c'zE2 
for  the  first-order  perturbation  correction  to  the 
energy. 

111.  ORBITAL  INTEGRALS  IN  TERMS  OF  RADIAL 
INTEGRALS  FOR  ATOMS 

We  shall  henceforth  assume  that  the  nonrelativ- 
istic  wave  function  >F  is  constructed  from  two- 


component  orbitals  <px  which  are  symmetry  or¬ 
bitals.  In  lieu  of  <pt  we  introduce  the  notation 
<Pa ora."  the  orbitals  are  defined  by 

<PikaJr,e,4>)  =  r'lPM(r)Y)ia(e,(P)ija  .  (77) 

Here  FXog(0,$)  Is  the  conventional  normalized 
spherical  harmonic,  and  i is  the  two-component 
spin  function  with  mt  =  a.  The  index  i  now  lands 
orbitals  not  distinguishable  by  symmetry.  We  also 
assume  that  the  orbitals  form  an  orthonormal  set; 
hence  we  may  write 

f~  drPkl(r)PkJ(r)  =  6(J  .  (78) 

Equation  (77)  allows  us  to  integrate  out  the  spin 
and  angular  dependence  in  the  orbital  integrals 
which  arise  In  the  evaluation  of  E2,  leaving  Inte¬ 
grals  only  over  radial  functions.  The  orbital  in¬ 
tegrals  which  arise  In  the  evaluation  of  the  non- 
relatlvlstic  energy  Ex  will  not  be  treated  here. 

The  radial  Integrals  which  emerge  from  the  one- 
electron  Integrals  are 

®uj  =  H  -  I‘  dr  [P"t(r)  -  X(X  +  1  )r'2Px, (r)] 
xlP';(r)-A(A  +  l)r-8Px/(r)] 

+  Z[rzPkl(r)Pk,(r))r.J<  ,  (79) 

tuj-U  S’  drr-3Pxl(r)PkJ(r)  .  (80) 

The  prime  Indicates  differentiation  with  respect 
to  r ■  tuj  Is  similar  to  the  usual  notation  for  the 
single-electron  spin-orbit  coupling  coefficient, 18 
but  it  should  be  noted  that  the  factor  c"2  is  not  in¬ 
cluded.  All  of  uur  expressions  will  be  presented 
without  this  factor.  We  express  the  two -electron 
Integrals  In  terms  of  the  radial  integrals  given  by 

=  dr  JJ  ( is(rs)''Uu(r,s ) 


x  Pkl(r)Pii](r)Ppk(s)Pal(s)  ,  (8M 

Pxi,uy,en,<ii,v  =  J0  dr  Jo  dsU„(r,s ) 

xKxi.,Aj-Jr)PM(s)Pol(s)  ,  (82) 

Qx,  ,  UJ  \V~  2  /0"  drfo‘dsWJr,s ) 

XKxuw(r)Kpt"X;i,(s)  ,  (83) 

Du,m.p»,rt  =  *  J~  dr r'2Pxt (r )PUJ (r)Ppk (r)Pal (r)  , 


where 

Uv(r,s) 

Wv(r,s) 


s  < 4 

"  ,  s  >  r 

=rs[Ul/ql(r,  a)/ (2i>  +3) 


(84) 

(85) 


-  Up.x(r,s)/(2v  -  1)]  ,  (86) 
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-*u put(r)  gr  [r'lpx,(r)]  , 

(87) 

with 

kx,utu=j[v(v  fl)  +  A(A  +  l)-p(p  +  l)J 

x  [v(v  +  1)]',/2; 

(88) 

it  should  be  notel  that  £*,*.„  =  0.  Under  Interchange 
of  shell  Indices,  ve  have  the  following  relations 
for  these  integrals: 

*\ij  *\jt  i 

(89) 

£»i/  =  £x a  , 

(90) 

Rxi,ujibk,al;u  =  RuJ,XI;pk,al;u  = 

.  01) 

,  uj  ;ek,al  ;v  =  ~  PuJ,XI  ;u  =  P  XI ,  uji  cl,  bh;u 

,  (92) 

Qbl,uJ  i»*,ol  iK  =  “  Quj ,XI  ;cx,cl;u  =  ~  Qxt.uJ  ;cl,bk 

\V  1 

(93) 

Qxi,  uj  lex,  cl  it/  ~  QeX,ol  ;M ,  uj  ;v  » 

Pxi,uJ,ek,cl  ”  P  u]  ,Xt  ,px,cl 

(94) 

~  PeX,  uj  ,XI  ,ol  ~  Pal  ,uj  ,ek,Xl 

(95) 

Note,  however,  that  there  is  in  general  no  relation 
between  Rkt,uj;i,kfal;u  and  nor  between 

Pxi,uj;i>x,ol;i>  and  PeX,oliXI,uJ\u  • 


J 


A.  One-Electron  Integrals 


For  atoms,  we  have 

Vp=-Z/Yp  , 

(96) 

hence,  recalling  Eq.  (70), 

Sp-Pp-.-iZrf  ■—  . 

(97) 

Then  we  easily  find 

8  t  “  (p^  Vlxao  !  P/>  *PjuBb)  ~  ((iS p  '  PpPuao  )  ‘Pjuiti) 

-(<Pnc.c\(iSp-ppipJuBb]l)} 

-  ^Xu^aB^cb^XiJ  ■  (98) 

For  the  integral  over  /,  we  find 

(W lXaa  \  f  \  W I uS  b)  ~  ^Xu(^a  I  -8  I  (ft  I  Sa  -a  |  a)  txij  , 

(99) 

where  the  only  nonvanishing  components  of  l  r  and 
st  are  given  by 

/„=/,,  lti  =  *(Zr''Hlt±il,)  , 

so  =  s*.  s,1  =  t(2)*‘/2(s,±/s>)  . 

Hence  the  angular  part  of  Eq.  (99)  Is  just  the  ex¬ 
pectation  value  of  1  -s. 

B.  Tw»-Elcclron  Integrals 

For  we  have,  from  the  results  of  Innes11  (or 
the  equivalent  results  of  Horle18), 


(Vi»no(l)V*,,,c(2)|tf2,l2|<pill01(l)</>,(,M(2))  =C(1,  1,  2;  b  -  a,d  -  c)(b  |S|,^  |n)  (rf|sd^|c) 

xSu  (  -  l)“[i  w(w+  1)(2uj  -  1  )(2oj  +  l)(2ut  +  3)] 1/2  [C(w  +  1,  w  ~  1, 2;  a  -  0,  P  +  b  +d  -  a  -  a  -c)(Aa  |  Cu„i0.B  |  p0) 
x(  Py !  Cu-i,B*b*d-a  -a-c  I  ^b)R^t  ,uj  ;px,ol ;u  +  C(u>  —  l,UJ  +  2,2j<X“  jp,  fi  +  b  +d  —  Of  —  fl  —  c)(Aat|  Cu.j,  a.g  |  P0) 


where  C(Api>;  a,  8)  is  the  Clebsch-Gordan  coef¬ 
ficient  in  Rose’s  notation, 19  and  CXa  is  the  unnor¬ 
malized  spherical  harmonic: 

Cxa(e,<t>)=[4ir/(2\  +  l)]l'zYXa(e,<t>)  .  (102) 

The  summation  over  uj  In  Eq.  (101)  may  be  taken 
to  run  over  all  positive  integers,  but  only  terms 
In  which  the  angular  Integrals  do  not  vanish  are 
different  from  zero.  Hence,  only  values  of  u>  for 
which  both  of  the  quantities  A  +  p  +w  and  p  +  o  +u> 
are  odd  integers  contribute  to  the  sum.  It  follows 
that  the  entire  integral  in  Eq.  (101)  vanishes  unless 
A  +  p+  p-taisan  even  integer ;  in  other  words ,  the 
matrix  elements  of  gz  are  diagonal  with  respect 
to  parity.  The  values  of  uj  for  which  Rxt, w.p», 
occurs  in  Eq.  (101)  are  further  restricted  by  the 
conditions 


x(py |C„ 

♦  l»fl  ♦6*d-a  -o  -c  |  O6)Rptf0|  .X|  .J  ,  (101) 


A  +  p>  ai+l>  |  A  -  pi |  , 

.  ,  (103) 

p  +a>  u>-  1  £  |  p  -  cr|  . 

The  values  of  ui  for  which  Rpx,cr,xi,uiiu  occurs  are 
restricted  by  conditions  similar  to  those  given  in 
Eq.  (103),  with  A  and  p  interchanged  and  p  and  o 
interchanged.  Note  that  the  range  of  ui  for  which 
Rbk,or,Xi,uj;u  may  occur  can  differ  from  the  range 
of  for  which  ;p*,0| ;u>  may  occur. 

We  write 

Afl,12  =  Kl,  12  +#1,2!  .  (104) 

where 

£i,12  =  ~  2*" 12(^2  Xp,)  •  (Sj  +  2s2)  .  (105) 

Then  the  results  of  Blume  and  Watson20  yield 
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(<*,l»oo(l)V,»prc(2)  |aTi,i2  |  =  2  (3)  xli{.bei{b  |  s0,r.4.6 1  a)  +  26a4(rf|  satr. 4.4 1  c) ) 

X  ( -  ir<  py I  C„ir.„ 1  a6)  {{2v  +  l)1/aC(^^l ; y  —  6,  a  -  0)<Aa|  C„,0.4|  U0)P„, 

-  L  (2i>  +  \)(2u)  +  l)x,tC(i>u,\;y-  b,a  -  0)(\a\Tvu<a^\np) 

U«V4 1 

i0*,oli“  -  6u,p-l^rt,olj»l,i*j;u))  •  (106) 


Here  we  have  introduced  the  operator  fwa,  which 
operates  on  the  angular  coordinates  8  and  <f>;  it  is 
given  by  the  equation 

Ka=Z>C(vlu>;a-ll,(»Cu,a.tlt  ,  (107) 

hence20 


=  6„  .„,,(-  ir*“J(2M  +  l)[(2w  +  1)M(M  +  1)/(2X  +  1)] 1/2 

xln  !  W[c(pi/X;OO)C(fiu>X;/3,a-0)  ,  (108) 

|  M  *  P ) 

where 


is  the  6  -j  symbol.21  Nonzero  terms  in  the  sum¬ 
mation  over  v  in  Eq.  (106)  occur  only  when  both 
X  f  p  i  v  and  p  +  a  +  u  are  even  Integers,  hence  the 


integral  for  glt  like  the  integral  for  g2,  vanishes 
unless  X  +  p  +p  +  a  is  an  even  integer.  The  range 
of  nonzero  terms  in  the  summation  over  v  in  Eq 
(106)  is  further  restricted  by  the  conditions 


X  +  M>y>|x  -  p|  , 
P  +a>v  >|p -o|  . 


(109) 


Note  that  the  nonvanishing  terms  in  Ru,ujip»,oi  -,u 
occur  only  for  values  of  u>  satisfying  Eq.  (103)  and 
that  a  similar  situation  holds  for  the  terms  in 

Pp»,al  iU,uj  |u- 

In  place  of  our  integral  P»(,  Blume  and 

Watson20  use  an  expression  which  contains  dive  -gent 
integrals  when  v  =  \+p  (unless  X  =  p).  The  inte¬ 
grals  diverge  because  Pxi(r)  and  PUJ(r)  are  propor¬ 
tional  to  rwi  and  r*1*1,  respectively,  in  the  neigh¬ 
borhood  of  r=0.  A  similar  situation  arises  in  the 
expressions  given  by  Beck.22  In  the  integral 
no  divergences  occur. 

The  general  expression  for  the  integral  of  gQ  is 


(V,|Aoa(l)<P*erc(2)!Aro1 12  |  )<Pia6d(2))  =  ”  Gabbed  &  [(Xa  |  C„ia.4|  p/l)  (ob\  C„iC1_4  I  py)  Qxi,u)ipi,,aitv 

+  (2i'  +  l)(i>  +  2)’,(Xa|  rM,..4lM0Xa6|7:<1>o.s|py)(RM>tti!rt>s(ftt+Rrt,sl|i,lWi!j]  ;  (HO) 

the  summation  over  v  proceeds  as  in  Eq.  (106).  In  case  Xi  =  pj  =  pk  =  ol,  Eq.  (110)  gives  Yanagawa’s  result. 23 
Beck’s  results22  imply  Eq.  (110)  when  the  divergent  integrals  in  his  expressions  are  eliminated. 

An  integration  by  parts  yield 

=  ^ah^cd^M  ,uj  (2l^  +  1  Cv,a  .3  |  M^)  (^|  Q/tor-fl  !  PV)  »  (111) 


where  the  summation  over  v  proceeds  as  in  Eq. 
(106). 

IV  REDUCED  MATRIX  ELEMENTS 

Since  the  radial  function  .?*)(»•)  introduced  in  Eq. 
(77)  is  the  same  for  all  values  of  a  and  a,  there 
are  4X  +2  orbitals  <piXaa  characterized  by  the  same 
radial  function  Pxl(r).  This  set  is  an  electron 
shell,  labeled  by  the  combination  index  Xi. 

From  the  available  orbitals,  one  can  construct 
AT-electron  Slater  determinants  (SD’s);  each  SD 
is  completely  characterized  by  the  particular  or¬ 
bitals  used  for  its  construction,  which  are  called 
the  occupied  orbitals  in  that  SD.  The  number  of 


I  - 

occupied  orbitals  of  a  shell  In  a  particular  SD  is 
called  the  occupation  number  of  the  shell  in  that 
SD.  Obviously,  the  occupation  number  of  the  shell 
Xi  in  any  SD  is<4X  +2;  when  the  equality  applies, 
the  shell  Xi  is  called  a  closed  shell  of  the  SD, 
otherwise  an  open  shell.  An  electron  configura¬ 
tion  is  the  collection  of  all  SD’s  which  have  the 
same  shell  occupation  numbers.  Hence,  a  set  of 
occupation  numbers  defines  a  configuration  com¬ 
pletely,  although  in  general  it  only  partially  char¬ 
acterizes  the  SD’s  of  a  configuration. 

An  electron  configuration  can  be  resolved  into 
N-electron  functions  which  belong  to  definite  sym¬ 
metry  species  and  subspecies.  These  A’-electron 
functions  are  linear  combinations  of  the  SD’s  of  a 
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p  shell.  On  the  other  hand,  for  multiple  open  /> 
shells  and  for  open  d  or  f  shells  this  is  no  longer 
always  the  case.  A  simple  example  is  the  configu¬ 
ration  2p23p.  All  of  the  CSF’s  from  this  configuration 
have  P=  -  1.  The  CSF’s  arising  from  this  configur¬ 
ation  are  uniquely  determined  by  the  specification 
of  S,  L,  J,  and  M  for  the  cases  where  S  and  L 
Indicate  2S,  4S,  *P,  *D,  or  2F.  On  the  other  hand, 
there  are  three  independent  2P  CSF’s,  with  the  2 p 
orbitals  coupled  to  form  a  'S,  lD,  or  3P  function; 
similarly  there  are  two  independent  2D  CSF’s, 
with  the  2 p  orbitals  coupled  to  form  a  3P  or  lD  func¬ 
tion.  In  these  cases  the  index  A  for  the  CSF 
♦  asljup  not  only  indicates  the  configuration  2p23p, 
but  also  serves  to  distinguish  between  the  three 
possible  2P  CSF’s,  or  between  the  two  possible 
2D  CSF’s. 

The  use  of  CSF’s  that  are  eigenfunctions  of  L2 
and  ?2  allows  an  application  of  the  Wigner-Eckart 
theorem:25  The  dependence  on  J  of  the  matrix 
elements  with  respect  to  the  SCF’s  may  be  factored 
out  In  terms  of  a  single  6  symbol,29  allowing 
us  to  write,  for  instance, 


(ASLMP\F\A'S'L'j'M’P')  =  6J^uU'6pp'(-l)L's't'{s'  (j  <ASLP|F|A'S'Z/P>  .  (112) 

The  quantity  (ASLP\F  \A‘ S'L'P)  Is  the  reduced-matrix  element  of  F.  As  our  notation  suggests,  it  Is  in¬ 
dependent  of  the  values  of  J  and  M,  although  it  still  depends  on  other  details  of  the  construction  of  the  two 


CSF’s,  Including  the  values  of  S  and  L  and  of  S'  and  L' .  In  similar  fashion,  we  write 

-  8  Sp  (Pp  &ASIJUP  *(^\^ASLjUP^A'S'L'j'U'P')  +  AS  LJU  A'  S'  If  J'U-  P^ 

s s.6ll.{ASLP in, I A'SLP)  ,  (113) 

ASUUp\^  A'  S'l'  J'W  P'}  +  (^ASLjUP^2^A'S'L'j'U'P')  ~  &pp‘  6$  S'^LL'  \ASLP  I  [I2  I A  ’SLP)  ,  (114) 

<■ ASLJMP\G0\A'S'L'J'M'P ')  6PP.6S s.6LL.(AS  LP\G0\A'SLP)  ,  (115) 

{ASLJ\1P\G{\A'S'L'J'M'P')  =  6//.6JpJ/.6Pp.(  -  i)1**'4/  |  ^  J j<ASLP| G,l A'S'L'P)  ,  (116) 

(ASLJMP\Gz\A'S'L'j'M’P')=6JJ,(iuu.tipp,(-l)L's''J^l  *,  J^(ASLP\GZ\ A'S'L'P)  .  (117) 


number  of  cases,  however,  wave  functions  with 
definite  L  and  S  provide  excellent  approximations 
(Russell-Saunders  coupling),  and  the  matrix  ele¬ 
ments  with  L*L'  and/or  S'*S  may  be  neglected. 
Then  the  relativistic  corrections  simply  remove 
the  degeneracy  with  respect  to  J  of  the  nonrela- 
tlvlstic  energy.  This  case  is  our  primary  concern 
in  this  paper. 

In  this  case  the  wave  function  Vt  is  an  eigenfunc¬ 
tion  of  V  and  S2;  we  append  the  quantum  numbers, 


These  relations  constitute  a  considerable  simplifi¬ 
cation,  allowing  the  matrix  elements  to  be  com¬ 
puted  for  all  values  of  J  with  little  more  effort 
than  that  required  for  a  single  value  of  J. 

The  matrix  elements  given  In  Eqs.  (113)— (115) 
vanish  unless  L=l'  and  S  =  Sf.  However,  non¬ 
zero  matrix  elements  of  F,  G,,  and  G2  for  which 
L'*L  and/or  S'  *S  do  exist,  hence  an  accurate 
wave  function  describing  an  atomic  state  Is  not  in 
general  an  eigenfunction  of  C2  and?2.  For  a  large 


configuration;  we  call  them  configuration  state 
functions  (CSF’s).24  We  Introduce  for  the  CSF’s 
the  notation  *  asljup-  Each  CSF  is  an  eigenfunc¬ 
tion  of  ?2,  L2,J2,  J,,  and  8  (parity).  The  operators 
J2,  J ,,  andS  commute  with  the  relativistic  Ham¬ 
iltonian  D  (and  with  the  Breit  operator  ffi),  hence 
J,  M,  and  Rare  "good”  quantum  numbers.  The 
operators?2  and  L2  only  commute  with  the  non- 
relativistic  Hamiltonian,  hence  S  and  L  are, 
strictly  speaking,  not  good  quantum  numbers.  The 
index  A  labels  CSF’s  not  distinguishable  by  their 
values  of  S,  L,  J,  M,  and  P.  CSF’s  with  the  same 
values  of  S,  L,  J,  M,  and  P,  but  from  different 
configurations,  have  different  values  of  A;  so  do 
different  CSF’s  arising  from  the  same  configura¬ 
tion  with  the  same  values  of  S,  L,  J,  M,  and  P, 
when  this  is  possible. 

In  many  cases,  a  CSF  arising  from  a  particular 
configuration  is  uniquely  specified  by  its  values 
of  S,  L,  J,  and  M  (the  value  of  P  can  always  be 
deduced  from  the  set  of  configuration  occupation 
numbers).  Important  examples  are  configurations 
which  have  at  most  one  open  s  and/or  one  open 
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S,  L,  J,  M  and  P,  writing  ^suup.  Our  expansion 
uf  the  wave  (unction  in  terms  of  the  CSF’s  may  be 
written 

* SLJUP-Z->A  $A  SLJUpCaSLP  •  (118) 

We  can  always  choose  the  CSF’s  such  that  the  ex¬ 


pansion  coefficients  bccome  real;  we  assume  this 
to  be  done.  Note  that  the  expansion  coefficients 
CAslp  d°  not  depend  on  the  quantum  numbers  J 
and  M. 

V'e  combine  our  expression  of  VSljup  1"  terms 
of  the  CSF’s  with  our  previous  results  to  find 


SwwP  =  *a.siP+(-l>t***'{£  l  i}((*S£el-F-|'l'S£e>+(*s£elG1H'siP» 

+  (_l)L.s.iji  S  Jj(*su,|^|*iw>)  ,  (119) 

where 

\.slp=  £  CASLP((ASLP\n{\A'SLP)  +(ASLP\UZ\A’SLP)  +  (A$LP\G0\A’SLP))Ca,slp  ,  (120 

AA* 

{*slp\F\*slp)--L  Caslp(ASLP\F\A'SLP)Ca.,lp  ,  (121) 

AA* 

{*slp\Gx\*slp)='£‘  Caslp(ASLP\G{\A,SLP)Ca.slp  ,  (122) 

AA* 

(*st.p\Gz\'f/SLP)  =  L  Caslp{ASLP\G1\A,SLP)Ca.slp  ,  (123) 

AA‘ 

The  entire  dependence  of  EZiSljp  on  J  Is  contained  In  the  6-j  symbols  in  Eq.  (119).  Hence,  from  the  prop¬ 
erties  of  the  6-j  symbols,  we  find  the  relation 

=  +1)(2Z.  +1)]  1  S/  (2</+ 1  )EZi sljp  *  (124) 

so  Fz,slp  is  the  average  first-order  relativistic  correction  to  the  energy  of  the  J  multiplet,  as  was  suggested 
by  our  notation. 

In  the  case  of  Russell-Saunders  coupling,  where  Eq.  (119)  holds,  EZlSLJP  would  follow  the  Lande  interval 
rule  with  respect  to  J  if  the  term  proportional  to  (♦siylGaH'sip)  were  absent,  since  for  L  * 0  and  S*0, 


t  1**»*{L  s  J{  1  J{J  +  \)-L[L  +  l)-S(S+\) 

1  IS  L  lj  "  2  \l(L  +  1  )(2L  + 1  )S(S  + 1  )(2S  + 1 )] 1/2  ’ 

As  pointed  out  by  Araki, 27  the  terms  proportional  to  (♦stpiG*l'l'sti> )  cause  a  deviation  from  the  Lande 
interval  rule  even  in  the  case  of  Russell-Saunders  coupling,  as  may  be  seen  from  the  relation 

.t,w(L  S  J)  3[J(J+1)-L(L  +  1)-S(5  +  1)]IJ(J  +  1)-L(L  +  1 ) -S(S+ l)  +  l]- 4S(S+  1)L(L  +  1) 

[  (S  L  2f  2[L(L  +  1)(2L-1)(2L  + 1)(2L+3)S(S  +  1)(2S-  l)(2S  +  l)(2S  +  3)],/r~ 

for  S-  1  and  L  =  1. 


V  MATRIX  ELEMENTS  OF  THE  FIRST-ORDER  RELATIVISTIC  CORRECTIONS  TO  THE  ENERGY  IN  TERMS 

OF  RADIAL  INTEGRALS 


The  matrix  elements  and  reduced- matrix  elements  with  respect  to  the  CSF’s  arising  from  the  first-order 
relativistic  correction  to  the  energy  can  be  expressed  in  terms  of  the  corresponding  one-  and  two-electron 
orbital  integrals.  We  have  dealt  with  these  orbital  integrals  in  Sec.  III.  In  accord  with  our  results  there 
we  write 

(ASLPI  nt  lA’SLP)  =2_*  sAsiP<A'  slpixij^hij  >  (125) 

XiJ 

(ASLPI FIAS'L'P)  =  L  tASLP,A.s.L.P.MltMI  ,  (126) 

xi  i 

(ASLP\ IL I  A'SLP)  =  £  (Iaslp.a'slp-, xt, nuox.vi  >  (127) 

Xt  l lj  Ph  al 
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(ASLP\G0\A  SLP)  =Tj‘lj  Z/£(£  rOiASLP,A'SLPi»,iiJiPI,,aliiJixi,VJiM,aliu 

a  I  vj  fik  al  w 

+  ^  lASLP,A’ SLPiXl,uy,Pk,pf,v  Qx i,ujiM,ol,v  )  .  (128) 

RXI,U]I^,>U 

A i  UJ  Pk  Ol  V 

+  ^  pASLP.A’S'L’PiM.PliPk.allv  P\t ,  UJ  l*  ,of,v)  i  (129> 

<ASLP|G2|A'S'L'P>=££  SEE  r1MW#il.a.MW>lli'|1.i-|i(jll(iW|-t-|i(  .  (130) 


The  radial  Integrals  appearing  here  are  defined  In 
Eqs.  (79)— (84);  the  summations  over  u>  and  v 
proceed  as  in  Eqs.  (101)  and  (106),  respectively. 
The  coefficients  sASLPtA,  SLP.xtjl  t aslp,a'  s' l'p-,xu, 

^ASLP.A'  SLPlXI  ,UJ,Ph,oX>  rO;ASLPIA'SLPlXI,ur,pX,al;u  , 
rl;ASLP,A‘S'L'PIXI  .u/jpX.oIjui  rZ;ASLP;A'  SLPIXI ,  UJ  ;p*,ol  ;u  i 
^ASLP;A'SLPiXI,uJIPk,tl(Pi  ancl 

^aslp.a' s' l'p (xi, u) ;pk, anv  characterize  the  angular 
and  spin  parts  of  the  various  relativistic  correc¬ 
tions  to  the  energy.  They  depend  only  on  the  details 
of  the  construction  of  the  CSF’s  from  Slater  deter¬ 
minants.  For  simple  cases,  their  derivation, 
with  the  help  of  the  results  given  in  Sec.  Ill,  is 
usually  not  a  difficult  matter;  however,  general 
formulas  for  them,  particularly  the  coefficients 
originating  from  the  two-electron  Integrals,  can 
be  only  obtained  by  an  elaborate  analysis  Involving 
Clehsch-Gordan  and/or  Racah  algebra,  and  this 
will  not  be  attempted  here.  Note  that  the  nonvanish- 
ing  coefficients  for  any  particular  case  are  actually 
rather  sparse.  For  example,  In  the  case  ASLP 

-A  S  L  P,  sASLPtASLP fXlJI  and  ^aslp.aslpixij  vanish 
unless  i-j,  while  dASLPiASLPtxlltJiMall 

rnlASLP,  ASLP;Xl,u)lPk,ar,u  W  =  0,  1,  2), 

^ A  SLP,A  SLP‘,X( ,  uj  lPX,ol  ',v,  and  PAsLP,A  SLP',XI,  u) JPX.ol  JP 

all  have  nonzero  values  only  In  case  Ai  =  pj,  pk  =  ol, 
or  In  the  cases  Ai  =  p/,>,  pj  =  al,  and  A i  =  al,  pj  =  pk. 
Note  also  that  S ASLPtASLPiXII  is  simply  the  occupa¬ 
tion  number  of  the  shell  Ai  In  the  CSF  indexed  by 
ASLP. 

We  note  also  the  relation 

r0;ASlP,  A'  SLPIXI,  u/jrti.olju  =  r0IASLP,A'  SLPICk,ol;XI  ,uy,u  , 

(131) 

which  follows  from  Eq.  (109).  However,  no  sim¬ 
ilar  relation  exists  in  general  for 

r\,ASLP, A'S'L'P  -.Xl.UjlPX, 01  |U  or  fOr 

rz: aslp, a's'l'p  ixi,uj ;p*,ol;w 
In  practical  calculations,  CSF’s  with  closed  shells 
are  a  frequent  occurrence. 28  Simplifications  then 
apply  which  we  give  here.  We  suppose  that  there 
is  some  shell  pk  for  which 

S  ASLP,ASLP;pXk  =  SA‘  S'  L'P.A'  S'  L'PIPkX  =  4p  +  2  J  (132) 
that  is,  that  some  shell  pk  is  a  closed  shell  in  both 


I - — - - - 

the  CSF  labeled  by  ASLP  and  the  CSF  labeled  by 
ASLP  (the  case  ASLP= A'S'L'P  Is  not  excluded). 
Then  we  have28 

f  AS LP,  A' S' L'P  iPkk  =0  ,  (133) 

and,  in  accord  with  Elliott’s  results, 29 

rZ-,ASLP,A’  S'  L'P  ;X<,M/;M,p*ju  =  0  ) 

rZlASLP, A'  S'L'P  JDX.pXJXf  =0  ,  (134) 

r2  IASLP.A'  S'  L'  P  ;XI,p»ili/ip»ju=0  , 

for  all  values  of  At ,  py,  and  u>.  From  the  results 
of  Blume  and  Watson20  and  Beck,22  we  have 

PASZP, A'S'L'PiXl,  tf/tp», p*|p  =0  , 

rHASLPiA'S'L‘PlXI,pj;M,l>Xlu 

,  (135) 

-  ~  2  &Xv6u,ltASLP,A'  s'  L'PiXlj(4P+  2)  , 

ASLP,  A'  S'  L'  PiPA,PklXI  ,lij  jw  =  0  ; 

P ASLP,  A'  S' L' P i XI  ,ek ;  u]  ,pX  jp 
_  I  A  # 

“  4  ASLP, A*  S*  V  PlXtj 

x(4p  +  2)3[x(A+l)]-‘*M.p.r^  ,  (136) 

rl,ASLP,A'  SLPiXI,pk;u 

=  ?6*4/j(stp,it's,z,p;xo(4p  +  2)3[A(A  +  l)]"'f/Xpu,  . 

Here  kXtU.u  is  given  by  Eq.  (88)  and  .rx„p  is  given 
by 

^X(JP  -  2  ^X*li~v  Px*v-u  Buw.x/ [(A  +  p  +  V  +  1  )i?Xp(I4P  ]  i 

(137) 

3>„  =  (2a)!/(cr!)2  , 

when  A  +  p  +p  is  an  even  Integer;  xXw  vanishes  If 
A  +  p+p  is  odd.  Also,  we  have  used 

vxuu  =  x  [a>(u>  +  1)]  '(A  +  p+  u>  +  l)(A  +  p— u>  +  l) 

X  (A  +  a>  -  p)(p  +0)  -  A)xXuip.,  .  (138) 

For  the  orbit-orbit  coupling  coefficients,  we  find 

r0;ASLP,A'SLP;XI,nj;pk,p*;u  =0  , 

r0lASLP,A'  SLP>XI,pkiUI,PX;u 

=  —  1  6 XuSASLP,A '  SLP;XI/(4p  +  2h>xpu  I 
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TABLE  I.  Fine-structure  splittings  in  cm*1. 


Blume  and 
Watson* 

Mailt* 

This  work, 
Hartree-Fock 

Experiment 

14.6 

15.16 

16 

Ct3P,  -3P0> 

13.  a 

16. 17 

16.18 

16.4 

C(3P,-JP,) 

23.  a 

28.59 

26.56 

27.1 

N(2J>  /j-?D3/j> 

-13.6 

-12.97 

-8 

N<'P3/!-!P|«l 

-5.5 

-5.09 

0 

Ot3P, -3P„) 

-72.7 

-73.69 

-73.62 

-68.0 

0(3P.-’P|) 

-  162 

-  163.94 

-  163.83 

—  158,  5 

F<!Pj/l-,'W 

-397 

-402.2 

-404.0 

AK’Pj/.-’e,/;' 

90. a 

92.72 

112.04 

S1(3P|-3P0) 

64.5 

66.17 

65. 10 

77.15 

SI(3P,-3P,) 

128 

129.03 

128.93 

146.  16 

S(3/>,-’P0) 

-  183 

-  181.89 

-  181.61 

-176.8 

.S(3P,-3P|) 

-369 

-  366.95 

-  366.33 

-  396. 9 

cii'/’j/j-bW 

-  818 

-  822.9 

-881 

“See  Hef.  32.  6Sce  Ilcf.  33. 

QASLF.A'SLP.X  !,(>*!«/,  Mi* 

~  ~  *  ^kuSASLP,A' SLP’.XIl^P l  (139) 
except  in  case  At  -  pj  =  pk;  In  that  case  we  find 
r0;  As  CPs  A' sen 

=  -  iSASLP,A’  SLP;i*»(4P  +  2)t’pP1J  .  (140) 

Equations  (139)  and  (140)  are  consistent  with  the 
results  of  Beck.22  Note  that  the  occurrence  of  the 
factor  J  in  Eqs.  (136)  and  (138)  compensates  for 
the  fourfold  occurrence  of  such  terms  in  the  sum¬ 
mations  given  in  Eqs.  (128)  and  (129).  Finally, 
we  have 

^ASlP,A'SLPikl,UJ.Pk,l* 

=  lli'6»uSAS£P.A'St.Pi*l/^P  +  ^^’  (141) 

uniess  At  =  pj  =  pk,  where  we  have 

^AStP.A'StPIM. »*.<>*,<>*  =  *SASLP,A'  SLPtekh^P  +2)  . 

(142) 

The  factor  in  Eq.  (141)  compensates  for  the  six¬ 
fold  occurrence  of  such  terms  in  Eq.  (127). 

Vi.  NUMERICAL  APPLICATION 

A.  Hnrlrce-Fock  Resuits 

We  have  computed  the  first-order  relativistic 
corrections  to  the  energy  for  the  ground  states  of 
the  atoms  He  through  Ar,  and  for  the  two  lowest 
excited  states  each  of  C,  N,  and  O.  The  analytic 
Hartree-Fock  wave  functions  of  Cohen30  were  used 
for  He  through  Ne  and  MalU’s  wave  functions31 
were  used  for  Na  through  Ar.  In  Table  I  we  present 
our  results  for  the  fine-structure  splittings  and 
compare  them  with  the  previous  results  of  Biurne 
and  Watson32  and  Maiii,33  and  with  experimental 


values.34  In  Table  II  we  present  the  parts  of  the 
relativistic  corrections  to  the  energy  which  do  not 
contribute  to  the  fine-structure  splitting.  These 
are  the  quantities  c'2Ez,  where  E2  Is  defined  in 
Eq.  (120). 

Essentially  the  same  formalism  was  used  for  aii 
of  the  computed  resuits  in  Table  I,  but  different 
wave  functions  were  used  in  each  case.  The  analytic 
wave  functions  we  have  used  are  characterized  by 
carefuily  chosen  basis  functions  and  should  prove 
quite  accurate.  The  close  agreement  between  our 
resuits  and  Maili’s  results,  based  on  numerical 
wave  functions,  confirms  this.  [Note  that  Maili’s 
results  omit  B,  N(2Z»,  N(2P),  F,  Ai,  and  Ci.  ] 

The  eariier  resuits  of  Biume  and  Watson  are  based 
on  analytic  wave  functions  of  poorer  accuracy. 

Our  results  In  Tabies  I  and  II  we  re  ali  computed 
with  wave  functions  which  exactly  satisfy  the  cusp 
condition.35  Additional  computations  were  made 
using  wave  functions38  in  which  the  cusp  condition 
was  relaxed,  but  were  otherwise  of  comparable 
accuracy.  These  resuited  in  virtually  the  same 
values  for  the  fine-structure  splittings  as  those 
we  have  given.  There  is,  however,  a  difference  in 
the  computed  value  of  c'2E2  of  about  2%  or  3i>  for 
atoms  In  the  first  row  of  the  periodic  tabie;  for 
example,  for  N(4S)  we  obtain  c'2Ez  --  0. 026926, 
whiie  the  vaiue  from  the  exact  cusp  wave  function 
is  -0.026545.  This  difference  comes  mainiy  from 
the  different  vaiues  obtained  for  the  integrals  irxlj 


TABLE  ii.  Average  relativistic  corrections  to  the  energy 
in  a.u. 


Nonrelativlstlc 
ene  rgy“ 

Average  relativistic 
correction  c*2Ej 

He(’s) 

-2.861680 

-0.000  064  842 

L1(2S) 

-7.432  726 

-0.000  052552 

Be(lS) 

-14.573  02 

-0.0021148 

B(2P> 

-24.529  06 

-0.005  8933 

C(3P) 

-37.68861 

-0.013343 

C  (’£>) 

-37.63131! 

-0.013  359 

C('S) 

-37.549  60 

-0.013  369 

N  <4S) 

-54.400  92 

-0.026  545 

N(2/)) 

-54.296  15 

-0.026440 

N(2P) 

-54.228  07 

-0.026432 

O  (3P) 

-74.809  38 

-0.047  540 

Of1/)) 

-74.729  26 

-0.047  576 

O('S) 

-74.61101 

-0.047  534 

F(2P) 

-99.409  34 

-0.079573 

Ne(*S) 

-  128.547  0 

-0. 12567 

Na(2S) 

-  161.858  84 

-0. 19187 

Mg('S) 

-199.614  61 

-0.28312 

A1(2P) 

-241.876  64 

-0.403  40 

Sl(3P) 

-288.854  29 

-0.560  00 

P(4S) 

-340.71871 

-0.75952 

S(3P) 

-397.504  72 

-1.009  57 

C1(2P) 

-459.48197 

-1.31804 

Ar(’S) 

-526.817  44 

-1,694  00 

“From  Refs.  30  and  31. 
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TABLE  III.  Total  Kartree-Fock  energies  in  a.u. 


Relativistic 

Hartree-Fock* 

This  work 
E{  +  c-% 

lie 

-2.8617 

-2.861745 

Be 

-11.5752 

-  14.57513 

Ne 

-128.6753 

-  128.6727 

Ar 

-528.5513 

-528.51144 

‘See  Ref.  38. 


Idefined  in  Eq.  (79)]  for  the  orbitals  of  s  symmetry, 
which  seems  to  be  caused  by  different  behavior  of 
these  orbitals  near  r-0  in  the  two  cases.  It  is  the 
exact  cusp  wave  function  that  gives  the  more  ac¬ 
curate  description  near  r-  0,  and  hence  the  more 
accurate  vaiue  of  c'2E2. 

When  reiativistic  effects  are  small,  there  shouid 
be  good  agreement  between  our  Hartree-Fock  re¬ 
sults  and  results  from  relativistic  Hartree-Fock 
calculations  of  the  type  outlined  by  Kim. 31  In 
Tabie  III  we  compare  our  results  for  the  sum 
El  +c'iEz  with  the  total  energy,  including  the  Breit 
correction  terms,  obtained  by  Mann  and  Johnson,38 
for  the  atoms  He,  Be,  Ne  «md  Ar.  It  shouid  be 
noted  that  their  relativistic  Hartree-Fock  results 
include  energy  corrections  of  order  c*4,  c"6,  etc. 
which  come  from  the  Dirac  Hamiltonian  and  the 
Breit  operator,  while  our  results  omit  such  terms. 
Since  their  calculations  omit  other  higher-order 
energy  corrections  (e.g. ,  the  Lamb-shift  correc¬ 
tion),  it  is  not  at  ali  Clear  that  their  results  actually 
improve  on  ours. 

B.  Multiconfiguration  Results  for  Nitrogen 

For  most  of  the  atoms  in  the  first  row  of  the 
periodic  table,  the  Hartree-Fock  results  given  in 
Table  I  are  in  good  agreement  with  experiment. 

The  most  noticeable  discrepancies  occur  for  the 
nitrogen  2D  and  2P  states.  Hence  these  states 


provide  a  good  testing  ground  for  multlconfigura-  ’ 
tion  resuits  for  the  fine-structure  splittings. 

The  wave  functions  used  here  were  computed 
using  a  multiconfiguration  self-consistent-fieid 
(MC-SCF)  formalism  of  the  type  put  forward  by 
Hinze  and  Roothaan,24  in  which  the  orbitals  and 
CSF  expansion  coefficients  are  simultaneously 
optimized.  The  radial  functions  Pu(r)  are  expan¬ 
sions  in  terms  of  normalized  Siater-type  basis 
functions,  nameiy 

Px,(r)  =  Ep  R,p(r)cktp  ,  (143) 

R,pW)AK»)*n*P'l/(2r,Xp)Y' V-*'e*V  . 

The  basis  functions  were  taken  from  the  resuits 
of  Bagus  and  Gilbert38  for  the  nitrogen  2D  and  2P 
states;  the  £’s  were  not  reoptimized.  The  radiai 
functions  for  our  wave  functions  are  given  in  Tabie 
IV,  together  with  the  nonreiativistic  energies  and 
the  values  for  c'2E2. 

The  CSF  expansion  coefficients  are  given  in 
Tabie  V.  The  nitrogen  2Z>  wave  function  consists 
of  CSF’s  from  the  configurations  ls22s22/>3, 
ls22s22/>33/>,  and  ls22sz3/>22/>.  The  nitrogen  ZP 
wave  function  contains  CSF’s  from  these  configu¬ 
rations  and  also  from  the  configurations  ls2?p5 
and  lsz2sz3s22/>.  Note  that  only  2P  CSF's  arise 
from  the  last  two  configurations.  Since  we  have 
required  that  the  ZD  wave  function  be  orthogonal 
to  the  2D  function 

ls22s2(l//2)l2/>2(3P)3/>  -  2/>2('D)3/>] 

the  five  CSF  expansion  coefficients  provide  oniy 
four  independent  variational  parameters.  The  sub¬ 
stitution  2£-2p  +  e3p  yieids 

2p3ZD-  2p32D  +  /3e(l//2){  12/>2(3P)3/>zd] 

-l2/)2('D)3//D]}  +  0(e2)  , 

hence  our  constraint  on  the  2D  wave  function  cor¬ 
responds  to  the  exclusion  of  the  function  coming 


TABLE  IV.  Energies  and  radial  functions  for  MC-SCF  N^D)  and  N(2P). 


Nitrogen  2D:  JE0  = 

-54.314  29,  cm%  = 

-0. 

026  914 

n 

£ 

Cii 

n 

£ 

ciP 

i 

10.595 

0.110750 

0.001 260 

2 

7.693 

0.008103 

0.025191 

i 

6.026 

0.929642 

-0.266426 

2 

3.272 

0.225  920 

-0.682047 

3 

7.332 

-0.042260 

-0.030  465 

2 

1.877 

0.438  952 

-0.774  379 

2 

2.528 

0.002159 

0.539124 

2 

1.168 

0.414068 

1.430 358 

2 

1.586 

-0.000  088 

0.554  662 

Nitrogen  2P:  E0  = 

-54.28665,  cm%  = 

-0. 

026  943 

n 

£ 

Cu 

^2j 

C3s 

n 

£ 

c2p 

clp 

i 

10.592 

0.111253 

0.002583 

0.010633 

2 

7.748 

0.007716 

0.024  814 

i 

6.022 

0.932954 

—  0.  255389 

-0.338  239 

2 

3.275 

0 . 226  397 

-0.613019 

3 

7.323 

-0.042279 

-0.032453 

-0.239912 

2 

1.865 

0.451033 

-0.825028 

2 

2.527 

-0.005195 

0.550  576 

2.512475 

2 

1.131 

0.405  991 

1.432865 

2 

1.589 

-0.007302 

0.544  268 

-2.251829 
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TABLE  V.  CSF  expansion  coefficients  for  MC-SCF 
N <!D)  and  N(2P).  _ _ 


N(JD)  N<:P) 


Is2  2s2  2/>3 

0.993  871 

Is2  2s2  2/>5 

0.978718 

Is2  2s7  2/p2(3P)3p 

0.014  176 

Is2  2s2  2 />2<‘S)  3 /> 

-0.028  881 

Is2  2s 2  2/>2('D)  3/) 

0.014  176 

Is2  2s2  2 />2<3P)  3/> 

-0.024  768 

Is2  2s2  3/>2(3P)2/p 

-0.051748 

Is2  2s2  2/>2('d)  3/> 

0.006  861 

Is2  2s2  3/>2('P)2/> 

0.071852 

Is2  2s2  3/>2(’S)  2 p 

-0.064  996 

Is2  2s2  3/>2<3P)  2p 

0.031  006 

Is2  2s2  3/p 2('P)  2/) 

0.054  263 

is2  2/. 

0.  174074 

_ = 

Is2  2s2  3s2  2/p 

0.023  747 

from  the  “single  replacement’’  of  a  2 p  function  by  a 
3/>  function  in  2/>32D.  For  the  same  reason,  we  have 
required  the  ZP  wave  function  to  be  orthogonal  to 
the  ZP  function 

|  ( 1  /  /2  )1  s  z2s a{2 12/>2  (*S  )3/> ]  -  3 12/>2 (3 jP  )3/>  ] 

-Mtfi'DKp)}  ; 

hence  the  nine  CSF  expansion  coefficients  provide 
oniy  eight  independent  variational  parameters. 

Our  wave  functions  for  the  nitrogen  ZD  and  ZP 
are  much  too  crude  to  be  considered  accurate  de- 
scripiions  of  the  electronic  states  to  which  they 
pertain.  Accordingly,  our  resuits  must  be  regarded 
as  oniy  preliminary,  to  be  confirmed  by  calcula¬ 
tions  with  more  accurate  wave  functions.  Stili,  the 
fine-structure  splittings  for  the  nitrogen  2D  and  2P 
states  computed  with  these  wave  functions  are  a 
substantial  improvement  over  the  Hartree-Fock 
resuits,  as  may  be  seen  from  Table  VI.  This  is 
perhaps  not  unreasonable,  in  view  of  the  quite  good 
agreement  with  experiment  already  obtained  with 
a  Hartree-Fock  wave  function  in  the  case  of  the 
carbon  fine-structure  splitting. 

The  situation  can  perhaps  be  made  more  plausible 
by  observing  that  in  carbon  the  addition  of  the  CSF 


TABLE  VI.  Nitrogen  fine- structure  splittings  in  cm"1. 


Hartree-Fock 

MC-SCF 

Experiment 

2D5/2-2I>3/2 

-12.97 

-9.23 

-8 

^3/2-2F,/2 

C71 

O 

CD 

-0.34 

0 

from  the  configuration  (1s)2(2a)22/>3/>  does  not  im¬ 
prove  the  wave  function,  since  a  version  of  Bril- 
iouin’s  theorem3”  applies.  This  argument  breaks 
down  in  nitrogen,  since  there  is  more  than  one  ZD 
or  2P  CSF  which  can  come  from  the  configuration 
(\sf(2sf(2p  f2p.  The  addition  of  such  a  CSF  can 
influence  the  one-electron  nuclear  spin-orbit  con¬ 
tribution  and  the  contributions  from  the  two-eiectron 
integrals  containing  ls-sheil  and  2s-sheli  functions 
(which  behave  in  many  respects  as  corrections  to 
the  one-electron  integral  £xu).  Ordinarily,  these 
contributions  to  the  fine-structure  splitting  are 
the  major  part,  although  the  remainder  is  nol 
negligible;  for  example,  in  the  carbon  Hartree-Fock 
calculation  for  the  'P^'P^  splitting  these  two  parts 
amount  to  32.36  and  -5.80  cm'1,  respectively. 

Thus,  the  addition  of  such  a  CSF  can  have  a  much 
greater  influence  on  the  calculation  of  the  fine- 
structure  splitting  than  would  be  the  case  for  most 
CSF’s.  In  fact,  our  calculations  indicate  that  the 
major  part  of  the  difference  between  the  Hartree- 
Fock  results  and  the  MC-SCF  resuits  presented  here 
mav  be  attributed  to  the  addition  of  CSF’s  from  the 
configuration  ls22s22p23/> . 
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Steady  States  and  Quasi-Energies  of  a  Quantum-Mechanical  System 

in  an  Oscillating  Field  ^ 


HIDEO  SAMEE 
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Chicago,  Illinois  60637 

A  general  formalism  is  presented  for  a  system  whose 
Hamiltonian  is  periodic  in  time.  The  formalism  is  intended 
to  deal  with  the  interactions  between  bound  electrons  and  an 
external  electromagnetic  field,  which  can  be  treated  semi- 
classically,  such  as  electric  and  magnetic  polarizations, 
optical  rotation,  and  transitions  among  discrete  levels.  A 
particular  bound  solution  of  the  Schrodinger  equation  which 
b '■'longs  to  an  irreducible  representation  of  the  time -translation 
symmetry  group  is  defined  as  a  steady  state,  and  the  characteristic 
number  of  the  irreducible  representation  as  a  quasi-energy. 

It  is  shown  that  the  defined  steady  states  and  quasi-energies 
behave  in  a  newly  constructed  Hilbert  space  like  stationary 
states  and  energies  of  a  conservative  system  in  many  respects. 

It  is  also  shown  that  for  a  resonant  case  the  unperturbed  quasi¬ 
energy  becomes  degenerate  and  the  transitions  among  discrete 
levels  can  be  accounted  for  by  the  familiar  degenerate  perturbation 
procedure.  Using  a  suitable  Hilbert  space,  the  steady  states 
are  established  as  firmly  as  the  ’  stationary  states  stand  in  the 
theory  of  a  conservative  system. 
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1 .  INTRODUCTION 

It  is  well  known  in  solid-state  physics  that  for  a  spatially 
periodic  Hamiltonian,  there  exist  quasi-momenta  and  corresponding 
Bloch  wavefunctions .  Analogously,  for  a  periodically  time- 
dependent  Hamiltonian,  one  expects  the  existence  of  quasi-energies 
and  Bloch-type  states.  For  these  states  Young  e_t  al.^  coined 
the  term  quasi-perlodic  states;  we  prefer  to  use  the  term  steady 
states .  Such  steady. states  have  been  discussed  and  used  in  the 
theories  of  susceptibilities, lf 2  and  in  the  theories  of  multiple- 
quantum  transitions  among  discrete  levels. ^ 

In  spite  of  the  widespread  utilization  of  steady  states  for 
the  study  of  the  semiclassieal  interation  betv/een  bound  electrons 
and  an  external  electromagnetic  field,  many  aspects  of  steady 
states  have  been  discussed  only  partially  and  superficially  in 
the  literature  and  apparently  require  further  investigation. 

The  essential  points  missed  by  previous  workers  are  the  introduction 
of  a  Hilbert  space  suitable  for  steady  states  and  the  uniform 
treatment  of  steady  states  in  this  space.  The  introduction  of 
such  a  Hilbert  space  not  only  makes  the  formalism  transparent, 
but  also  introduces  new  aspects  of  steady  states.  Above  all,  it 
makes  possible  the  unification  of  two  seemingly  different  theories 
namely,  the  theory  of  susceptibilities  and  the  theory  of  transitions 
among  discrete  levels.  Furthermore  the  approximate  nature  of  the 
previous  theories  of  transitions'5"^  is  removed  in  the  new  formalism. 
The  main  purpose  of  this  paper  is  to  show  that,  using  a  suitable 


Hilbert  space,  the  steady  states  of  a  periodically  time-dependent 
system  can  be  placed  on  a  foundation  equally  as  firm  as  that  possessed 
by  the  stationary  states  of  time-independent  quantum  mechanics. 

In  Sec.  2  of  this  piper,  we  shall  study  the  properties  of 
steady  states  from  a  more  fundamental  point  of  view  than  has 
been  done  before.  We  first  construct  a  Hilbert  space  suitable 
for  steady  states,  and  then  show  that  steady  states  and  quasi- 
energies  behave  in  this  Hilbert  space  like  stationary  states 
and  energies  of  a  conservative  system  in  many  respects:  Quasi- 
energies  and  steady  states  are  eigenvalues  and  eigenfunctions 
of  a  Hermitian  operator  (which  we  call  the  "Hamiltonian"  for  steady 
states) ;  the  variational  principle  for  steady  states  takes  the 
familiar  form  of  the  Rita  variational  principle;  and  theorems 
analogous  to  the  He llrnann -Feynman  theorem  and  to  the  hypervirial 
theorem  for  stationary  states  hold  for  steady  states.  The 
"Hamiltonian"  for  steady  states,  which  is  a  sum  of  the  periodically 
time-dependent  Hamiltonian  and  the  time-derivative  operator  -ifid/dt, 
plays  a  central  role  in  this  formalism.  Unlike  energies  (or  like 
qua  si -momenta) ,  quasi-energies  are  only  defined  modulo  nfico, 
where  o>  is  the  frequency  of  external  field  and  r  is  an  integer; 
a  zone  analogous  to  the  Brillouin  zone  is  introduced  in  order 
to  obtain  only  physically  different  steady  states. 

In  Sec.  3*  a  perturbation  theory  for  steady  states  is 
formulated  analogously  to  the  Rayleigh-Schrodinger  perturbation 
theory  for  stationary  (bound)  states.  The  nonresonant  cases 


(e.g.,  linear  and  non-linear  optical  susceptibilities)  can  be 
accounted  for  by  the  non-degenerate  perturbation  procedure. 

In  a  resonant  case,  the  unperturbed  quasi-energy  becomes 
degenerate  or  almost-degenerate;  multiple-quantum  transitions  and 
the  attendant  Stark  shift  can  be  accounted  for  by  the  degenerate 
or  almost-degenerate  perturbation  procedure.  Previously,  these 
two  cases  (nonresonant  and  resonant  cases)  are  treated  with 

i 

quite  different  formalisms;  we  treat  them  on  an  equal  footing 
as  described  above.  Furthermore,  we  do  not  need  to  restrict 
ourselves  to  a  finite-dimensional  Hilbert  space,  the  use  of 
which  was  essential  in  the  previous  theories  of  transitions. 
Another  advantage  of  the  present  formalism  is  that  it  provides 
the  validity  conditions  for  the  obtained  formulas.  These  aspects 
are  demonstrated  in  Sections  3  and  4. 

In  order  to  avoid  the  "secular  divergences,"  Langhoff  et  al. 
write  a  wavef unction  as  a  product  of  time-dependent  regular 
part  and  phase  factor;  certain  conditions  imposed  on  the  regular 
part  render  this  partition  unique.2  Although  these  authors 
used  the  fact  that  for  a  periodic  perturbation,  the  regular 
part  is  a  periodic  function  of  time,  they  did  not  show  that  the 
conditions  imposed  on  the  regular  part  go  hand  in  hand  with  the 

periodic  properties  of  the  regular  part.  We  shall  clarify  this 
point  in  Sec.  J>. 

In  Sec.  4,  we  apply  the  formalism  to  two  specific  examples 
in  order  to  demonstrate  the  potential  of  this  formalism. 


2. 


STEADY  STATE  AND  QUASI -ENERGY 


A.  Definition  of  Steady  State  and  Quasi-Energy 

We  shall  study  a  system  whose  Hamiltonian  H(t)  is  periodic 
in  time  with  period  t:  H(t+i)=H(t).  The  period  t  it  positive, 
finite,  and  fixed  at  some  value.  The  Corresponding  frequency 
is  denoted  by  m  (h&i/t)  .  The  SchrSdlnger  equation  for  the 
system  is  given  by 

[H(t)  -  Tp(r,t)  =  0  .  (2-1) 

The  vector  r  in  the  wavefunction  ^(r,  t)  symbolizes  all  the 
spatial  and  spin  coordinates  of  the  system;  we  use  this  convention 

throughout . 

Let  us  assume  that  there  exists  a  solution  ty(r3t)  of  the 

form 

=  u(r3 t)e  ,  1 

|  (2.2) 

u ( r , t+T )  =  u(r,t)  ,  J 

[H(t)  -  ifi|t]  u(r,t)  =  £u(r,t).,  (2-3) 

where  u(r,t)  is  square-integrable  and  6  is  a  real  number.  If 
a  state  of  the  system  is  represented  by  such  a  solution,  we  call 
the  state  a  steady  bound  state  (or  simply  steady  state)  and  the 
characteristic  real  number  6  the  quasi-energy  of  the  state. 
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We  define  a  time-translation  operator  T(At)  by  means  of 

T(At)^(r,  t+At)  =  ij/(  r,t)  .  (2.1!) 

The  time-translation  operators 

T(qr)  ,  ■  q  =  0,±1,±2, •  •  *,  (2.5) 

commute  with  operator  H(t) -ih(d/dt)  and  form  a  symmetry  group 
of  the  Schrodinger  equation  (2.l).  Since  the  time-translation 
group  (2.5)  is  Abelian,  all  its  irreducible  representations 
are  one-dimensional.  The  steady  state  solution  t)  given  by 
(2.2)  satisfies 

T(qr)^(r,  t)  =  elq^T/*V(r,t)  ;  (2.6) 

hence  it  belongs  to  an  irreducible  representation  given  by 
eiq6T/fi  for  q=o,  ±1,  ±2,  •  •  • ,  where  the  quasi-energy  £  characterizes 
the  irreducible  representation.  We  could  define  a  steady  state 
solution  as  a  bound  solution  which  belongs  to  an  irreducible 
representation  of  the  time-translation  symmetry  group  (2.5). 

There  is  a  close  analogy  between  the  stationary  states 
of  a  time-independent  Hamiltonian  and  the  steady  states  of  a 
periodically  time-dependent  Hamiltonian.  For  a  time-independent 
Hamiltonian,  the  time-translation  operators, 

T(t)  ,  -00  <  t  <  *  ,  (2.7) 

form  a  symmetry  group  of  the  Schrtfdinger  equation.  A  stationary 
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state  can  be  defined  as  a  state  which  belongs  to  an  irreducible 
representation  of  the  time-translation  group  (2.7) j  the  energy 
eigenvalue  characterizes  the  irreducible  representation. 

We  shall  discuss  the  existence  of  steady  states  in  Sec.  5; 
for  the  time  being  we  assume  the  existence  of  steady  states. 


B.  Hilbert  Space  for  Steady  States 


For  the  definition  of  terminology  used  here,  we  refer  to 
textbooks  on  abstract  Hilbert  space. 

It  is  well  known  that  a  linear  space  consisting  of  all 
square-integrable  functions  of  configuration  space  r  [i.e., 
all  functions  f(r)  with  f inite  /|f ( r) | 2dr  ]  with  the  inner 
product /f,  g>  defined  as  f f  (r)g(r)dr  is  a  Hilbert  space, 
where  the  range  of  integration  is  the  entire  configuration 

g 

space.  This  Hilbert  space  shall  be  denoted  by JL,  and  a  complete 
orthonormal  set  in  61  by  { f (r) ,  f  g(r) , *  *  • ) ,  which  contains 
countably  infinite  basis  functions.  This  is  the  Hilbert  space 
which  plays  an  important  role  for  the  study  of  stationary  bound 
states  of  conservative  systems. 

Let  us  introduce  another  well  established  Hilbert  space  ZT, 
which  consists  of  all  possible  periodic  functions  a(t)  of  time 
t  with  the  period  t  with  finite  fj//\  |a(t) |2dt  and  which  is 
furnished  with  the  inner  product 


-1  r  t/2  * 

(a,  b)  s  -  /  a  (t)b(t)dt  , 
T  J  -t/2 


(2.8) 
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7 

where  t  is  a  fixed,  finite,  positive,  real  number. '  The  function 
eiqojt^  q=o,±i,±2,  •  •  • ,  form  a  complete  orthonormal  set  in 
the  Hilbert  space  <7",  where  cu=27t/t. 

We  construct  the  composite  space  (R+V  consisting  of  all 
possible  functions  u(r, t)  which  are  periodic  in  the  time  with 
period  t  and  for  which 


'f/f  |u(r,t)  |2drdt 
J  -t/2  ' 


(2.9) 


is  finite,  where  the  range  of  integration  variable  r  is  the 
entire  configuration  space  as  before.  This  composite  space  lR. -1-0" 
is  a  linear  space;  the  inner  product  of  the  functions  u(r, t)  and 
v(r, t)  in  is  defined  by 


«u(r,  t) ,  v(r,t)»  ski  /u*(  r,  t)  v(  r,  t)  drdt  ,  (2.10) 

J  -t/2  j 

which  satisfies  the  required  conditions  to  be  an  inner  product 
in  Hilbert  space.  The  composite  space  furnished  with  this 
inner  product  is  again  a  Hilbert  space,  and  the  functions  un^(r, t), 

Unq(r,t)  =fn(r)elqtufc  ,  n-1,2,---;  q=0,±l,±2,  •  •  • ,  (2.1l) 


form  a  complete  orthonormal  set  in  the  composite  Hilbert  space 
<kJrU’.  This  is  the  Hilbert  space  which  we  shall  use  to  study 
steady  states. 

Once  we  have  defined  the  composite  Hilbert  space,  we  can 
define  operators  in  that  space  according  to  the  theory  of  abstract 
Hilbert  space.  The  definition  of  a  linear  operator  in  is 
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apparent.  A  Hermitian  operator  o4  in  0L+  U  is  defined  as  an  operator 
which  satisfies 

«u,^v»  =  «j4u,  v»  (2.12) 

for  any  functions  u(r,  t)  and  v(r,t)  in  61-vV*  A  linear  Hermitian 
operator  in  6l{ovtJ)  is  also  one  in  the  composite  Hilbert  space 
(H+U'.  The  time-derivation  operator  -iH('d/dt)  is  a  linear  Hermitian 
operator  in  &  and  &+«7. 

We  should  mention  here  that  Okuniewicz  also  has  been  using 
the  similar  Hilbert  space  for  the  study  of  steady  states. ^ 


C.  Properties  of  Steady  State  and  Quasi-Energy 


"Hamiltonian”  for  steady  states.  Let  us  introduce  the 
operator  defined  by 


JC  h  H(t) 


(2.15) 


where  H(t)  is  the  Hamiltonian  of  a  system  concerned,  which  is 
periodic  in  time  with  period  x  as  before.  This  operator  ^  is 
linear  and  Hermitian  in  the  composite  Hilbert  space  &+&.  Using 
this  operator  JG,  the  steady  state  Schrodinger  equation  (2.5) 
can  be  written  in  the  form 


J-Cu.(v,  t)  =  <Su(r,  t)  , 

where  the  solution  u(r,t)  is  looated  in  iQ+J-. 


(2.14) 

Clearly  JG  is 
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analogous  to  the  Hamiltonian  for  stationary  states  of  the  time- 
independent  Schrodinger  equation;  we  shall  call  the  operator 
the  "Hamiltonian"  for  steady  states.  Quasi-energies  and  steady 
states  are  eigenvalues  and  eigenfunctions  of  the  "Hamiltonian"^. 
Since  JC  is  Hermitian,  every  eigenvalue  (quasi-energy)  is  real, 
and  two  eigenfunctions  (steady  states)  belonging  to  different 
eigenvalues  (quasi-energies)  are  orthogonal. 

Physically  equivalent  steady  states  .  If  [5,  u(r, t))  is  a 
solution  of  the  steady  state  eigenvalue  equation  (2.1k),  then 

&  B  &  +  i  u'(*,t)  h  u(r,t)eiq£Ufc  ,  (2.15) 

is  also  a  solution  for  any  integer  qj  the  complete  wavefunctions 
of  them  are,  however,  the  same: 

u(?,t)e-i6tA  =  .  (2<l6) 

In  other  words,  all  solutions  given  by  (2. 15)  are  physically 
equivalent.  It  is  evident  that  one  can  always  reduce  any  quasi- 
energy  5  to  a  point  in  a  zone 

E  -  £fia><  6  ^E  +  (2.17) 

specified  by  a  real  number  E;  therefore  physically  different 
steady  states  can  be  characterized  (partially)  by  their  reduced 
qua  si -energies.,  which  lie  in  the  same  zone.  The  choice  of  zone 
(i.e.,  the  choice  of  E)  is,  hov;ever,  arbitrary;  we  shall  make 
use  of  this  freedom  from  time  to  time. 
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If  and  un^,t)}  are  solutions  of  Eq.  (2.14) 

and  if  the  quasi-energies  £  and  <§n  lie  in  the  same  zone,  then 
the  eigenfunctions  um(r, t)  and  u  (r,t)  satisfy 

<um(r,t),  un(r,t)>  »  «um(r,t),  un(r,t)»  .  (2.18) 

This  relation  implies  that  one  can  always  choose  the  eigenfunctions 

un(r>t)  such  that  <um,  ur/>=^mnJ  since  it  is  always  possible  to 

choose  the  eigenfunctions  such  that  <£u  .  u  )>>  =6 

N  nr  rry  mn 

Prom  now  on,  we  assume  that  quasi-energies  of  a  "Hamiltonian" 
lie  in  the  same  zone,  so  that  Eq.  (2.18)  holds  and  corresponding 
complete  wavefunctions  represent  different  physical  situations. 

Variational  principle.  The  variational  form  of  the  steady 
state  Schrodinger  equation  (2.l4)  is  given  by 

66tu]  =  0  ;  6[u]  a  «u,.*Cu»/«u,  u»  ,  (2.19) 

where  u(r,t)  and  its  variation  6u(r,t)  are  both  in  fc+tr.  The 

eigenfunctions  un(r, t)  of  Eq.  (2.l4)  are  given  by  the  stationary 

solutions  of  the  variational  equation  (2.19),  and  the  corresponding 

eigenvalues  £  are  given  by  the  stationary  values  <S[u  ]  of  the 
11  n 

functional  £[u] .  We  can  easily  show,  analogously  to  the  time- 
independent  case,  that  the  variational  principle  (2.19)  is 
equivalent  to  the  steady  state  Schrodinger  equation  (2.l4). 

The  variational  principle  plays  a  central  role  for  the  determination 
of  approximate  eigenfunctions  and  eigenvalues,  as  in  the  case 
of  stationary  states. 
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Hellmann -Feynman  theorem.  A  theorem  analogous  to  the 
He llmann -Feynman  theorem^  for  stationary  states  in  a  conservative 
system  holds  also  for  steady  state  solutions  in  a  periodically 
time-dependent  system.  If  the  Hamiltonian  H(t,A)  of  a  system 
depends  on  a  time-independent  parameter  A  and  the  periodic 
relation  H(t+T, A)-H(t,A)  holds  for  any  A,  then  the  solution 
(6(a),  u(r,t,A)}  of  the  steady  state  Schrodinger  equation  (2.l4) 
satisfies  the  relation 


=  «u,  ^U»/«U,  u»  , 
(5(A)  a  «u,^Cu»/«u,  u»  . 


(2.20) 


The  proof  is  analogous  to  the  corresponding  proof  for  stationary 
states,10  and  will  be  omitted. 

Hyporvirial  theorem.  The  steady  state  solutions  also  satisfy 
a  theorem  analogous  to  the  hypervirial  theorem11  for  stationary 
states:  If  u(r,t)  is  a  solution  of  Eq.  (2.l4)  and  if  operator^ 
is  periodic  in  time  with  period  t,  this  theorem  states  that 


«u,  E*,*d]u»  -  0  ,  (2.21) 


where  [<7£,^j  is  the  commutator  of  J-C  and  <A  This  hypervirial 
relation  (2.2l)  has  a  wide  range  of  application  depending  upon 
the  choice  of  the  operator^.  For  a  particular- choice  of  (A, 
namely  t/1  ]T  n(^n*Pn+Pn*  ^n)  >  where  ?n  and  pn  are  the  position 
and  linear  momentum  operators  of  the  nth  particle  in  the  system 
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concerned,  Eq.  (2.21)  yields  the  vlrlal  theorem  analogue  for 
3teady  states: 

2«u,  Tu»  =  «»,  (ZnvV(t),U>>  ’  (S'22) 

where  H(t)=T+V(t),  T  is  the  kinetic  energy,  and  V(t)  is  the 
potential  energy,  which  is  of  course  periodic. 

A  remark.  Relations  with  «  ,  »  for  steady  states  have 
analogues  of  <  ,  >  relations  in  the  stationary  case,  as  seen 
before;  relations  with  <  ,  >  for  steady  states,  however,  have 
no  special  standing  and  must  be  expected  to  differ  from  the 
stationary  case  in  general. 

3.  STEADY  STATE  PERTURBATION  THEORY 
A.  Preliminary  Remarks 

Let  the  Hamiltonian  H(t,A)  of  a  given  system  be  given  by 

H(  t.  A)  =  H(0)  +  AV(t)  ,  (5.1) 

where  H^  is  a  time-independent  Hermitian  operator,  the  operator 
V(t)  is  also  Hermitian  but  periodic  in  time  with  period  t,  and 
A  is  a  small,  real,  expansion  parameter. 

The  steady  state  Schrodinger  equation  for  the  system  is 

given  by 

'+  AV(t)  -  (5(A)]  u(r,t.  A)  =  0  ,  (3-2) 
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where 

<*(°)  =  h(0)  -  ,  (5-5) 

which  is  a  Hermitian  operator  in  the  composite  Hilbert  space 

C H+d ",  the  solution  u(r,t,A)  is  located  in  61+0'  for  any  A.  Note 

that  the  complete  wavefunction  #(r,t,A)  is  given  by 

\ 

^/(r,t,A)  =  u(  r,  t,A)  e-1^7^ t//R  , 

>  (5-4) 

u(r,t+r,A)  =  u(r,t,A)  , 

) 

where  (6(a),  u(r,t,A))  is  a  solution  of  Eq.  (5*2). 

We  demand,  of  course,  that  u(r,t,A)  varies  continuously 
with  A,  and  adopt  the  normalization 

«u(r,t,A),  u(r,t,A)»  =  1  ,  (5-5) 

which  is  equivalent  to  <u,u>=l  so  long  as  u(r,t,A)  is  a  solution 
of  Eq.  (5.2),  and  which  assures,  therefore,  the  normalization 
r.f  the  complete  wavefunction,  namely  The  phase  factor 

of  u( r, t, A)  will  be  fixed  by  the  standard  phase  convention, 
namely 

<<(u(r,  t,  0) ,  u(r,  t,  A)»  =  «u(r,t,A),  u(r,t,0)»  ,  (5-6) 

which  is  always  possible. 

The  unperturbed  eigenvalue  equation  is  given  by 

^(0)u(r,t,0)  =  6(0)u(r,t,0)  ,  (5-7) 
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where  u(r,t,0)  is  located  ini£+^.  Let  En  and  f*n(r)  be  discrete 
eigenvalues  and  eigenfunctions  of  the  operator  ^ ,  namely 

H(0)fn(?)  -  Enfn(?)  J  ^*8) 

then  the  solutions  of  Eq.  (3*7)  are  given  by 

'  6(0)  =  En  +  qtto  i  u(?,t,0)  =  f^e1^  ,  (3-9) 

where  q  is  any  integer.  A  choice  of  the  zone  (2.17)  f°r  the 
unperturbed  quasi-energies  6(0)  determines  the  integers  q  uniquely. 
As  mentioned  before,  if.  (6(A),  u(r,t,A)}  is  a  solution  of 
Eq.  (3-2),  then  (6(A)+qho>,  u(r, t,A) eiqaM:}  is  also  a  solution 
representing  the  same  physical  situation.  Due  to  the  continuity 
of  the  solutions  (6(A),  u(r,t,A)}  with  respect  to  A,  a  choice 
of  the  zone  (2.17)  for  the  unperturbed  solutions  (S(0),  u>r,t,0)} 
fixes  the  time-dependent  phase  factors  elqa;,fc  for  all  A. 

Consider  now  an  eigenvalue  E^  of  and  suppose  that 

has  eigenvalues  Em,  Em, ,  E^,***,  which  satisfy 

Ek  =  Em+pfta>,  Em,+p'fio),  Emii+p"ho, -  *  • ,  (3.10) 


for  some  integers  p,  p',  p">***J  then  the  functions. 


fk(?). 


fm(?)e 


ipo* 


ip'oot 


fm„(?)e 


ip"  out 


(3.11) 


are  eigenfunctions  of^(0)  and  belong  to  the  eigenvalue  Ek  of 
j^°).  (Note  that  several  Efi  may  be  the  same.)  This  shows  that 
even  if  the  eigenvalue  Ek  of  H(0)  is  non-degenerate  in  &,  the 
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eigenvalue  Ek  of  could  be  degenerate  in  (JI+&.  If  the 

eigenvalue  Ek  of  is  degenerate  in  JZ,  then  Ek  is  certainly 

a  degenerate  eigenvalue  of^0^  in  R+r.  Sine eJG^  is  linear, 
the  £(0)  and  u(r, t,0)  given  by 


<S(0)  =  Ek  , 

f 

u(?,t,°)  =  ckfk(r)  +  +  cm,  tm,  (*)  e^'”* 

is  also  a  solution  of  Eq.  (3.7),  where  c,  ,  c  ,  c  ,.•••  are 

kv  nr  m’* 

arbitrary  complex  numbers;  the  corresponding  complete  wavefunction 
^(r,t,0)  is  given  by 


^(r,t,0)  =  u(r, t, 0)  e“l£(0) 


=  ckfk(f)e-1Ekt/fi  +  emfm(r)e-1Eny"  +  om , fm,  (?)  e-1Em •’ +.  .  .  . 


(3.12b) 


Equation  (3.12b)  clearly  shows  the  physical  significance  of  the 

coefficients,  ck,  cm,  namely  the  probability  amplitudes 

of  finding  in  the  stationary  states  with  the  energies,  E,  E  E 

k*  m ’  m,J 

One  can  see  here  the  reason  why  degenerate  perturbation  theory 
for  steady  states  can  explain  transitions  among  discrete  levels. 


B.  Perturbation  Theory 

The  Rayleigh-Schrodlnger  (stationary  bound  state)  perturbation 
theory  is  formulated  for  an  eigenvalue  equation  in  the  Hilbert 
spaced;  the  analogous  theory  for  the  eigenvalue  equation  (3.2) 
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in  &+?  can  be  formulated  by  simply  translating  the  formulas  for 
Cl  Into  the  corresponding  ones  for  We  shall  simply  write 

down  the  formulas  which  will  be  used  in  the  following  chapter. 

Non -degenerate  case.  Expanding  £(*)  and  u(r,t,*)  in  Eq.  (3.2) 
according  to 


+ 


\ 


u(r,t,?0  »  u^(r,t)  +  Xu^^(r,t)  +  *2u^(r,t)  +  •••, 
u'n^(r,t+T)  =  u^(r,t)  ,  n=0, 1, 2, • •  • , 


>  (3.15) 

/ 


and  equating  the  coefficients  of  the  same  powers  of  A,  one 
obtains  the  following  sequence  of  equations, 


„(0)  .  0  ,  (,.*.) 

[^°)-6(0)]u(1)+[v(t).s(i)]u(0),0)  (3.l4b) 

[^°>-6(0)]u(*)  +  [v(t)-^)]u(D  .  6(2)u(0)  .  0  .  (3.lllc) 


The  combination  of  normalization  and  phase  conditions  (3.5,6) 
yields  another  sequence  of  .equations. 


« 


u 


=  1  , 


(3.15a) 


0  , 


(3.15b) 


(3.15c) 


Expressions  for  the  perturbation  eigenvalues  are 
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5(1)  -  «u(0),  V(t)u(0)»  , 


(3.l6a) 


£<S)  =  «u(0),  V(t)u(l)»  . 


(3.16b) 


Degenerate  case.  Suppose  that  the  unperturbed  eigenvalue 
6^  in  question  is  degenerate  and  that  one  set  of  corresponding 
orthonormal  eigenfunctions  are  u^  (r,  t)  ,*  *  *,uj^  (r,t) ;  then 
the  first-order  eigenvalues  and  the  corresponding  "correct" 

zeroth-order  eigenfunctions  u^(r,t)  are  given  by 


Z_jn=l|^  m  '  v  '  n  °a  mn j  n,i 

u(°)(£t)  =Y"N  u'°^(rt)c 
uaa  Z_.  n=l  un  lr,t;cn,aa  * 


=  0  ,  m-l,*  •  *,N  , 


(3.17) 


where  the  index  a.  distinguishes  between  the  values  of  eigenvalues 
and  the  index  a  in  the  eigenvector  (ci  ca*c2  aa' '  ’ ’'cN,aa^ 
distinguishes  between  the  eigenvectors  belonging  to  the  same 
eigenvalue  « 


We  can  always  choose  the  coefficients  c 


n,  aa 


to  constitute  a  unitary  matrix;  then  the  N  eigenfunctions 
uf^(r, t)  are  again  orthonormal. 

Almost-degenerate  case.1^  Let  6^  and  bc  tw0  non¬ 
degenerate  eigenvalues  of  and  u^(r,t)  and  Ug^(r,  t)  be 

the  corresponding  eigenfunctions  respectively.  The  expansion 
parameter  *  i3  now  considered  as  a  fixed  finite  number,  which 
is  small  enough  so  that  one  can  still  put  forward  the  solution 
of  Eq.  (3.2)  as  a  power  series.  If  the  unperturbed  eigenvalues 
40)  and  are  so  close  together  that  they  satisfy  the  relation. 


(5.18) 


k40)-40))ai  s  i«u<o),v(t)4o)»i , 

then  the  first-order  approximate  solution, 

SM  =  i(4°)+40))  +  +  o(*2).  , 

u(r,t,?i)  =  (CjU^°hf,  t)+cgu^°hf,  *))  +  0(?i)  , 
is  given  by  the  secular  equation, 

/vn+A-6(l),  v12  ^  /Cl\  I 

t  V21  1  V22“A“^1' /  \C2/  °  >  (3.20) 

A  h  (<s[0)-6^0))/27v  ;  vmn  h  «ui°),  V(t)u£0)»  .  . 

C.  Transformed  Perturbation  Equations 

We  now  transform  the  eigenvalue  equation  (3.2)  by  introducing 
a  factor  exp[  10(t,  A)/n] ,  where  0(t,A)  is  a  function  of  t  and  A: 

v(r, t, A)  =  e10(fc,>v)/nu(r,t,A)  ,  (3-2l) 

[ctf'0)  +  AV(  t)  -  hO  ( t.  A) /St  -  5(A)]  v(r,  t,  A)  «=  0  .  (5-22) 

The  complete  -„avef  unction  \^(r,t,A)  ic  now  given  by 

^(r,t,A)  ■  v(r,  t,  A)exp[-i(5(A)t+0(t,  A)  )/fiJ  .  (3*23) 

Let  us  first  make  the  transformation  ouch  that  v(r,t,A) 
satisfies  the  conditions 
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<v(r,t,A),  v(  r,  t,  A))>  =  1  , 

(v(r,t,7\) ,  ^v(r,  t ,  A))>  -  t,  A) ,  v(r,t,A))>  . 

The  corresponding  0(t,A)  has  to  be  real  and  satisfy 

=  tH^°^+^V(t)  ]u>  -  6(A)  ,  (3.25) 

where  we  have  used  the  fact  that  the  operators  V(t)  and 
exp[  i0(t,  A)/fi]  commute.  Suppose  that  6 ( t+r.  A)  =0(  t,  A) ;  then, 
integrating  Eq.  (3*25)  with  respect  to  t  over  the  period  t, 
one  has 

6(a)  =  <?u,  [H^+AV(t)  ]u»  .  (3.26) 

This  equation,  of  .course,  does  not  hold  in  general.  Hence 
neither  0(t,A)  nor  v(r, t,A)  can  be  a  periodic  function  of  time 
with  period  t.  In  other  words,  the  conditions  (3.24)  and  the 
periodic  relation 

v(r,t+T,A)  «  v(r,t,X)  (3.27) 

do  not  hold  simultaneously.  It  is  important  to  notice  the 
close  relation  between  the  conditions  imposed  on  v(r,t,A)  and 
it3  periodic  property  (3.27). 

As  stated  by  Langhoff  et^ajl.,^  one  can  avoid  the  "secular 
divergences"  by  imposing  the  conditions 

<v(r,  t,  A) ,  v(r,t,A)>  «=  1  #  (3.2fla) 
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<v(r,t,0),  v(r,t,>0>  “  <v(  r,  t ,  7\) ,  v(r,t,0)>  ,  (3-28b) 

on  v(r,t,X),  or  by  imposing  another  set  of  conditions 

<Xr,t,?0,  ^(r,t,X)>  =  1  ,  <v(r,t,0),  v(r,t,*)>  =  1  .  (3.29) 

In  the  following  paragraphs,  we  shall  show  that  one  can  always 
choose  0( t,x)  so  that  v(r, t,^)  satisfies  both  the  conditions 
(3»28)  and  the  periodic  relation  (3*27). 

In  order  to  satisfy  Eqs.  (3«27)  and  (3»28a),  the  corresponding 
0(t,7v)  has  to  be  real  and  periodic  in  time  with  period  t.  For 
any  given  0( t,7v)  which  is  real  and  periodic  in  time  with  period 
t,  the  corresponding  solution  v(r,  t,7\)  of  Eq.  (3.22)  satisfies 

5^<v,  v>  »  0  ,  (5.30) 


relation  to  prove  the  statement. 

The  eigenvalue  <S(>)  is  given  by 


(3-32) 

(3.33) 
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as  is  seen-  from  Eq.  (3-3l).  We  choose  the  function  0(t,?O 
such  that 

-s  rr/2 

ie(t ,-h)  =  <$(t,>0  -  <S(?0  ,  0(t,A)dt  =  0  ,  (5.34) 

dt  '  -t/2 

where  the  function  v(r,t,>0  in  the  6(t,?0  is  the  corresponding 
solution  for  this  chosen  0(t,x).  In  order  to  be  3elf-consistent, 
the  function  0(t,>O  defined  by  Eos.  (3-34)  must  be  real  and 
periodic  in  time  with  period  t;  using  Eq.  (3-32),  one  can  easily 
show  the  self-consistency. 

For  this  specially  chosen  0(t,?O,  the  corresponding  v(r,  t,>0 
satisfies 

+  *V(t)  -  £(t,?0]  v(r, t, >)  =  0  ,  (3.35) 

[<v^  ,v>/<v,v^>]  =  0  ,  (3-36) 

where  the  second  equation  follows  from  Eq.  C 3 • 3l) •  If  v(r,t,>0 
is  a  solution  of  Eq.  (3*35),  then  c(?0 v(r, t,>0  is  also  a  solution, 
where  c(?0  is  an  arbitrary  complex  function  of  "K.  Using  this 
freedom  and  Eqs.  (3*30,36),  one  can  always  make  a  solution 
v(r,t,?0  to  satisfy  the  conditions  (3*28a,b). 

Thus  we  have  shovm  that  the  conditions  (3*28)  imposed  on 
v(r, t, \)  go  hand  in  hand  with  the  periodic  relation  (3-27). 
Similaily  one  can  show  that  Eqs.  (3*27,29)  hold  simulataneously . 
For  this  case,  however,  the  corresponding  0(t,X)  is  not  real, 
and  the  transformed  "Hamiltonian,"  v7£^+^V(?0  -d0(t,^)/dt,  is 
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no  longer  Heimitian  in  &+&.  Because  of  this  disadvantage,  we 
prefer  the  conditions  (3*28)  to  (3.29)  in  order  to  avoid  the 
secular  divergences. 

To  sum' up,  the  equations  for  the  desired  v(r,  t,>0  are 
Eqs.  (3.35,33)  and  Eqs.  (3-28),  and  the  solution  v(r,t,X)  of 
them  must  be  located  in  $+7.  The  eigenvalue  <$(>*)  and  the 
phase  function  0(t,?O  are  given  by  Eq.  (3-32)  and  Eqs.  (3- 3*0, 
respectively,  where  v(r,t,7v)  in  the  <S(t,X)  is  the  solution  of 
Eqs.  (3.35,33).  The  complete  wavefunction  ^(r,t,?0  is  given 
by  (3.23).  Since  the  solution  v(r,t,X)  of  Eq.  (3-35)  satisfies 
automatically  Eqs.  (3*30,36),  the  conditions  (3-28)  are 
equivalent  to  the  conditions 


<^v(r,t,>0,  v(r,t,?0»  «  1  , 

«v(r,  t,0) ,  v(r,t,?0»  =  «v(r,t,>0,  v(r,t,0)»  , 


(3.37) 


so  long  as  v(r,t,?0  is  a  solution  of  Eq.  (3*35).  The  solution 
v( r, t, >0  of  Eqs.  (3-35,33,28)  satisfies 


«v(0j,  V(t)v»  =  «v,  v(t) v'°  »  . 


(3.38) 


Note  that  in  general  the  relation  <v'  ,V(t)  v>=^v,  V(t)  v^  ')> 

cannot  be  expected  to  hold. 

Expanding  <5(?0,  <S(t,E),  ©(t,*)  and  v(r,t,?0  according  to 

<SM  =  E^=o  ■  e - 


e(t»  -  £"  A(k)(t)  ,  =  E" 


k„(k) 


(3.39) 
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and  substituting  into  Eqs.  (3.35,33,28),  one  obtains 

[m(0K6(°)]v( 0)  m  0  f  <v(°)^v(0)>  „  !  f  6(0)(t)  =  &(o)  t  (5>;+0) 


and  for  n=l,2,  •  •  • , 


[xf°> -£(°)]  VM  +  [v(t)-£<1)(t)]v(n-1>  -  £"=2  &M(t)v(n-k)  =0  ^ 

•  ,  (3.41a) 

5(n)(t)  -  Re<v(°),V(t)v(n-1)>  -  £JJ;1  SW(tK,(0),>-k)>  ,  (?.4lb) 

<v(0).v(")>  =  4e;:J<vW,,m>  .  (3.4l0) 

One  can  solve  the  sequence  of  equations  (3.4o)  and  (3.4l) 
progressively.  The  ,5(k)  and  ©fk)  ( t)  are  given  by 

£(k,^/S£(k,(t)  dt;  | 

(3.42) 

=  £(k)( t)  - 6<*>  rT/s 8oo(t)dt  m0  J 

J  -t/2  > 

Incidentally,  the  variational  •  equation  for  the  v^(r,t) 
is  given  by 

6P[  u(r,  t)  ]  =  0  , 

r  /  »  ,  ,  >(3.43) 

Ptu)  —  «u,[jc<°>.£(0)ju>>  +  SRe«v(0>,[v(t)^v<0>,V(t)v(°>>]u»J 

where  u(r,t)  and  5u(r,t)  are  in  (R.+7. 

Let  us  consider  an  inhomogeneous  equation  with 
an  auxiliary  condition. 


^  i  . 
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[h^°)  -ifi(d/dt)  -Eq]  v(r,t)  =  w(r,t)  , 

/  (3.44) 

<fQ(r),v(?,  t)>  =  0  , 

where  H^f0(r)=E0f0(r)  and  the  giver,  function  w(?,t)  is  periodic 
in  time  with  period  t.  If  v(?,t)  is  a  solution  of  Eqs.  (J.M), 
then  the  v'(r,t)  given  by 


"(^t)  =  +  En(/0)cnfn(?)ei(Eo"En)t/T1 


(3.45) 


is  also  a  solution  of  Eqs.  (3*44),  where  and  f  (r)  are 

discrete  eigenvalues  and  eigenfunctions  of  H(°\  and  the  coefficients 

Cn  are  arbitrary.  This  shows  that  the  solution  of  Eqs.  (3.44) 

Is  not  unique  and  in  general  not  periodic  in  time  with  period  x. 

The  fact  that  w(r,t)  is  a  periodic  function  of  time  does  not 
insure  that  solutions  v(*,t)  of  Eqs.  (3.44)  are  periodic  in 

14 

time.  One  should  establish  the  periodicity  of  the  solution 

(r,t).  of  Eq.  ( 5.4 la)  on  the  basis  of  the  steady  state  u(r,t), 
as  we  have  done  before.  Finally  we  emphasize  that  the  transformed 
equation  and  the  original  one  are  equivalent  as  long  as  the 
period  x  is  finite. 

4.  APPLICATIONS 

We  shall  now  apply  the  steady  state  perturbation  theory 
to  the  case  when  the  perturbing  operator  V(t)  is  harmonic, 
namely 
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V(t)  =  27^  cos  cut  >  (4.1) 

where  Is  a  time-independent  Hermit lan  operator,  and 

03=2tt/x^O;  we  shall  study  two  examples  for  demonstration. 

A.  One-Level  System 

In  this  section  we  consider  the  case  when  the  discrete 

eigenvalue  Eq  of  in  question  Is  non-degenerate  In  Jl,  and 

when  there  Is,  besides  Eq,  no  discrete  eigenvalue  of  H^)  in 

the  vicinity  of  EQ,  Eq^Hcd,  Eq±2 fitb,  and  Eq±3Ro). 

Time-dependence  of  the  perturbed  wavefunction .  Let  us 

first  assume  that  there  Is  no  discrete  eigenvalue  E  of 

n 

which  satisfies  En=E0+qh<u  for  some  non-zero  Integer  q;  namely 
the  eigenvalue  EQ  of  Is  non-degenerate.  We  shall  use  the 

transformed  perturbation  equations  (3.40,4l),  because  of  the 
desirable  limiting  behavior  of  the  perturbed  wavefunction  at 
a>=0;  the  same  notations  as  the  previous  section  C  will  be 
used  in  this  section. 

We  choose  the  zone  (2.17)  such  that  the  zeroth-order 
eigenfunction  v^(r, t)  is  time-independent: 

[H(0)-E0]f0(r)  =  0  ,  <f0(r),fQ(r)>  =  1  , 

(4.2) 

*(0)  =  E0  ,  v^(r,t)  =  f0(r)  . 

Knowing  v^(.r,  t),  one  can  calculate  S ^  ( t)  from  Eq.  (j5.l4b). 
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namely 


aWft) - aE(1)co.<*  ,  e(1)  -  <f0>  v<1)V  •  (4-5) 

Since  the  first-order  eigenfunction  v  ^  (r, t)  is  a  periodic 
function  of  t  with  period  2t r/co,  it  can  be  expanded  in  a  Fourier 

series,  namely 

(4-4) 

where  functions  f^ (r)  are  in  £.  Substituting  (4.3,4)  into 
the  first-order  equation  of  (3*4la,c)  and  using  the  fact  that 
o#0,  one  obtains 

+  [vW-E^fo  =  0  ,  (4.5a) 

<fQJ  f£i>>  -  0  .  <4‘5b) 

[H^-Ep+qttmjf^1'  -  0  ,  <fQ,  f^1’)  =  0  ,  for  q*±l  .  (4.6) 

From  the  assumption  we  made,  there  are  no  non-vanishing  functions 
in  01  which  satisfy  Eqs .  (4.6);  therefore,  the  functions  fq  (r) 
must  vanish  except  for  q=±l.  Thus  the  first-order  eigenfunction 
v^(r,t)  is  given  by 

v(l){At)  -  t$Weict  +  ,  (4-7) 

where  the  functions  f^}  (r)  satisfy  Eqs.  (4.5),  respectively. 

Note  that  Eqs.  (4.5a)  yield  Eqs.  (4.5b). 

From  Eq.  (3*4"lb),  one  has 


212 


<$^(t)  =  2E^2Ml+cos2oot)  ,  E^2'  s  -KfQ^V^1^  (f|^+f^^)>  ;  (4.8 

it  is  easy  to  see  from  Eqs.  (4.5a)  that  <fQ,  are  real. 

By  similar  manipulation,  one  obtains' 

v^(r,t)  =  f|2^(r)ei2u)t  +  f (r) e"12a)t  +  2f^  (r)  ,  (4.9) 

where  the  functions  f(J^ (r)  and  f^2^ (r)  satisfy 

\ 

[H^°^-E0±2Ho)]f^  +  [v^-E^lf^  -  E^fn  =  0  , 

L  0  j  ±2  L  J  ±1  0  (4.10) 

[h^0^  -E0]  f^2)  +  ijV^-E^]  (fj^+f^)  -  E^fQ  =  0  , 

<?0>r(+2>  -<fo^f-2)>  =  -Kfj^f^b  »  -Kf^^fj^)  ,  (4.11a 

<f0'f02)>  =  +  <fil)>f^)>]  i  (4.11b 


(4.10) 


(4.11a 


(4.1lb 


note  that  Eqs.  (4.5a)  and  (4.10)  yield  Eqs.  (4.11a)., 

From  the  formulas  (3*42),  one  obtains  the  eigenvalues 


and  the  phase  functions  0^*'(t),  namely 


=  EQ  ,  d1'*  =  0  ,  2E^2^  ,  =  0  , 


(4.12) 


e{0) (t)  =  0  ,  0  1  (t)  =  2E 


( l)  sinojt 


,  0l2'(t)  =  2E 


(2)  sin2cut 


Thus  the  complete  wavefunction  ^(r,  t,?0,  to  the  second-order, 
is  given  by 

t(  r,t,?v)  =  [fQ  +  >(f|^el“t+f^e'1“*) 

*  *sf r (2) .12“*^ ( 2) ( 2)u.. 
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where  f<J>  satisfy  Eqs.  (4.5),  ana  f(|)  and  f(2)  . 

(4.10,11). ■ 

The  second-order  quasi-energy  eigenvalue  £(a>  ls  the 
quantity  of  physical  Interest;  for  example,  when  v^)  lB  the 
x  component  of  the  dipole  moment  operator,  glyes  ^ 

frequency-dependent  polarizability  a  (m)  . 

Applicability  conditions.  Supple  this  time  that  there 
are  functions  gqQ(?)  ln  «>  whloh  satl3fy 

•  [h(0)-E 0+q«Jg ;  (?)  =  0  ,  <g  ,  „  S  _  ,  ..  , 

J  qa  NSqa'  sqP'  ~  5ap  >  (4.15) 

for  some  non-zero  integer  q,  where  the  second  index  a  in  g  (r) 
distinguishes  between  the  eigenfunctions  belonging  to  the  sle 
eigenvalue  Eg-qho,  of  H  ;  then  the  functions  fQ(?)  cnd  g  (J)  eiqcat 

belong  to  the  eigenvalue  EQ  of  J <f°\  and  EQ  is  no  longer  Tnon- 

degenerate  eigenvalue  of  J(£°)  .  por  +h1q 

jor  this  case,  one  has  to  use 

the  degenerate  perturbation  method. 

If  the  functions  v^ftt).  v^fS.t)  and  v^>  (?,t)  given  by 
Eqs.  (4. 2,7, 9)  satisfy 

«*«,•***.  {[V(t)-£0)(t)jv(m-l)  .  Em=2  £«  {t)y(m_k)}>>  _  q  ^ 

for  all  qa  ,  (4.16) 

for  m=l,- ••,(„+!),  where  6(l)(t)  and  S&  (t)  are  given  by  Eqs. 
(4.3,8),  then  the.  function  v«»  +  . satisfies  the  degenerate 
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perturbation  equations  up  to  the  nth-order  with  the  eigenvalue 
6^  +  *  •*+>vn6^n) ,  and  <S^n+1^  is  an  eigenvalue  of  the  (n+l)th- 
order  equation,  where  the  eigenvalues  are  given  by  Eqs. 

(4.12)  . 

We  still  assume  that  Eq  is  a  non-degenerate  eigenvalue 
of  .  For  m=l,  Eq.  (4.l6)  yields 


<v,v 


(i) 


fo>(6 


q.+i+5q. 


-1 


)  =  0 


for  all  qa 


(4.17) 


hence  if  EQ±Ra)  are  not  eigenvalues  of  ,  then 
(6^=0, v^  (r, t)=fQ(r)  )  is  a  solution  of  the  first-order 
degenerate  perturbation  equation,  and  furthermore  the  solutions 
f£P  (r)  of  Eqs.  (4.5)  are  unique.  If  there  exist  the  eigenvalues 
of  which  are  close  to  the  Eq+Rcd  or  Eq-Ro>,  then  the  solution 

f|^(r)  or  f[^(r)  becomes  large.  Therefore  the  applicability 
condition  for  (6^  v^^  }  is  that  there  exists  no  eigenvalue 

of  at  the  vicinity  of  Eq±Ro). 

For  m=2,  Eq.  (4.16)  yields 


<fW  [v(l)-E(l)]fW>6q>+£,  +  <g<p,[v(l)-E(1)]fW>6q).2  -  0  , 

for  all  qa  ;  (4.l8) 


if  E0±2Roj  are  not  eigenvalues  of  H^,  then  )  Is  a 

solution  of  the  second-order  degenerate  perturbation  equation, 
and  the  solution  f^(r)  and  f£2)(r)  of  Eqs.  (4.10,11)  are 
unique.  If  there  exist  the  eigenvalues  of  v/hich  are  close 
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to  the  E0+2Ho),  EQ-2n<D,  or  Eq.  then  the  solution  (r) , 

or  fQ^^(r)  again  becomes  large.  Henco  the  applicability 
condition  for  ( f/°)+*£^+>v26^ ,  v^+Av^}  is  that  besides 
Eq,  there  exists  no  eigenvalue  of  at  the  vicinity  o'5  Eq, 

E0±fio),  and  E0±2fio).  Similarly  the  applicability  condition  for 

f  v(<>Wl>+V  ,(■■>)  iG  that  besides 

Eq  there  exists  no  eigenvalue  of  at  the  vicinity  of  Eq, 

E0±hoj,  E0±2fi<jo,  and  Eq±JFJcd. 

Limiting  behavior  at  c>=0.  If  fits  is  much  smaller  than  the 
difference  between  Eq  and  the  closest  eigenvalue  of  H^,  then 
there  will  be,  besides  Eq,  no  eigenvalue  of  in  the  vicinity 

of  Eq,  Eq±Ficu,  Eq±2Rco,  and  EQ±3fiu>j  hence  one  may  consider  Eq3. 
(iKl-l,0  valid  in  the  neighborhood  of  o>=0. 

At  the  limit  o>=0,  the  functions  f£^(r),  f±j?($h  and 
(r)  become 


f(l)(?)  -  4^  (?)  -  , 

f(2)(f)“  f)  -  (?)  -  r<2)(?)  , 


(1.19) 


where  f^tr)  end  f^(r)  aatlofy  the  stationary  perturbation 
equations,  namely 


[»(0)-E0]f0  =  0  . 

[h^-eJ^1*  +  [v<»  -  o  , 


\ 

KJ‘.20a) 
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<f0,fo>  “  1  ,  <f0,f(l)>  -  0  ,  •  (*.20b) 

vrhcn  o>-»0,  the  complete  wavefunctlon  ^(r,t,X)  smoothly  Joins 
the  stationary  solution  of  the  Hamiltonian  H^+(2X)V^, 

^(r,t,*)  «  [fQ  +  (2*)r^  +  (2*)2f(?)  +  •  •  •]c"lr,^t  *  /  , 

>  ( U .  21 ) 

n(t,X)  -  t[E0  +  (2*)<f0,V(l)f^  +  (2?y)2<f0,V(l)f(l)>  + 


for  any  finite  t. 

This  limiting  behavior  is  due  to  the  transformation  we  made; 
the  original  eigenfunction  u(r, t,*)  does  not  have  this  limiting 
property.  If  one  wishes  to  expand  the  perturbed  wavefunctlon 
in  powers  of  to,  then  the  limiting  property  we  obtained  is 
indispensable. 

Variational  method.  The  variational  equations  for  the 
solutions  f^(?)  of  Eqa.  (*».5)  ore  given  by 


6F+[h+(f)]  -  0  ;  6P_[h.(f)]  -  0  , 

p±[h±]  «  <h±,  [n^-EQiitojh^  +  2He<r0,  [v(l)-<r0,v(1)  !•(,>] 


' 

>(n.22) 

/ 


These  equation  con  be  obtained  from  Eq.  (5.H5),  or  merely  by 
inspection. 

A  remark.  If  one  adopts  another  normalization  and  phanc 
convention,  namely  <^,  ?>-l  and  <v^,  v>-l  with  complex  0(t,X), 
then  one  obtains  somewhat  more  complex  equations  than  Eqs.  (‘*.1-1*0  • 
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B.  Two-Level  System  Connected  with  Single-Quantum  Transition 


We  shall  now  study  the  case  which  obtains  when  two  discrete 
non -degenerate  eigenvalues  Ej  and  Eg  of  H(0)  satisfy  VE1+6m, 
and  there  are,  beaidea  Ej  and  Eg,  no  eigenvnluea  of  H  0  In  the 
vicinity  of  E1±hto  and  Eg±h<u;  the  eigenvalue  Ej  of  JC  0  is  then 
almost  dqgcncratc.  We  can  treat  this  problem  by  the  almost - 
degenerate  perturbation  method  as  developed  in  the  previous 
section.  Tn  particular,  the  eigenfunctions  and  eigenvalues 
are  determined  by  Eq.  (3.19,20);  we  shall  use  the  name  notation 

here  as  was  used  there. 

Let  f1(r)  and  f2(r)  be  the  eigenfunctions  of  belonging 

to  the  eigenvalues  E1  and  Eg,  respectively;  choosing  the  zone 
(2.17)  suitably,  one  has  the  eigenvalues  and  eigenfunctions 

of  ^°)  in  the  form, 

e(0)  -  E.  ,  u[0)(*,t)  »  f^*)  ,  ] 

(H.23) 

4°)  -  E2  -  ho>  ,  40)(f,t)  -  f2(r)e'ltut  .  ^ 

The  eigenvalues  of  Eq.  (3-20)  arc  given  by 


6il}  "  *[**  +  l<frv(1)f^|2)^  , 
A  -  (Ea  -  E2  +  *as)/2\  ; 


(U.2*l) 


the  corresponding  eigenvectors  (o1+,  c2+)  and  (ca_,  c2J  are 
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determined  up  to  a  phase  factor  from  the  equations, 

cl±  _  <fi'v(l)f?>  ,2X  u  ,2  0  i  >  (n.25) 


lcl±l  +  lc2±l 

Thus  the  first-order  solutions  are  given  by 


R±”  “ 

*  c2± 


* 


>  ('1.26) 


6(0)  *  i(fi[0)  +  40))  . 

Suppose  that  the  system  is  in  the  3tate  f^r)  at  t-O; 
then  the  wavef unction  ^(r,t,>0  at  subsequent  values  of  t  is, 
in  first-order,  given  by 

*(r,t,>0  -  (c?J+  -  c^f  J/(c2-c1+  -  c^CjJ 


+  -  c-wei1)t./n)r2]  , 


(i),. 


(".27) 


since  i>(v,  t,X)  is  the  first-order  solution  of  the  Schrodinger 
equation,  and  satisfies  ^(r,0,X)-f1(f) .  The  probability  P2(t) 
of  finding  the  system  in  the  state  f2(?)  at  the  time  t  is  given 
by 


r2(t)  -  |(e“iXC+l)t/n  -  e”U£-'l^t/n)/(R+  -  Rj|2  ; 


(1) 


(»l.20) 


substituting  (n .25)  into  (4.28),  one  obtains 
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x"i<fi,v(1)f^ia  rsWo^tn2 


p2(t> 


L  J17 


w(1)  -  [MEj-Eg+na))2  +  x2|<f1,v^1^r^|2]^  . 


(*».29) 


It  io  easy  to  show  that  the  probability  P1(t)  finding  the  system 
in  the  state  f^r)  at  the  time  t  is  given  by  P^O+P^ t)  =1 . 

The  formula  0».29)  is  nothing  but  the  well-known  Rabi  formula.1^ 
The  applicability  conditions  for  the  formula  pl.29)  are 
given  by  Eq.  (3.18),  namely 


|(E1-E2+no.)A|  «  |<f1(v(1)f^>l  : 


('1.30) 


and  by  the  requirement  that  there  arc,  besides  Ej  and  Eg,  no 
eigenvalues  of  in  the  vicinity  of  Ejificu  and  E2±ho).  The 

presence  of  eigenvalues  of  H^  in  the  vicinity  of  E^qho)  and 
E2+qho>  for  |q|>2  does  not  change  the  final  result  . 29)  . 
These  applicability  conditions  give  the  conditions  for  two- 
level  system  model  to  be  valid  in  the  first-order  transition 
probability  calculation. 


5.  DISCUSSIONS 


Existence  of  steady  state  solutions.  Hoot  of  Hamiltonians 
which  one  encounters  in  practice  are  of  the  form  H^+XV(t), 
where  H^  is  a  time-independent  Hcrmitian  operator,  V(t)  io 
also  Hcrmitian  but  periodic  in  time,  and  X  is  a  small  real 
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paramter.  If  the  3teady  3tate  Schrodinger  equation  (3-2,3)  for 
the  system  has  a  discrete  eigenvalue  £(>)  and  its  eigenfunction 
u(r,t,%)  in  &+J,  then  we  certainly  have  a  steady  state  solution, 
since  u(r, tjXje”1^^ is  a  bound  solution  of  the  Schrodinger 
equation  and  has  the  required  form.  Hence  the  question  of  the 
existence  of  steady  states  can  be  reduced  to  the  question  of 
the  Existence  of  the  pjrturbation  solutions  of  Eq.  (3*2,3) • 

The  unperturbed  Hamiltonian  that  we  are  interested 

in  has  usually  bound  states  solutions  in  61  and  therefore  the 
operator  («H^  -ifid/dt)  has  discrete  eigenvalues  and 

corresponding  eigenfunctions  in  G2.+J,  namely  steady  state  solutions 
(sec  Eq.  (3.7-9)).  The  solutions  that  we  are  interested  in  are 
such  that  the  eigenvalue  £(*)  approaches  one  of  the  discrete 
eigenvalues  of  J<f°K  when  *“►(>.  The  question  on  the  existence 
of  such  perturbation  solutions  can  be  treated  analogously  to 
the  static  case1^;  again  Inc  difference  is  the  Hilbert  spaces 
we  use,  61  or  £+&• 

By  analogy,  one  can  expect  that  for  some  v(t)  (including 

the  perturbing  operator  for  the  Stark  effect) ,  there  exi3t  only 

asymptotic  eigenvalues  and  eigenfunctions j  in  other  words  the 

17 

perturbation  equations  have  solutions  only  up  to  some  order. 

For  this  case,  one  has  asymptotic  steady  states,  which  is 
sufficient  to  explain  phenomena  3uch  as  the  Stark  effect. 

Young  £t  al.  have  also  given  an  argument  on  the  existence  of 

asymptotic  steady  states. 
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Switching  function.  In  this  paper,  we  have  intentionally 
avoided  use  of  a  switching  function,  which  describes  how  the 
oscillating  part  V(t)  is  turned  on  and  reaches  its  asymptotic 
form.  We  simply  regard  steady  state  solutions  as  asymptotic 
solutions  of  the  Schrodinger  equation  which  has  a  switching 
function,  and  expect  that  steady  state  solutions  are  valid  at 
times  long  after  the  oscillating  part  has  reached  its  asymptotic 
form,  namely  a  periodically  time-dependent  form.  As  is  well 
known,  the  static  Stark  effect  has  been  treated  in  similar  manner. 

In  this  way,  we  avoid  tricky  arguments  on  switching  functions 
and  hope  the  above  statement  is  correct.  Langhoff  £t  ai .  have 
included  a  switching  function  in  their  formalism  and  somehow 
obtained  essentially  the  same  equations  as  ours  for  one-level 

p 

system. 

Prospects.  Just  recently  the  multi-level  theory  was  proposed 
for  the  simultaneous  occurrence  of  Stark  shifts  and  multiple- 
quantum  transitions  by  Hicks  et  al.5;  in  essence,  they  solve 
a  steady  state  Schrodinger  equation  for  a  perturbed  system 
[for  example,  Eq.  (5.2)  with  a  finite  X]  within  a  specially 
chosen  subspace  of  the  composite  Hilbert  space  iR+7,  which  is 
composed  from  several  eigenfunctions  of  the  unperturbed  operator 
H  and  the  functions  with  small  integers  q.  As  is  well 

known  for  the  Stark  effect  calculation,  the  unperturbed  eigenfunctions 
of  H^  ^are  not  suited  to  expand  the  perturbed  portion  of  the 
uavef.unction,  since  so  many  unperturbed  eigenfunctions,  including 
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t^ose  belonging  to  the  continuous  spectrum,  are  required  in 
order  to  obtain  reasonably  accurate  susceptibilities.  One 
avoids  this  difficulty  by  choosing  the  basis  functions  properly. 

We  can  reformulate  the  multi-level  theory  within  our  formalism 
by  developing  a  higher-order  almost-degenerate  perturbation 
theory.  Research  along  this  line  is  in  nrogress  and  the  results 
will  be  published  in  the  near  future. 

i 

The  Hellmann -Feynman  theorem  and  the  hypervirial  theorem 
are  expected  to  yield  useful  relations  which  can  be  used  to 
check  the  accuracy  of  calculated,  induced  charge  and  current 
densities  of  an  atom  -(or  a  molecule)  in  an  external  electromagnetic 
field.  This  will  be  considered  subsequently  elsewhere. 

i  * 
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ABSTRACT 

Exact  formulas  are  derived  for  the  electric  shielding 
tensors  of  nuclei  in  a  molecule  bathed  in  a  static,  uniform, 
electric  field.  It  is  shown  that  the  derived  relations  hold 
also  in  the  coupled  Hartree-Fock  approximation.  The  resulting 
equations  should  provide  useful  checks  on  the  accuracy  of  the 
first-order  induced  electron  density,  a  quantity  required  for 
the  calculation  of  the  electric  dipole  polarizability  tensor. 

A  tensor  quantity,  which  is  a  function  of  the  electric  dipole 
moment  and  its  derivatives  with  respect  to  the  internal 
coordinates,  is  proposed  as  an  effective  charge  of  an  atem  in 
a  molecule. 
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INTRODUCTION 

The  dipole  shielding  factor  f3  for  an  atom  in  a  static 
uniform  electric  field  is  given  by  N/Z,  where  N  is  the  number 
of  electrons  and  Z  is  the  nuclear  charge."^  This  relation, 

(3=N/Z,  holds  also  in  the  coupled  Hartree-Fock  (H.F.) 

2 

approximation,  which  is,  in  essence,  the  H.F.  formalism  in 
the  presence  of  a  weak  external  field.  Since  the  dipole 
shielding  factor  contains  the  first-order  induced  electron 
density,  which  is  also  required  for  the  calculation  of  the 
electric  dipole  polarizability,  the  relation  p=N/Z  has  been 
providing  a  useful  check  on  the  accuracy  of  the  given  first- 
order  induced  electron  density.'* 

In  this  paper,  we  derive  the  similar  relations  for  the 
electric  dipole  shielding  tensors  of  nuclei  in  a  molecule,  and 
show  that  the  coupled  H.F.  approximation  yields  the  same 
relations.  The  derived  expression  tor  the  nuclear  shielding 
tensor  can  be  interpreted  as  an  "effective  electron  number" 
of  an  atom  divided  by  the  nuclear  charge,  as  in  the  atomic 
case.  The  equations  obtained  should  provide  useful  checks  on 
the  accuracy  of  the  first-order  induced  electron  density. 

SEPARATION  OF  RIGID  BODY  MOTION 

.•Consider  a  molecule  consisting  ■  of  N  nuclei  and  N  electrons. 

n  e 
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Let  us  choose  the  coordinate  origin  at  the  center  of  nuclear 
mass  and  denote  the  positions  of  the  ath  nucleus  and  the  pth 
electron  by  the  radius  vectors  r_  and  r  respectively.  Relative 

u  /vLl 

positions  and  distances  will  be  denoted  by  £ap=~a"~P'  rap= I ^ ’ 
we  shall  also  use  the  symbols  r  ,  r  ,  r^,  and  rpy  defined  In 
analogy  to  rap  and  rQp.  The  vector  p^-iV^  denotes  the  linear 
momentum  of  the  pth  electron.  The  charge  of  nucleus  a  is  given 
by  Z  .  We  shall  use  atomic  units  throughout  this  paper. 

U 

We  use  the  clamped  nuclei  Hamiltonian  HQ  for  the  electronic 
motion  of  the  molecule: 

=  ^  a  Zarp.a^  +  ^  p<v  rpv  +  ^  a<p  ZaZf3raf3  * 

in  the  presence  of  a  uniform  electric  field  F,  the  total 
Hamiltonian  H  of  the  perturbed  system  is  given  by 

H  =  Hq  -  P-D  , 

where  the  electric  dipole  moment  D‘  of  the  molecule  is  defined 
with  respect  to  the  coordinate  origin  (i.e.,  the  nuclear  mass 
center) : 

D  =  -Y  r  +  £_  Z  r  .  (3) 

~  i—i  p_  ~p.  a  a~a 

Suppose  that  the  normalized  electronic  wavefunction  $  of 

4 

the  perturbed  system  H  satisfies  the  Hellmann-Feynman  theorem 

Va<0|H|^>>  =<*|VaH|<I>>  -  -<*|fal«»  ,  a=l,2,-*-,Nn  ,  (4) 


(1) 


(2) 
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where  VQ  denotes  the  Gradient  with  respect  to  the  coordinates 

ra,  and  the  operator  fQ,  which  represents  the  force  on  nucleus 
o.,  is  given  by 

~a  1  'V«H  =  ZaSqir£!  +  £p(*a)  zazp-aprap  +  zaE  •  (5) 

The  j}Nn  equations  (*0  could  be  used  in  solving  a  problem  of  the 
forces  on  nuclei.  However,  it  is  convenient  to  separate  the 
translational  and  rotational  rigid  body  motion  at  an  early  stage. 
Moreover  the  quantities  Va<*|H|*>  do  not  correspond  to  physically 

meaningful  quantities  in  general;  only  some  combinations  of 
them  do. 

Let  us  introduce  the  operator  which  represents  the  force 
on  the  p.th  electron. 


fn 


L 


Zr 


a^arJa  +  ^v(*i)  VuJ  -  E  * 
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and  the  total  charge  of  the  molecule, 


(6) 


« '  La  za 


(y) 


The  operator  equations  concerning  the  total  force  and  torque 
on  the  molecule  ore,  respectively. 


£*n  +  Ca  “  QP  *  (8) 

+  Za  raxfa  -  •  (9) 

6  ,  ®  f  one  can  coolly  demonstrate  the  following 

operator  equations: 


(10) 


l("'  En  Pn1  -  ftl  • 

ltH*  W  ■  T.u  r^Cu  .  (11) 

According  to  the  hypcrvirial  theorems, r  on  the  other  hand,  wo 
have 

Eu  pu)l*>  -  0  ,  (lS) 

<*U(H,  Eu  r^xpjl*)  .  0  .  (13) 

Prom  Eqo.  (8-15),  we  obtain  the  equations  of  nuclear  motion 
corresponding  to  the  rigid  translation  and  rotation,  respectively, 

Ea  <*irai^>  ■  «  •  (in) 

Ea  ra><'** i ra i<>  .  <*|d|4.>xp  ,  os) 

where  the  electronic  wavefunction  ♦  of  the  perturbed  system  1! 


is  normalized  to  unity.  The  derived  Eqs.  (l*»)  and  (15)  are 
satisfied  by  the  exact  wavefunction  and  also  by  the  coupled  H.P. 
wavefunction,  since  both  wavcfunctions  satisfy  the  hypervlrlnl 
theorems  (l?)  and  (13).^»6 

Kow  lot  be  a  set  of  suitably  chonen  internal  coordinates 

of  the  nuclei.  In  general,  the  index  i  runs  from  one  to  VI  -6 

n 

(up  to  ”Jn-5  for  linear  molecules).  Prom  the  Hellmann-Peynmnn 
theorem  (**) ,  we  obtain  the  internal  force  relations: 
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Note  that  we  now  hove  physically  meaningful  quantities  at  the 
right  of  Eq.  (l6).  The  exact**  and  the  coupled  H.F.^  wavcfunctlona 
yield  Eq.  (l6) . 

In  general  Eqs.  (lJ»-i6)  provide  3,  3,  and  3N  -6  equations 

n 

respectively;  for  linear  molecules  3>  2,  and  3Nn~5  respectively. 
Equations  (lJi-l6),  therefore,  form  a  set  of  3?.’n  simultaneous 
linear  equations  for  the  3Nn  unknowns  All  the  subsequent 

formulas  have  been  derived  assuming  that  Eqs.  (1*1-16)  are  satisfied. 
If  we  expand  ♦  in  powers  of  the  field  strength  F, 

*  - <(0)  *  e-s(1)  +  •  •  • .  (17) 


Eqs.  ( 1*1  -16)  yield  the  first-order  relations 


Ea  . 

Ea  fa><Co>,l)  -  <P>(0)XF  ,  l 


r  !£“ 

c-a  SqY 


/ 


where 


(18) 


<P>(0)  -<^°)|D|^°)>  ,  (19) 

“  Za[<<(0)lZu  rua^olrt(l)>  +  <^C.  +  p)  .  (20) 

Ttic  set  of  Eqs.  (l8)  shown  that  ^  can  bo  expressed  in  terms 

of  the  dipole  moment  <p>^  and  lto  derivatives  with  respect 
to  the  internal  coordinates  iKp^^/dqj. 
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EFFECTIVE  CHARGE  TENSOR 


Vc  define  the  "effective  charge  tensor"  of  atom  a  in 
the  molecule  ouch  that,  in  dyadic  notation. 


9o  *  vo<p>(0)  , 

£,-9^Sj  *  (£l-Va)<P>(0)-c,  ,  1,, 1-1, 8, J  , 


(21) 


where  c ^  are  the  unit  base  vectors  of  the  coordinate 

axes.  Note  that  dyadic  0Q  lo  not  necessarily  symmetric. 

If  we  expand  4*  in  Eq.  (ft)  according  to  the  powers  of  the 
field  strength  F,  the  first-order  equation  of  Eq.  (ft)  yields 

<r<^(1)  -  ve  *  (22) 

where  <fas  1  is  defined  by  Eq.  (20).  Substituting  (22)  into 
(18),  we  hove 


Ea  9a  *  <U  • 

Ea  Za^&iJ  "  <P>(°)xJk  '  > 

z  .  yjp>.(0)  , 

a  Tq|  -?a  oqj  *  ^ 


(25) 


where  1  is  the  unit  dyadic,  and  index  k  runs  over  k»l,  2,  3. 

A  net  of  Eqn.  (23)  provides  the  equations  necessary  and  sufficient 
to  express  in  terms  of  <D>^  and  Xp>^°^q1. 
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Tho  firot  equation  In  (23)  shows  that  the  suit,  of  the 
"effective  charges"  of  atoms  lo  equal  to  the  total  charge  Q 
of  the  molecule.  According  to  Eq.  (22),  the  force  on  an  atom 
due  to  the  external  electric  field  lo  given  simply  by  the 
"effective  charge"  timeo  the  electric  field.  Furthermore, 
the  change  in  the  dipole  moment  against  the  infiniteoimal 

dloplaccmento  Gra  of  nuclear  pooltlono  rQ  is  given  by 

*P>(0)  ■  Ec  6iv£  >  (2") 

which  lo  easily  seen  from  the  definition  of  Q^.  Because  of 
theoe  relations  (22-2{0>  the  dyadic  Qq  deserves  to  be  called 
"effective  charge  tensor."  It  la  Important  to  note  that  both 
Eqo.  (22)  ond  (2*0  arc  first-order  relations. 


DIPOLE  SHIELDING  TENSOR 

Let  us  first  define  the  electron  density  p(r)  os 

p(r)  B  NJdr2‘  •  *dT}{  dV,d®H  <’*(r,  r2, . . . ,  ^  jSj,...^  ) 

*  o  e  c  c 

^(r,r2,  ...,rNe»8i,...,sN^)  ,  (25) 

where  is  the  spin  coordinate  or  the  nth  electron.  Expanding 
In  powers  of  the  field  strength  F,  we  hove  the  corresponding 
expansion  for  the  electron  density: 

p(r)  -  p^(r)  +  F*p^  (r)  +•••  .  (26) 

*0 
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Note  that  p^(r)  is  a  vector  quantity. 

In  dyadic  notation,  the  dipole  shielding  tensor  of 
nucleus  a  is  defined  os 


ea 


-fir 


iilisL.  pd), P)  , 

It  -  cj3' 


H' 


(27) 


vea-'~j '  -h  777 --p-  £(1)(r)'-.t  -  ‘-J-1-2*3  • 

1  ~  ~a ' 


With  this  definition,  the  first-order  induced  electric  field 
ot  nucleus  a  is  given  by  -£a*F. 

We  now  relate  the  dipole  shielding  tensor  j3Q  to  the 
"effective  charge  thensor"  Simply  rewriting  Eq.  (20)  in 

terms  of  we  find 

<£^(1)  -  za<L-ea)-E  •  (?8> 


Equations  (28)  and  (22)  yield  the  desired  tensor  equation 
Ea  -  (zoi  -  9^>/zo  • 

Since  Q^-Zal  con  be  interpreted  no  the  "effective  charge"  due 
to  the  electrons  of  atom  a,  the  dipole  shielding  io  equal  to 
on  "effective  electron  number"  of  atom  a  dcvld^d  by  the  nuclear 
chorgo  ZQ,  os  in  the  atomic  cone  3-Nl/Z.  The  derived  relation 
(29)  io  satisfied  by  the  exact  wavefunction  and  also  by  the 
coupled  H.F.  wavefunction. 

If  one  has  reliable  effective  charge  tensor  the  relation 
Pa»(Zal-Q^)/Za  should  provide  useful  checks  on  the  accuracy  of 
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P(l)(r)  near  the  nucleus  a,  because  of  the  v/eir;ht.  function 

in  So*  In  thc  c°uplcd  H.P .  formalism,  Eq.  (29) 
with  the  H.P.  provides  absolute  criteria  to  be  the  exact 
coupled  H.P.  p- ^ (r) . 

In  dyadic  notation,  the  dipole  polarizability  tensor  a 

/N/ 

are  given  by 

2  *  -fdr  s  p(l)(r)  > 

/  (30) 

Note  that  and  a  are  determined  by  the  same  first-order 
induced  electron  density  vector  p(l)(r) .  This  is  the  main 
reason  why  we  are  concerned  with  the  dipole  shielding  tensors 
£a  and  the  relation  (29). 

VIRIAL  RELATION 


£i*2-^  "  -/dr  fj.r  p(l' 


The  operator  equations  for  the  virial  relations  are 

**  'P*  ~n  +  £a’£a  =  +  Ho  "  T  *  (3l) 

1[H’  Zv  i(VPu  +  ?nTu>)  *  2T  +  VPu  '  (52) 

where  T»]T^p^.  Assuming  that  the  wavefunction  4>  satisfies 
the  virial  theorem 


-M.VP,,  +  Pu-yiK)  -  0 


(33) 
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we  obtain 

£<x  la  <*l£al®>  "  <*lBl'I,>-€  +  <®l«0  +  T|<t>>  '  (34) 

The  first-order  equation  of  Eq.  (5*0  is 

<d,(°)  [ T | 1^>  +  ! T | =  £a  ra.Qa  -  <g>^  .  (55) 

This  virial  relation  also  can  be  used  to  check  the  accuracy 
of  the  first-order  induced  electron  density. 

SPECIALIZATION  FOR  DIATOMIC  MOLECULES 

Consider  a  diatomic  molecule  consisting  of  nucleus  a, 
nucleus  b,  and  N0  electrons.  The  internuclear  distance,  the 
internal  coordinate,  is  denoted  by  R.  We  use  the  Cartesian 
coordinate  system  centered  the  nuclear  mass  center.  The  z 
axis  points  toward  nucleus  b  along  the  symmetry  axis.  The 
unit  vectors  along  the  x,  y,  z  axes  are  denoted  by  i,  j,  k, 
respectively.  Due  to  the  axial  symmetry,  the  electric  dipole 
moment  <D>^  can  be  written  as 

<D>(°>  =  .us  •  <*> 

Note  again  that  the  origin  of  the  dipole  moment  p,  is  the  nuclear 

-  + 

mass  center,  and  a  positive  \i  implies  a  b  . 

For  diatomic  molecules,  a  set  of  Eqs.  (25)  yields  the 
effective  charge  tensors  of  atoms  a  and  b 
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= 


3k  ~ 


2b5i  "  ^  +  ^  -  SK  K  . 

Z-T-r;0i  +  R-  (ii  +  JJj  +  k  J 


and  the  equations, 

•  fia  -  <Zai  -  ■  gb  -  (Zbl  -  &)/Zb  , 

<4(0)  iTljfD)  +  <*fD  |T|*(°)>  =  r(||  .  £)*  , 


(57) 


(58) 


can  be  used  to  check  the  accuracy  of  the  first-order  Induced 
electron  density. 

For  neutral  diatomic  molecules  (l.e.,  Q=0) ,  only  the 
quantities  and  n/R  appear  in  the  effective  charge  tensors 

%  and  3b ’  The  Quantity  was  actually  used  as  an  "effective 

charge  of  an  atom  in  a  neutral  diatomic  molecules  by  J.  H.  Van 
Vleck  ;  the  quantity  p/R  was  interpreted  as  a  measure  of  ionic 
character  of  neutral  diatomic  molecules  by  L.  Pauling. ^ 
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HYPERVIRIAL  THEOREM,  CONTINUITY  EQUATION  AND  GAUGE  INVARIANCE 

Consider  a  polyatomic  molecule  in  a  static  magnetic  field 
whose  vector  potential  is  given  by  A(r) .  We  use  the  clamped 
nuclei  Hamiltonian  for  the  electronic  motion  of  the  molecule; 
the  Hamiltonian  H  is,  in  atomic  units, 

H  =  J]  ( -  y  Z  r-1)  +  V  r""1  +  y  z  Z  r-1  Cl) 

where  J^^+aAfr^)  .  The  r^  and  p^  denote  the  position  and 

linear  momentum  of  the  pth  electron,  respectively;  Z  is  the 

q, 

nuclear  charge  of  the  ath  nucleus,  and  a  is  the  fine  structure 
constant.  The  electron  current  density  of  the  state  <t>  is  given 
by 

J(r)  =  [&(r^-r)7r^  +  J^Bf^-r)  ]  |$>  .  (2) 

Let  .us  assume  that  the  wavefunction  $  satisfies  a  hypervirial 
theorem,1 

<0|i[H,  f(r4)  j  |$>  =  0  ,  (5) 

for  real  function  f (r)  which  is  expandable  with  finite  powers 
of  the  Cartesian  coordinates  centered  on  the  molecule.  Using 
commutator  algebra,  we  find  the  operator  equation 

1[H-  £  u  =  iT.n  Kvf)^  +  v(Vfy  ,  (>o 

where  V  operates  only  on  f (r) ,  while  tt  applies  to  all  fu  jtions 
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which  appear  to  the  right  of  it.  Substituting  (1»)  into  (?)  and 
employing  the  current  density  j(r)  as  given  by  Eq.  (2),  we  can 
rewrite  Eq.  (?)  in  the  form 


f J(r)  •  Vf(r)dr  =  0  . 

Furthermore,  we  have  the  following  relation 
fj(r)  •  Vf(r)  dr  =  -/f(r)  V •  J(r) dr  . 


(5) 


(6) 


This  relation  is  derived  by  integrating  the  well-known  formula 
of  vector  analysis 


V-(fJ)  =  j  .  \/f  +  f  V.j  , 


(7) 


applying  the  divergence  theorem  of  Gauss,  and  using  the  fact 
that  the  surface  integral  vanishes  at  infinitely  far  distance 
from  the  molecule  due  to  fJ-0  at  infinity.  Since  Eqs.  (?)  and 
(6)  are  valid  for  arbitrary  functions  f(r),  we  obtain  the 
continuity  equation  for  stationary  states: 


V-J(r)  =  0  . 

v  v 


(8) 


Conversely  we  can  prove  the  hypervirial  relation  (?)  starting 
from  the  continuity  equation  (8) .  Therefore,  the  hypervirial 
relation  ( ?) ,  Eq.  (5),  and  the  continuity  equation  (8)  are 
equivalent.  Since  both  the  exact  and  the  coupled  Hartree-Fock 
wavefunctions  satisfy  Eq.  (?),*  the  current  densities  given  by 
these,  wavefunction'3  satisfy  Eqs.  (5)  and  (8). 
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Wc  now  relate  the  continuity  equation  to  the  Gauge  Invariance 
of  the  total  energy.  The  energy  change  DE  resulting  from  a  change 
6A(r)  in  the  vector  potential  io  given  by  the  general  expression 

6E  -  -clJ «l(r)*  C>A(  r)dr  .  (9) 

If  the  change  6A(r)  la  due  to  a  gauge  transformation  (i.e., 
&£(r)»Vf(r) ) ,  then  the  corresponding  change  6E  in  energy  should 
be  zero,  since  physical  quantities  arc  gauge  invariant.  This 
argument  leads  to  Eq.  (5)*  In  other  words,  the  continuity 
equation  (8)  is  a  necessary  condition  for  the  gauge  invariance 
of  total  energy.  Incidentally  Eq.  (3)  is  the  condition  proposed 

O 

by  S.  T.  Epstein  to  ensure  the  "local"  gauge  invariance. 

APPLICATIONS 


1.  Useful  Relations  for  the  Magnetic  Susceptibility  and 
Nuclear  Magnetic  Shielding  Calculations 

Consider  a  molecule  in  a  static  uniform  magnetic  field 
§(»Bg).  Its  vector  potential  A(r)  can  be  given  by 

A(r)  «  £bx( r  -  c)  ,  ( 10) 

where  £  is  a  constant  vector  and  sometimes  called  "gauge  origin." 
The  field  direction  g  is  fixed,  and  the  field  strength  B  will 
vary  by  an  Infinitesimally  small  amount  from  zero.  The  wave- 
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function  >  and  the  current  density  J( r)  are  expanded  In  powers 
of  B: 


+  (  l) 


,(0) 


+  BJ 


0) 


(11) 


The  magnetic  susceptibility  \  and  the  nuclear  magnetic  shielding 
£a  of  the  ath  nucleus  are  given  by 


X  -  hf  (r  -  g)xi(l)(r)dr  ,  (12) 

ca  -  -oj (r  -  r0>*i(l)(r>/lr  -  r,lJ<T  •  (u) 

On  the  other  hand,  substituting  (r-c)2  and  |r-r  I-1  for 
f(r)  In  Eq.  (r)  and  expanding  the  resulting  equations  In  powers 
of  B,  one  has  the  flrst-orler  relations: 

f(r  -  c)- J(l)(r)dr  -  0  ,  (H) 

f(r  -  ra)*J(l)(r)/|r  -  ^  |5dr  «  0  .  (15) 

Because  of  the  similarity  or  the  weight  functions,  Eqs.  (l'*,15) 
may  provide  useful  Information  on  the  accuracy  of  the  first- 
order  current  density  for  the  magnetic  susceptibility  and  nuclear 
magnetic  shielding  calculations  (compare  (lJ?)  with  (l*0  and  (15) 
with  (15),  respectively). 

Another  useful  relation  is 

/^^(jc)dr  -  0  ,  (l6j 

which  can  be  derived  by  choosing  f(r)=x,  y,  and  z  in  (5).  This 


243 


-  6 

relation  ensures  the  "local"  gauge  invorioncc  against  a  gauge 
transformation  5 -►£+  A$. 

The  first-order  Induced  current  density  J^(r)  should 
nutiofy  the  first-order  continuity  relation: 

V-J(l)(r)  -  0  .  (17) 

This'  nontrivial  relation  alno  can  be  used  to  check  the  accuracy 
of  the  given  first-order  currant  density. 

2.  A  Definition  of  Paramagnetic  and  Diamagnetic  Current  Densities 

A  number  of  authors  have  divided  the  first-order  induced 
current  density  J^(r)  into  the  paramagnetic  jj^fr)  and  the 
diamagnetic  J^(r)  current  densities  and  attempted  to  interpret 
those  current  densities  separately.  The  explicit  expressions 
for  those  current  densities  are  given  by 

4lJ(r)  -  -$e>'«,(0)|a£ll  (r^) *%-r)  |*(0)>  ,  (18) 

'  -JKo^lEu  (Mr^-  r)p^  +  1 +  c-c-)  • 

These  current  densities  depend  on  the  choice  of  the  "gauge  origin" 
c . 

Although  the  divided  current  densities  are  not  physical 
quantities  (only  the  total  current  density  J^(r)  in  physically 
meaningful),  it  would  be  desirable  if  each  one  behave  like  the 


(19) 
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physical  quantity  ^^(r)  In  some  aspect.  With  that  In  mind 
we  Impose  a  requirement  on  each  divided  current  densities: 

f  $Ur)6r  m  0  ,  (or  f^(r) dr  -  0  )  .  (20) 

Note  that  the  J^(j;)  natlnflcs  the  same  relation  (l6).  The 
condition  (20)  yields  the  electronic  charge  center  as  the 
"gauge  origin"  and  i*endcrs  the  partition  unique.  In  other  words, 
the  electronic  charge  center  is  proposed  os  the  "gauge  origin" 
in  order  to  define  the  paramagnetic  and  diamagnetic  current 
densities. 

3.  A  "Best"  Gauge  Origin  for  Coupled  Hartrce-Fock  Method 

Since  the  exact  coupled  Hartree-Fock  procedure  is  gauge 
invariant, the  following  argument  will  be  applied  to  the 
coupled  Hartree-Fock  method  with  the  finite  expansion  basis 
functions  to  calculate  the  second-order  magnetic  properties 
of  molecules. 

Lot  us  restrict  ourselves  to  the  ground  state,  and  assume 

that  we  have  the  exact  unperturbed  Hartree-Fock  solution. 

Fixing  the  unperturbed  orbitals,  we  have  a  minimal  principle 

for  the  second-order  enercy  with  respect  to  the  first-order 

perturbed  orbitals.  Suppose  that  two  sets  of  trial  first-order 

(2)  (2) 

perturbed  orbitals  give  the  second-order  energies  and 

at  the  corresponding  gauge  origins  cQ  and  c^,  respectively. 
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(2)  (2)  (?) 

If  En  '  >E£  ,  then  E^'  lo  o  better  approximation  to  the  exact 

Hnrtree-Fock  second-order  energy  than  K^*  \  since 

(2)  (2) 

and  ^  Ejjp7  .  Thio  lo  not  necessarily  true,  if  approximate 

unperturbed  orbitals  ore  used  in  place  of  the  exact  ones.  However 

this  may  also  be  applied  to  the  wovefunctlono  which  ore  believed 

to  be  very  near  to  the  Hortree-Fock  solution.  Under  these 

circumstances,  the  criterion  for  the  best  second-order  energy 

(2) 

E'  is  the  energy  minimum  regardless  of  the  gouge  origin. 

"Best"  gauge  origin  is,  therefore,  the  gouge  origin  that  gives 
the  smallest  second-order  energy.  If  we  apply  this  criterion 
to  V.  U .  Lipscomb  and  co-workers'  results,  we  choose  the 
right  gouge  origin  in  the  sense  that  the  first-order  induced 
current  density  obtained  with  the  gouge  origin  gives  better 
agreement  with  experimental  data  on  the  magnetic  susceptibility, 
the  rotational  magnetic  moment,  the  nuclear  magnetic  shielding, 
and  the  spin-rotational  constant  without  exception.  If  we 
minimize  the  second-order  energy  against  the  gouge  origin  c, 
the  induced  current  density  J^(r)  satisfies  Eq.  (l6)  as  a 
consequence. 
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ABSTRACT 

A  general  formalism  is  presented  for  the  description  of 
elastic  scattering  of  electrons  from  hydrogen-llke  atomic 
systems.  The  total  wave  function  for  the  two-electron  system 
Is  put  forth  as  a  multiconfiguration  expansion  in  terms  of 
suitably  normalized  orthogonal  orbitals.  These  radial  orbitals 
as  well  as  the  coefficients  of  the  expansion  are  determined 
varlationally  via  a  system  of  coupled  integrodlfferentlal 
equations.  The  formalism  Is  applied  to  the  calculation  of 
elastic  electron-hydrogen  scattering  In  the  energy  range  below 
the  first  resonance  for  the  S  state  of  the  two -electron 
system.  Accurate  phase  shifts  are  obtained  with  short 
expansions,  as  the  newly  introduced  orbitals  obtained  by 
numerically  integrating  the  Integrodlfferentlal  equations 
account  quite  adequately  for  short  range  correlation. 
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INTRODUCTION 

Partial  wave  phase  shift  calculations  for  the  elastic 
scattering  of  electrons  from  atomic  systems  have  been  carried 
out  by  many  workers.1  The  approach  generally  taken  is  to 
calculate  an  approximate  total  wave  function  of  definite  total 
angular  momentum,  parity,  and  spin.  Such  wave  functions, 
called  partial  waves,  are  standing  wave  stationary  state 
solutions  to  the  Schr8dinger  equation  for  a  continuum  state 
of  the  system  consisting  of  the  target  atom  and  the  scattering 
electron.  The  methods  used  in  these  calculations  are  analogous 
to  the  methods  developed  for  the  calculation  of  bound  state 
atomic  wave  functions. 

In  scattering  processes,  the  incident  electron  can 
either  be  scattered  by  the  target  atom  without  loss  of 
energy  (elastic  scattering)  or  can  give  up  some  of  its  energy 
to  the  target,  leaving  it  in  an  excited  state,  while  the  pro¬ 
jectile  leaves  the  vicinity  of  the  target  with  a  speed  in  accord 
with  the  conservation  of  energy  (inelastic  scattering).  Each 
distinct  process  by  which  the  scattered  electron  recedes  from 
the  target  ,  leaving  it  in  a  definite  energy  state,  is  called 
an  open  channel  .  All  partial  wave  methods  represent  each 
open  channel  by  a  term  consisting  of  an  antisymmetrized 
product  of  an  N-l  electron  target  wave  function  and  an  open 
channel  orbital  used  to  describe  the  scattered  electron. 
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These  orbitals  are  not  square  integrable  and  have  sinusoidal 
behaviour  for  large  argument.  The  wavelength  of  the  oscillation 
is  determined  by  the  speed  of  the  receding  electron  in  the 
open  channel.  In  addition  to  the  open  channel  term(s),  the 
solution  to  the  SchrBdinger  equation  must  contain  a  "bound 
part  which  is  square  integrable  in  all  electronic  coordinates 
in  the  usual  way.  This  bound  part  of  the  partial  wave  is 
particularly  important  in  describing  interactions  which  take 
place  in  the  vicinity  of  the  target. 

The  various  methods  used  in  the  partial  wave  description 
differ  in  the  way  the  bound  part  of  the  wavefunction  is  re¬ 
presented  and  also  in  the  way  the  open  channel  orbital  is 
calculated.  In  the  case  of  two-relectron  calculations  where 
we  wish  to  describe  the  scattering  from  a  hydrogen-like  system, 
the  bound  part  of  the  partial  wave  can  be  made  to  depend 
explicitly  upon  the  interelect ronic  distance  in  the  spirit 
of  Hylleraas  and  Pekeris.  The  eigenstates  of  the  target 
used  in  the  construction  of  the  open  channel  terms  are  in 
this  case  exactly  known.  In  the  important  case  of  elastic 
scattering  of  electrons  from  hydrogen  atoms  in  the  energy 
range  below  the  first  resonance,  calculations  of  this  type 

have  been  carried  out  for  S -waves  by  Schwartz2  and  for  P- • 

3 

waves  by  Armstead  .  In  these  calculations  the  single  open 
channel  orbital  was  represented  by  suitably  chosen  analytic 
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functions.  Very  accurate  phase  shifts  were  obtained  by  these 
workers  in  the  energy  range  considered. 

Because  of  the  particular  way  in  which  these  calculations 
were  carried  out,  the  wave  functions  used  did  not  have  suffi¬ 
cient  flexibility  to  describe  resonance  formation  adequately. 
Resonances  occur  near  an  excitation  threshold  of  the  target, 
and  it  is  desirable  to  include  in  the  total  wave  function, 
terms  which  continuously  go  over  into  the  required  open 
channel  functions  as  the  scattering  electrons  incident  energy 
increases  to  permit  excitation  of  the  target. 

In  the  " close  coupling"  method,  bound  state  wave  functions 
for  the  target  atom  in  excess  of  those  needed  to  construct 
the  open  channel  terms  are  used  with  square  integrable  "closed 
channel  orbitals"  to  construct  the  bound  part  of  the  partial 
wave  In  the  same  way  that  the  open  channel  orbitals  are  used 
with  target  wave  functions  to  construct  the  open  channel  part. 
Together  the  open  and  closed  channel  orbitals  satisfy  a  system 
of  linear  Integro-differential  equations  which  are  solved 
numerically.  Hence  in  the  close  coupling  method  the  bound 
portion  of  the  partial  wave  is  constructed  in  complete  analogy 
to  the  open  channel  part;  the  Individual  terms  are  called 
"closed  channels". 

The  close  coupling  scheme  Is  suited  for  the  description 
of  inelastic  scattering  and  resonance  formation  as  well  as 
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elastic  scattering.  The  wave  function  goes  smoothly  across 
an  excitation  threshold  of  the  target;  one  or  more  of  the 
closed  channel  terms  below  threshold  become  open  channel  terms 
above  threshold  as  the  radial  orbitals  make  a  smooth  transition 
from  square  integrable  form  to  open  channel  type. 

The  set  of  open  and  closed  channel  terms  which  make  up 
the  close  coupling  wave  function  are  not  a  complete  set  of 
N-particle  functions.  This  is  so  because  there  are  no  terms 
included  which  are  formed  from  continuum  states  of  the  N-l 
particle  target.  Even  if  wave  functions  were  in  hand  for 
every  bound  target  state,  the  close  coupling  expansion  would 
still  be  deficient. 

Burke  and  Taylor^  have  overcome  the  deficiency  of  the 
close  coupling  model  while  retaining  its  advantages  by  append¬ 
ing  to  a  suitably  chosen  close  coupling  expansion,  a  flexible 

2 

expansion  of  the  Hylleraas  type  as  used  by  Schwartz  .  The 
phase  shifts  which  they  obtain  for  S-wave  elastic  scattering 
of  electrons  from  Hydrogen  atoms  match  in  accuracy  those  obtained 
by  Schwartz.  This  modified  close  coupling  wave  function  retains 
the  suitability  of  ordinary  close  coupling  for  the  description 
of  resonance  formation,  crossing  a  threshold  when  opening  up 
a  new  scattering  channel,  and  inelastic  scattering.  For  many- 
electron  situations,  however,  the  explicit  dependence  of  the 
wave  function  on  the  interelectronic  distances  presents  a 
formidable  obstacle  to  calculations. 
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Gailitis  used  an  approach  similar  to  that  of  Burke  and 

Taylor  for  the  elastic  scattering  of  electrons  from  atomic 

hydrogen.  He  appended  to  a  one  term  close  coupling  expansion, 

a  bilinear  form  of  known  one-electron  functions.  His  expansions 

had  to  be  a  good  deal  longer  than  those  of  Burke  and  Taylor 

to  achieve  similar  accuracy,  but  the  method  can  be  extended 

to  many-electron  cases  with  much  less  difficulty.  Gailitis, 

like  Burke  and  Taylor,  obtained  his  open  channel  orbital. by 

7 

numerical  Integration.  Recently,  Chung  and  Chen  have  performed 
calculations  similar  to  Gailitis,  except  that  the  open  channel 
function  is  obtained  in  analytic  form. 

In  this  paper  we  present  a  method  for  elastic  scattering 
in  the  two-electron  case  similar  in  spirit  to  that  of  Gailitis. 

To  the  requisite  open  channel  term  we  add  a  bound  part  consist¬ 
ing  of  a  multiconfiguration  expansion  using  a  set  of  orthonormal 
orbitals  which  are  determined  along  with  the  open  channel  orbital 
and  the  coefficients  of  the  expansion,  by  a  coupled  set  of 
integro-dif ferential  equations.  This  method  removes  the  de¬ 
ficiency  of  close  coupling  through  the  full  flexibility  permitted 
for  the  newly  introduced  orbitals.  For  the  two-electron  case, 
the  method  is  intermediate  between  Burke  and  Taylor  on  the  one 
hand  and  Gailitis  and  Chung-Chen  on  the  other.  For  the  same 
accuracy  in  the  calculated  phase  shifts,  we  require  a  longer 
expansion  than  the  former  but  considerably  shorter  than  the 
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latter.  Moreover,  the  generalization  of  this  model  to 
many-electron  cases  will  be  especially  simple  because  of 
the  use  of  orthonormal  orbitals.  Resonance  description  is 
also  permitted  ,  as  wave  functions  can  be  constructed  which 
pass  smoothly  through  an  excitation  threshold.  To  test  the 
accuracy  of  the  method,  we  solve  the  equations  numerically 
for  the  1S  state  of  the  e“H  system  in  the  elastic  scattering 
region  below  the  first  resonance.  Both  phase  shifts  and 
orbitals  are  obtained. 
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PORMALISM 

We  consider  the  calculation  of  those  continuum  states 
of  a  two-electron  system  which  describe  a  situation  where 
one  of  the  two  electrons  remains,  on  the  average,  in  the 
vicinity  of  the  nucleus.  Thus  we  want  to  calculate  the 
total  wave  function  ^(x1,Xg)  of  the  space  and  spin  coordin¬ 
ates  of  two  electrons  orbiting  about  a  fixed  nucleus  of 
charge  Z.  The  function  H^x^Xg),  so  depicted,  is  to  be 
understood  as  a  standing  wave  solution  to  the  Schrftdinger 
equation: 

yj  -(x1,x2)  =  E  '-(xi>x2)  f1) 

where  E  is  the  fixed  and  given  total  energy  of  the  system 
and  where  r  '  is  the  usual  nonrelativistic  spin-  independent 

C 

Hamiltonian  operator;  in  atomic  units: 

%  -  -%^2  -%  \2  -  *1%  -  V**  +  r12~^  <  2> 

Here  r^  and  r2  are,  respectively,  the  distances  of  the  two 
electrons  from  the  nucleus,  while  r^g  is  the  interelectronic 
separation.  The  motion  of  the  nucleus,  being  slight,  is 
neglected . 

The  operator  Q C  is  independent  of  the  spin  coordinates 
of  the  electrons,  and  the  system  under  consideration  contains 
but  two  electrons.  These  facts  permit  the  factorization  of 
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^.'(x^Xg)  into  a  function  ^(r^,?^)  of  the  space  coordinates 
only,  multiplied  by  a  function  of  the  spin  coordinates. 

These  spin  functions  are  well  known  and  need  not  be  further 
considered  in  this  paper. 

The  Hamiltonian  is  Invariant  under  rotation  of  the 
coordinate  system  used  to  describe  the  electronic  positions. 

The  total  wave  function  ip  is  therefore  required  to  exhibit 
definite  angular  symmetry  and  to  be  a  simultaneous  eigenfunc¬ 
tion  of  •  Here  X  is  the  operator  for 

the  total  orbital  angular  momentum  and  is  its  z  component. 

Additional  invariances  of  %  ,  namely  under  Inversion 

of  the  coordinates  and  particle  exchange,  are  also  reflected 
in  symmetry  properties  of  the  wave  function.  The  exchange 
symmetry  of  the  spatial  function  ip,  which  is  a  consequence  of 
the  Pauli  principle,  is  determined  by  the  value  of  S,  the 
total  spin  quantum  number  which  must  be  0  or  1.  Likewise, 
the  symmetry  of  ip  under  inversion  of  the  particle  coordinates 
is  completely  determined  by  the  total  angular  momentum  quantum 
number  L.  This  is  so  because  the  spatial  wavefunction  must 
"dissociate"  properly  into  a  product  form  consisting  of  a 
hydrogen-like  system  in  its  ground  state,  multiplied  by  a 
continuum  function  describing  a  transiting  electron  with 
angular  momentum  L. 
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These  facts  are  summarized  in  the  following  equations: 


•  <^LMSE^rr^  =  E  ^LMSE^l'1^  , 

=  L^Irfl)  ^LMSE^l'^  ' 
^VLMSE^l^  =  M  $UH8e{*1**2)  >  -L  ^  M  *  L, 


^  LMSE( ‘rV  ^  ~  ^LMSe(  "'rV  =(-1)L  ’AlmsE^1^2^ 


^IMSE^rl,r2^  ~  ;  LMSE^  r2J  rl^  “  ( -1)S  Y'  LMSE^l'^  ' 

/ 


'/(4) 


where  and  <^)  are  the  parity  and  exchange  operators, 

respectively. 

In  general,  one  might  expect  to  find  both  parities  for 
given  LMSE.  The  first  Eq.  (4)  expresses  the  inversion  be¬ 
havior  of  the  "normal"  spectal  terms.  (These  are  the  only 
ones  occurring  in  one-electron  spectra.)  The  "abnormal" 
terms,  for  which 

.  ^LMSEt  ?l^2)  =(-DL+1  '/lMSE<  ?1^2)  .  (5) 
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are  ln  tWS  °aSe  ruled  0Ut  b*  the  "dissociation"  requirement 
which  must  he  satisfied  when  either  of  the  arguments  of 
becomes  very  large,  /IjMSE 

8  WS  lntr'°duce  the  two-particle  angular  functions  defined 


ST'L' 

1*  ^2^  ~  C(i/X-  Ljmm'iyijY  ( £")  )y  ( C)  ^ 

m=-«-  m'=-4  '  i  mUwi'Yc,m»'^p)  ' 


'  -L  6  M  (=  L  . 
They  satisfy  the  equations 


<W  'Yoiu.>  -  6LL5m6£l  &tl„ 


£ 

Tniu.fOi.fia)  ■ 


-2w.(orn2)  -Ma,ttI<n1,n2)> 

At®1  -rii*  0a)  =  vMU,(  n2,  nx) 


(10) 


(11) 
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In  Pig.  1  we  illustrate  the  permissible  pairs  (  1,1') 
used  to  construct  the  functions  Qj  for  L  = 

0,1,2.  The  functions  O^)  are  an  essential 

ingredient  in  the  construction  of  the  total  wave  function 

According  to  the  Pauli  principle, 

t  jjyjsE 

has  a  definite  exchange  symmetry,  so  that  whenever  the  pair 
(  X  ,  X  <)  is  permitted,  (  ,i  ,  )  iS  mandatory;  hence  the 

diagrams  are  symmetrical  about  the  line  L  =  The  permit- 
ted  points  (  L  ,  )  lie  within  and  on  the  boundaries  of  the 

region  of  the  (i  ,  t  plane  bounded  by  the  lines 


X  +  l'=  L 
l  -/'=  L 

X  ~  l  =  L 


(12) 


define  the  sets  [, L  and  of  permitted  points 

t  r  t‘  \ 

'  x  ,  )  according  to  the  equations: 


L  I- (  &  s  £  )  such  that  x+  X  is  even  and  |  /  - 

4  L  + 

^  IT  )  such  that  X+ X  is  odd  and  | -  X7  | 

4+£']; 


(13) 


these  sets  are  illustrated  in  Fig.  1. 
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Points  indicated  by  o  are  used  to 
represent  "abnormal"  terms  for  which 
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For  pairs  (£,/,)  e  l[/  we  have,  according  to  Eq>  (  nj 

^12YLM1jC«(^i^2)  =  YIML'£^1'^2)'  ( 3.4) 

while  for  (  J l  ,('  )  e  ' 


Pl2YLMZL‘(^1^2)  =  (15) 

The  functions  i  constitute  a  complete  set 

of  two-particle  angular  functions.  The  total  wave  functions 
may  therefore  be  expanded  according  to 

l/'W*l>*2)  =  (rlr2)‘1I^1BEi£,(r1,r2)Ym£1(Q1,Q2),  ' 
-  < rira) -1  ^'^LSEa.f ri>r2)YM,, ,< nx,p.s) . 


(16) 


for  "normal"  and  "auno-al"  terms,  respectively.  Since  terms 

corresponding  to  the  pairs  (0,L)  and  (L,0)  must  be  present  in 

the  partial  wave  to  satisfy  the  "dissociation"  requirement, 

only  the  "normal"  series  is  acceptable.  We  see  also  from 

Fig.  1  that  for  L  =  0  only  "normal"  terms  can  exist;  this  is 

a  well  known  special  property  of  two  electron  spectra. 

The  "normal  series"  fl6)  can  represent  the  exact  wave 

function  VrLMSE(^1,r2)  provided  that  the  functions  .  /  _  r.  1 

1  ^  LSE  '  ri  *  r2' 
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are  given  by 


^LSEftL*^  rl,r2^  =/d^l  fd^2Yw(  ^ 17^ 


using  Eq.  ( 14) ,  they  are  easily  shown  to  satisfy 


■^LSEJLL^  rl,r2^  “  ^  _1)  ^LSEJL*Jt  ^  r2,rl^ 


(18) 


Suppose  now  that  (^gl  =  rg  becomes  very  large,  indicating 
that  one  of  the  two  electrons  is  far  from  the  nucleus.  In 
this  case,  ^LMSE  must  describe  a  system  consisting  of  an 
electron  in  transit  past  a  one  electron  atom  or  ion.  Moreover, 
since  we  consider  here  only  those  values  of  E  for  which  the 
target  atom  or  ion  must  remain  in  its  ground  state,  we  can 
write 

^LMSE^1,^2^  “  ^  rlr2^  ®ls^  rl^ks^  r2^YLM0L^  1*  ^2^  (  19) 

Tg - CO  ,  . 

where 

0^s(  r)  =  2Z*re~^r  (20) 

is  the  normalized  ground  state  orbital  of  the  atom  (or  ion) 
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core  about  which  the  motion  of  the  unbounded  electron,  de¬ 
scribed  by  the  function  0^  r)  ,  takes  place.  This  continuum 
electron  has  angular  momentum  quantum  number  L.  For  large 
argument. 


r)  -  Asin(kr  +k  ■*"[  Z-l]ln(  r)  +  T]) ,  r - »~c>o  3  (  ^1) 

where  A  is  the  amplitude,  usually  taken  to  be  unity,  tj  is  the 
phase  shift,  and  k  is  the  wave  number*,  defined  by 


%k2  +  e  =  E,  1 

e  =  -%Z2  ,-  j 


(22) 


e  is  the  energy  of  the  atom  (or  ion)  core  in  its  groundstate. 

The  exchange  symmetry  of  '■  requires,  of  course, 

that  if  |p^|  =  r.,  should  become  large,  we  must  have 


’/wse^I^s)  "  <  rir2)  rj  CTla(  r2)YML0(  Q  Qs) ,  1 

r^ - oo  .  j  ^  23) 

We  shall  call  the  function  0^(  r)  an  orbital,  even  though 
it  is  not  square  integrable.  When  it  is  important  to  distinguish 
it  from  square  integrable  functions,  the  term  "continuum 
orbital"  will  be  employed. 
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The  Indices  LMSE  hpina  , 

3  ®  Sood  quantum  number  ar>o 

for  a  Slv»n  calculation;  hence  „  '  ’  °°nStant 

and  <1  yi  suppneas  them  on  both  & 

VL  ,  writing  in  vlew  of  Eqs.  ( i6j  l8)  ' MSE 

=  ^,(rl'r2)Yt.M(0l^2),  (24) 

^W' (  rl<  r2)  =  (  -1) S  (  r2J  rx) .  (25) 

We  turn  now  to  the  dehn^ 

3?  (r  r  ,  T  consideration  of  the  functions 

•  -Je''rl-r2)  .  In  practical  calculations  we  use  m„t  a 

thC  lnflr'lte  Sot  V  >  a  Unite  subset  W  ,  ,  ’  , 

is  arbitrary,  except  that  i  f  {  /  /  \  ,  ’ 

also  1  Por  ,h1  '  X  )  lu  ln°1Uded  ln  «.  so 

Por  tnls  chosen  subset  r  of  A  i 

Pose  to  determine  the  functions  <g  ■  ,  ,  ^ 

Since  the  set  W  3  ,  ^  Variatlo^lly . 

{  l  »>  \  C°n  alnS  E  flrjlte  nutT)ber  of  pairs 

^  3  1  w111  be  convenient  to  replace  thP 

(  0  r'\  y,  rePiace  the  pair  index 

^  3  L  }  by  a  running  index  v  which  is  m 

-eewlththepairs(,,/)e[;S  — 

can  be  sot  .m  ^  1  J  *  his  correspondence 

^P  ir  many  wavs  ana  , 

in  Pig.  2  for  L  -  4  w  onvenient  one  is  illustrated 

for  L  -  4.  We  adopt  the  convention  that  v  -  1 

corresponds  to  the  "elasUn 

elastic  scattering  term"  fn  »» 

if  v  corresponds  to  the  pair  {  JL  i' )  ’  oreover, 

to  mean  that  value  of  th  "  '  ^  Sha11  Understand  v 

. .  *he  rLmning  ^dex  which  corresponds  t 

the  exchanged  pair  (  *  £  )  w  .  >P  ° 

.  J  ^  ’  We  shall  write  v___^  (  £  ,  £  } 
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‘o  indicate  the  correspondence  between  v  and  the  pair  (  ,t  , /). 
We  also  introduce  V,  the  set  of  v-~  (/,£')  tor 
{/■,£.’)  e  [T). 

We  want  to  approximate  \,(rvrs)  by  finite  bilinear  ex¬ 
pansions  of  functions  of  the  single  arguments  ^  and  rg.  If 
a  pair  of  such  functions  occurs  in  the  construction  of  g)  ,(r  >r 
then  the  member  bearing  the  coordinate  ^  must  vary  for  stall1’  ‘ 
argument  as  rj  while  the  function  with  argument  r  behaves 

r2  as  r2  approaches  0.  This  must  be  so  because  of  the 

angular  dependence  of  the  function  V  I O  O  ,  . 

iuuubj.ori  * £gt\  Cg)  which  aocom- 

panies  in  the  expression  (24)  for  the  total 

wave  function.  Moreover,  in  order  to  satisfy  the  exchange 

condition,  Eq.  (25),  the  functions  used  to  describe  <|)  (r  r  ) 

must  be  used  with  arguments  exchanged  to  construct  Jj r  ]r  )  . 

With  these  facts  in  mind,  we  introduce  functions  ®  2 

(T)  vtn 

yu,  >  Ri  =  1,2,  Nv  # 

\ 


®vm<  r>  -  r'*1,  . , 
®vm(  r)  s  r£+1.  I  r 


0  > 


(26) 


where  v— »  (  l  ,  i  )  and  v— ~  (  /  ,  £  )  . 

As  the  notation  indicates,  the  functions  ©Jr)  depend 
upon  both  indices  L  and  l  ,  We  have  introduced  one  set  of 
functions  for  each  point  (/,,«')  of  the  set  [•‘//  )  .  To 
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construct  the  functions  and  3^ ,,(  r-^rg)  > 

both  sets  of  functions  ©vm  and  (D-m  are  needed.  In  Fig.  2 
for  example,  to  construct  ^  (r1,r2)  we  use  the  products 

formed  from  rl^  an<^  ^5n^  r2^ ’  m  =  1>2,....,N^,  n  -  1, 

2 . N^j  N,  =  Nt- .  All  products  are  used  which  are  not  rulec 

’  pi  o 

out  by  the  asymptotic  behavior  of  the  .total  wave  function. 
Note  that  in  this  example,  v  =  1 — ip- (0,4)  and  v  =  5 — 1~(4,0). 
The-  same  products  with  exchanged  arguments  are  used  to  con¬ 
struct  0(r1,r2)  where  v  =  5 — »-(4,0)  and  v  =  1 — *-(0,4). 

Note  that  if  v— (  1  ,  t  )  and  w— ►  (  /  i  £  l">  the 

two  sets  of  functions  ©vm(  r)  and  & wn(  r)  behave  for  small 
r  like  /+1  according  to  Eq.  (26),  yet  these  functions  are 
in  general  completely  different.  This  is  a  departure  from 
the  usual  orbital  model;  it  is  adopted  because  of  the  great¬ 
er  flexibility  afforded  to  the  wave  function  and  the  ease  of 
implementation  in  the  two-electron  case. 

The  approximations  to  the  functions  CJ) n(^rl,r2^  are 

a»A' 

now  given  by 


-  <  rlr2 


-PZ 

m=l  n=l 


N. 


®J1l)rvron®vn(r2>'  <2T> 


where  v — *-(  l  ,  t  )  >  v- — «-(  £  ,  t  )  and 


r  =(-Dsr- 

1  vmn  v  '  vnm  * 


(28) 
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Eq.  (28)  guarantees  the  exchange  condition  ( l8) .  Note  that 
evidently, 

NV  =  N-.  (29) 

In  case  JcJ  =  £  so  that  v  =  v — *=-  (  £  ,  /  ) ,  Eq3 .  (26) 
reduce  to  a  single  set  and  Eqs.  (  27,28)  still  apply; 

(~f)  (r,  ,r?)  becomes  a  quadratic  form  in  the  functions 

CDvm(  r>)  >  m  =  1^2, 

According  to  Eqs.  (19,20,21,23)  which  indicate  the 
asymptotic  behavior  of  ij/  ,  two  of  the  orbitals  introduced 
have  a  special  significance.  The  orbital  ©-^  ^(  r)  is  the 
hydrogenic  ground  state  function  ©ls(  r)  ,  and  i3  the 

continuum  orbital  <D  kL(  r)  : 


®l,l(r)  -  CD  ls(  r)  =  2z'fre-Zr, 

CDj  N_(  r)  =  ©  kJj(r)  “  sln(  kr  +  [Z-l]k_1lnr+  q). 


(50) 


.00. 


We  have  adopted  the  convention  that  the  fixed  hydrogen¬ 
ic  function  ©n  ( r)  is  numbered  first  among  the  functions 
©in(r),  n  =  1,2, .  ...,N1  and  the  continuum  orbital  ;TkL(r) 
is  numbered  last  among  the  functions  ©jm,  m  =  1,2,...,^. 
All  of  the  remaining  orbitals  CD^r),  m  =  1,2, .  ,.,NV, 
v  e  V,  are  square  integrable  functions.  In  scattering 
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processes,  0lg(r)  describes  the  target,  CDkL(r)  describes 
the  scattered  electron  at  large  distances  from  the  target, 
and  the  remaining  orbitals  describe  interactions  taking 
place  in  the  vicinity  of  the  target;  these  include  polarization, 
correlated  motion,  and  resonance  formation. 

In  the  expansion  (27)  for  Sv(  rg) ,  all  possible 
products  (T  vm(ri)  ®vn^r2^  are  used  exceP't  those  excluded 
by  the  asymptotic  form  given  by  Eqs.  (39,23).  This  means 
that  the  continuum  orbital  CDj  N_(  r)  can  only  be  paired  with 
the  hydrogenic  groundstate  orbital  CD,  Jr).  This  implies 
that 

^•I,Npn  =  f-1)  A  5nl  =  (-1)S^i,n,Nj  *  (  ^1) 

All  possible  products  between  square  Integrable  orbitals  are 
permitted.  Because  all  such  products  occur  in  (27),  some 
auxilliary  conditions  must  be  imposed  upon  the  CD  ( r)  to 
guarantee  an  unambiguous  expansion  for  .(rl,r2):  unique 
coefficients  Py^  can  be  specified  only  if  some  orthogon¬ 
ality  and  normalization  requirements  are  placed  upon  the 
0vm(  r)  •  Even  with  normalization  and  orthogonality  conditions 
imposed,  the  square  integrable  0  ( r)  can  only  be  determined 

up  to  a  unitary  transformation,  and  futher  specification  is 
necessary.  For  these  reasons  we  require  that,  for  fixed  v, 
the  square  integrable  functions  (including  Q (  r)  if  v  =  1) 

j.  3 
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The  particular  choice  of  these  conditions  is  dictated  by  the 
Physical  consideration  that,  as  the  incident  electron's  kinetic 
energy  approaches  the  target  excitation  threshold,  some  of 
the  ®vn/ r)  must  become  hydrogenic  eigenfunctions.  The 
conditions  (32)  allow  this  to  happen  in  a  natural  way. 

We  wish  to  emphasize  that  the  relations  (32)  required 
of  the  square  integrable  orbitals  ©Jr)  apply  only  between 
functions  bearing  the  same  index  v.  Refer  again  to  Pig.  2 
where  v  2  corresponds  to  the  pair  (  i  ,  i'  )  =  (l,3), 
while  v  =  7  corresponds  to  the  pair  {1,1)  =  (  3, 3)  . 

The  point  (  X  ,  £  )  =  (3,1)  corresponds  to  v  =  5  =  4.  The 
two  sets  of  functions 

r’>>  n  -  1,2, . Nv 

®7Jr),  m  =  1,2, . n7, 

have  the  same  behavior  for  small  argument;  all  of  these 
functions  start  out  near  r  =  0  proportional  to  r4.  The 
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Q^n(  r)  form  an  orthonormal  set  which  diagonalizes  the 
operator 


2 

h4  =  ^ fr 2  “  6r"2  +  Zr_1  ' 

in  the  Hilbert  space  available  to  them.  According  to  Eqs.(j52) 
with  v  =  7,  the  functions  r)  are  also  an  orthonormal 

set  and  diagonalize,  in  their  Hilbert  space,  the  same  oper¬ 
ator,  yet  they  have  no  orthogonality  relations  with  the 


m4n(  r) . 


The  continuum  orbital  r)  =  A’j  N_(  r)  is  required 

to  be  orthogonal  to  the  rest  of  the  functions  T*jn(r): 


(©jNj^'in)  “  0  * 

In  Fig.  2,  v  =  1  0,4) ,  so  that  v  =  5  — — ( 4,0)  . 

If  there  are  N,-  =  Nn  functions  associated  with  the  point 
5  1 

(4,0) — 5>  then  the  continuum  orbital  is  0^  (  r)  and 

is  orthogonal  to  each  function  ^5^  r)  >  tn  ~  1, 2, . . .  ,N^-1. 
Note  that  all  of  the  other  points  in  the  diagram  correspond 
to  sets  of  square  integrable  functions  only. 

According  to  equations  (  24,27),  the  total  wave  function 
is  given  by 


y{ 


l,r’2)  “  (rir2)  1^r  ^  rl^ 1  vmn®vn^  r2)Yv^l,^2^ 


veV  m=l  n--l 


(35) 
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To  determine  the  functions  CD,.,  (  r)  and  the  coefficients 

v  in 

Hymn  we  form  the  functional 


Aft)  =  /d^  Jd^2ft 


[X 


(36) 


and  calculate  the  first  variation  of  L: 


6h(\J/)  =  2/d^/d^  6ft\X  -  %]ft 


Prom  this  expression,  we  see  that  the  function  r2) 

for  which  6l(  ft  )  vanishes  for  all  variations  dftir^r^ 
such  that  the  "surface  term" 


(38) 


also  vanishes,  must  satisfy  the  Schrbdlnger  equation 


[P6  -  E]ft  =  0  .  (59) 


We  substitute 
Eq.  (36)  and  carry 


ft (  rg)  as  given  by  Eq.  (55)  into 
out  the  variation  (37),  permitting  only 
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variations  in  the  radial  functions  0vm(  r)  and  the  coeffi¬ 
cients  Pvmn.  These  variations  are  restricted  so  that  the 
"surface  term'  (38)  is  always  zero.  We  introduce  for  con¬ 
venience,  the  functions  uvm( r)  defined  by 


®vn^r)  • 


(4o) 


Note  that  according  to  Eq.  (26), 


(41) 


According  to  Eqs.  (35,40),  we  may  write 

V-1  \  '  N 


=  (  Va)  _1  L  L  Q.vm(  rx)  U  vm(  r2)  Yv(  QltQ  2)  . 


veV  m=l 


(42) 


The  variational  condition  that  6l(  t ji )  =  0  for  all  per¬ 

mitted  variations  S\jf  leads  to  the  system  of  equations 


(hv  ~  X(  ®vmJ  ®vm^  +  ®vm)  +  E^uvm  ~ 

4  4 i  X(  ^vm'^wnKn  +  Ovl(^ml!  hjl  ^Tnt)u1nt/=  °' 


t 


(43) 
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for  the  functions  ujr).  Here  v— (  l  ,  L  ' ) ,  v  G  V, 

m  =  ,N^,  but  (v,m)  ( l,Nj)  .  The  one-electron 

operator  hv  is  given  by  Eq,  (53).  The  prime  in  Eq.  ( 40) 
indicates  that  the  term 

x(  ® vm*  ^vm^vm* 
is  -not  included  in  the  summation. 

The  auxilliary  functions  X(  Qvm,  (T.wn)  are  defined 
by  the  equations 

X<  <Twn>  =  ZvC^Xv(  ©vm,  Qm), 

X  ^  ®vm’  =  ^ 2v+1)  1  |  r'V  J  .Dvm(3)S-(v+1)  ®wn(3)d= 

+  r-v-1/c&.Js)sv  ©Kn(s)dsJ  , 

^vw  “  ("-*•)  (  2  /+!)(  ?  u+l)  (  2p+'l)  (  2p»+l)  [C(,£pv,000) 

W(ir  ,PP*,Lv)C(£'p»v,000)  ] 

where  v— i  ,  d  ) ,  w~ ^  (  P  ,  P*  )  and  C(i  P  v,000)  and 
W(^.fi/,pp»,Lv)  are  the  well  known  Clebsh  Gordan  and  Racah 

O 

coefficients  respectively. 

The  index  v  in  Eqs.  (44)  has  the  range  specified  by 
the  conditions 


274 


-25- 


I  ^  -  p|  &  v  &  1+  p  j 

-  P’l  ^  V  ^  A/+  p.  , 

(-l)z+p  =  ( -1) v  =  (_1}l*+p* 


\ 


(*5) 


J 


dlff°rentlal  e^uatlon  for  each  independent 

radlal  fUn°tl0n-  •“  f™"  H,.  (43)  that  there  ls  no 
equation  for  Uj^Jr).  Thls  ls  SQ  beoau£)e  ^ 

f°rm  13  Pre™d  *»  the  dissociation  required  and 
cannot  be  varied.  We  obtain  it  from  Eqs.  (31,40): 


U1,N>)  =  (-1)SA  ©l8(r). 


(46) 


We  wish  to  call  attention  to  the 


the  form 


terms  in  Eq.  (43)  of 


(®mllhllCS>lNl)  ulNi. 


These  terms  occur  in  the  svqt-om  / »,  -z\  , 

system  (43)  because  of  the  orth 

gonallty  condition  ( 34)  was  imposed  upon  the  continuum 

orbilal  ©kL(r).  These  terms  would  not  be  present  in 

e4-,(43)  if,  i„s-tead  of  Eq.  (34),  Ke  requlr9J 


o- 
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(0In^hI  +  %Ic2|  CDkL)  *-=  0  s 


(4?) 


the  resultant  lack  of  orthogonality  between  0  (r)  and  the 

square  integrable  orbitals  ©^(r),  n  =  1,2, ..., Unmakes 
the  determination  of  the  functions  uvm(r)  more  difficult  in 
practice  as  the  iterative  scheme  used  to  determine  these 
functions  tends  to  become  unstable  unless  strict  orthogon¬ 
ality  is  maintained  between  ©kL(r)  and  its  square  integrable 
companions.  For  this  reason  the  condition  (34)  was  adopted 
instead  of  (47). 

The  system  (43)  is  solved  iteratively:  approximate  orbitals 

Uvm(r^  and  ©vrr/r^  mus^  be  hand.  The  quantity  in  ^  }  ls 

computed  using  these  approximate  functions  and  then  used  as 

the  source  term  in  Eq.  (43)  which  is  treated  as  a  second 

order  ordinary  differential  equation  for  the  function  u  (r) 

vnr  ' 

The  "coulomb  potential"  X(  0vm,  0vJ  ls  also  computed 
using  the  approximate  ©vm(r)  .  This  differential  equation 
ls  numerically  integrated  to  furnish  an  improved  function 

uvn/r^  *  Por  the  square  integrable  functions,  unique  solutions, 
regular  at  the  origin,  are  obtained.  A  unique  improved  con¬ 
tinuum  function  u^^r)  is  also  obtained  if  the  condition  of 
unit  amplitude  for  large  r  is  imposed  .  Once  the  improved 
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functlons  uvm(r)  are  obtained,  a  revised  set  of  ©-  (r)  are 
furnished  by  constructing  appropriate  linear  combinations  of 

the  uvmM  «hich  satisfy  the  conditions  (32,34).  The  expansion 
ficients  Pvmn  are  obtained  by  projection: 

Tvmn  =  <  ®  jn)  ,  m  =  1,2,...,NV)  n  -  1,2,. ..,N,  (48) 


The  coefficients  P  and  P 

l>n,Nj  I  I,Nj,n  are>  of  c°urse,  fixed 

with  values  given  by  Eq.  (31) . 


Once  the 


vmn 


are  obtained,  they  are  forcibly  symmetrized 


to  guarantee  that  the  exchange  condition  (28)  is  satisfied 

as  the  iteration  proceeds.  Prom  the  symmetrized  T  and 
, ,  ^  ‘  vmn 

>e  revised  ®?m(r),  a  revised  set  of  uvm(r)  are  constructed 

and  the  "source  term"  in  (43)  and  the  "coulomb  potential" 

are  recomputed.  The  process  is  repeated  until  convergence 

°f  the  ®vn/r^  and  Pmn  ls  achleved. 

The  iterative  process  can  be  started  by  choosing  for  the 
square  integrable  C!Vm(r)  a  suitable  linear  combination  of 
Slater  functions  satisfying  Eqs.  (32),  while  for  the  continuum 
orbital  (f.  kL(r)  we  start  with 

CLk°L(r)  =  U^(r)  '4  <ukLl  ®in)  ®in(r)  ,  (49) 

wh'  re  u°L(r)  satisfies  the  "source  free"  equation: 
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(50) 


[i — 2 

dr 


2Zr'1  -ax'©ls,CSl3)  +  k2]u£L  =  0. 


and  the  solution  of  Eq.  (50),  regular  at  the 
amplitude  for  large  r  is  chosen.  The  initial 
can  be  taken  as  follows 


origin  with  uni 

set  of  P 

1  vmn 


t 


P  Mij  1  rI#M  1 , 


r vmn  -  0,  all  others. 


>  (51) 


/ 


Of  course ,  other,  more  accurate  starting  sets  may  be  used  if 
they  ere  available.  All  that  is  necessary  is  that  the  approx¬ 
imate  CDvm(r)  satisfy  the  conditions  (52,54)  and  the  P 

-  VInn 

satisiy  the  exchange  conditions  (28) . 
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RESULTS 

Calculations  were  caroled  out  for  the  :s  state  of  the 

system  e  H  in  the  energy  range  e  —  f  — 

s  6ls  “  E  =  e2s*  uslne  wave 

functions  of  increasing  complexity.  In  Hartrees, 

E  =  sls  +  X*.  €is  =  -500,  o2a  .  _.125  _ 

The  wave  functions  used  are  labeled  n  m  1,2,.  6 

The- structure  of  these  wavefunctions  is  exhibited '^Table  I. 
For  example,  the  approximate  wave  function  ^  has  the  form 

^<rl’r2)  =  (rlra)"1.t<Dis(r1)uis(r2)  +  CL  2s(  rx)  Ugg(  rg) 


+  ®k.(Pi)%J(ra)]Yi(ni,na)  + 

I 

Hare  we  have  departed  from  the  formal  notation  of  the  text 
and  adopted  instead  a  "spectroscopic"  notation.  Table  I 
gives  the  "spectroscopic"  label  corresponding  to  the  pair 
(v,m)  for  each  approximate  wave  function  used.  Thus  for  ( Jf, 


\  (52) 


!1,1 w  > 


1,2  *  ®2s  ' 


^1,5  =  ®ka  > 
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and 


« . 


®2,1  =  ®2p  * 

In  all  of  these  wavefunctions,  0^s  *s  the  hydrogen  ground- 
state  orbital  and  (Dks  is  the  scattering  orbital.  The 
spectroscopic  label  on  a  u-function  simply  indicates  which 
0-function  is  paired  with  it  in  the  approximate  wave  function 
given  by  Eq.  ( 42)  . 

Because  the  u ,  (  r)  are  linear  combinations  of  the 
vm 

(f  -  (  r)  according  to  Eq.  (40),  the  expression  (42)  for  the 
total  wave  function  is  not  manifestly  symmetric  in  r^  and 
r^.  These  functions  nevertheless  possess  complete  exchange 
symmetry  according  to  Eqs.  (28,55): 


VV*1'*2>  -  n  "  a'2 . <6-  (53) 

Only  CDlR(r)  among  the  functions  0ym(r)  used  in  the 
construction  of  the  wavefunctions  has  a  prescribed  form: 


©is(r)  “  2re"r  . 

Exchange  symmetry  of  the  functions 


(54) 

Vn^l*  then 
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forces  the  function  ukg(  r)  to  have  the  same  form: 

uks^  r)  =  ^  is^  r)  •  (  35) 

The  function  0ks(  r)  and  therefore  uls(  r)  have  the  asymp 
totlc  behavior: 


OW  r>  -  sin(krs-Ti),  ^ 
ulB(r)  -  sin(krH-ri), 


(56) 


where  we  have  imposed  unit  amplitude  normalization  on  the 
ootal  wave  functions.  The  remaining  functions  are  square 
integrable. 

The  function  \J ^  is  identical  to  the  "one  state" 

close  coupling  function  -/lcc  and  reproduces  the  phase 

shifts  determined  by  other  workers  as  is  illustrated  in 

Table  III.  If  we  compare  ^  with  the  corresponding  • 

close  coupling  function  [If  : 

'  lcc 

•i^Ws)  =  [^is^iKs^a)  +  Oks<ri)uks<r£))Yi(ni.n8) , 

_  [rris(rl)pis(r2)  +  PlS(rl)®ls(r2)]Y1(Q1,Qg)  ,  ' 


we  see  that  [j,  ^  ,  t*2)  is  not  manifestly  symmetric  in 


(57) 
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*1  and  ^2*  This  is  a  characteristic  of  all  of  „ne 
functions  ^  when  written  in  the  form  (42).  The  two 
functions  \j/1  and  ^lcc  are  in  fact  identical  and  the 
connection  between  them  is  exhibited  in  the  relations 


wave 


®ks<r>  -  Pls(r>  -  - 

Uls(r>  “FlsM  +  0lsh)  . 


(58) 


The  continuum  function  F1  (r)  of  the  close  coupling  model 
is  determined  from  the  differential  equation 


lhi  -  x(®is-CDls)  +%k2lPla  -  (Dls 

+  (<E\Slhi'pl!)®is  =°  - 

where 

2 

h  *=  4-  -p”-*- 

1  dr  r  ' 
while  the  equation 


(59) 


(60) 


[hl  -  ^Ns  -  X(®iS'®kS)UkS  -  °’  (61) 


supplemented  by  the  linkage  relations: 

<Wr)  =  uas(r>  -  (ui3l®is)®is(r)  - 

Uk3(r)  =  ®i8(r)’ 


(62) 
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determine  the  functions  ul8(  r)  and  Oks(  r) .  Note  that 

no  term  proportional  to  CJs(  r)  appears  In  Eg.  ( 6l) .  This 

IS  SO  because  <D3B(r)  l3  an  eigenfunction  of  „  and  the 

two  conditions  ( 54)  and  (47)  are,  in  this  case,  identical 
so  that  the  terms 


<®lslhil®ks  )  uks 

does  not  appear  in  Eq.  ( 6l) . 

We  next  compare  ^  with  the  corresponding  "two  state 
close  coupling  function  We  have 


are  hydrogenlc  radial  eigenfunctions. 

In  the  close  coupling  function  both  Plg(  r) 

and  P2s(r)  are  determined  by  solving  coupled  differential 
equations.  Likewise,  in  ulg(r)  and  u^(  r)  are 
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slmllarly  determined,  the  set  of  equations  being 


ihj  -  x(©ls,ols)  +  %k2]uls  -  x(djl3,(L2s)u2a 

-  X(®lS’fflkS,Uk8  '  °' 

[h^  -  X(£D23,©23)  +  \C>23  |hj  |©2s)  +  E^u2s  "  X^  ©28’  ^13^Uls 

-  X(®2s'©ks)uks  +  (®2slhll®k8X  uks  "  °' 
supplemented  by  the  linkage  relations: 


\ 


>(65) 


/ 


.  0>2s(r)  "  [u2s(r)  -  (U2s|CDls>®ls(r)]N2s’1  ' 

®ks^  "  uls(r)  “  (uls  l®ls)^ls^r^  > 

-  (uisl^2s)®2s^r^  * 

where 

N2s  =  (  (u2s|u2s)  -  (u2Bl©ls)  )%  (67) 


(66) 


The  function  iA2.  involving  only  three  pairs  of  functions 
is  somewhat  more  compact  than  l/g  .  *^ie  Important  distinction 
however,  between  the  two  functions  is  that  in  l/^  the 
orbital 02s(r)  is  not  arbitrarily  prescribed.  Table  III 
compares  the  phase  shifts  T|  obtained  from  both  and 

^2cc  over  a  range  of  energies.  As  a  benchmark  for  comparison 


we  take  the  accurate  Schwartz  values. 
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A  small  but  significant  improvement  In  i)2  over 
2cc  note(^  throughout  the  energy  range  considered,  namely 
.1  ^  k  £  .8  . 

Fig.  3  illustrates  ®2s(  r)  for  several  values  of  k 
and  also  compares  these  functions  with  the  hydrogenic 
orbital  ^2s^r)*  A  dramatic  departure  from  r)  is 

exhibited  for  all  k  values  examined.  The  more  compressed 
appearance  of  (D2  (  r)  suggests  that  it  is  describing  the 
close  range  interactions  more  adequately  than  is  CD  r)  . 
The  illustrated  dependence  of  02s( r)  on  wave  number,  shows 
that  the  compression  increases  toward  low  k  values.  Even 
for  k  *  .8  which  is  fairly  close  to  the  Is— «»2s  excitation 
threshold,  the  appearance  of  (D2s(  r)  is  still  quite 
compressed  when  compared  with  0^g{r).  These  results  are 

ii 

in  agreement  with  the  "orbital  energies 

^2s  =  ”  (^2slhJ  CX  2s)  '  (68) 


which  are  given  in  Table  II.  For  the  hydrogenic  function 
OD^ ’  ^2s  =  g2s  “  “*l250.  We  see  from  Table  II  that 

positive  values  of  (D2s  are  obtained  for  low  k  values, 
indicating  that  considerable  continuum  contribution  is 
present  in  the  function  02g(  r)  .  On  physical  grounds,  it 
might  be  expected  that  as  k  increases  toward  the  Is— *-2s 
excitation  threshold  of  the  atom  core,  the  function  02„(r ) 
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w^uld  tend  to  become  the  hydrogenic  (D r) ,  while  the 

function  u2s(r)  would  exoand  to  become  a  continuum  orbital. 

This  cannot  happen  for  a  wave  function  as  simple  in  form  as 

^2  >  because  the  linkage  relations  (66)  demand  that  if 

CI>2s(r)  is  square  lntegrable,  so  also  must  be  u0  ( r) 

2s'  '  * 

More  fundamentally,  it  is  the  exchange  symmetry  of  iff 
which  permits  us  to  express  u^,  u2s,  and  u^  linearly  in 

terms  of  ©ks>  ©2s*  and  ©is>  but  ^2  only  three 

pairs  of  functions  comprising  it,  cannot  exhibit  proper 
behavior  as  threshold  is  crossed  and  still  maintain  its 
exchange  symmetry.  The  difficulty  is  removed  by  adding 
an  additional  pair  0^  r&)  to  fa.  This  gives 

a  wave  function  of  the  form: 

^(J  I'^a)  =  [  ®ls(rl)uls(r2)  +  ®ga(  rj  u2a(  r£) 

In  this  case,  u2s(  r)  is  a  linear  combination  of  CD  ( r) , 

CL2s(r),  and  ©^(r).  The  function  ©2s(r)  is  now  free 

to  become  the  hydrogenic  orbital  r)  as  k  increases  and 

threshold  is  crossed,  while  ^(r)  and  u2g(  r)  will  become 

continuum  orbitals.  The  other  orbital  u^f  r)  will  go  over 

into  a  constant  multiple  of  the  hydrogenic  orbital  ©>^(  r) 

and  the  entire  wave  function  will  become  equivalent  (above 

threshold)  to  the  close  coupling  function  l 

•  2cc  * 
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Fig.  4  illustrates  the  change  in  the  form  of  when 

we  add 

rl^u3s^r2^  to  ^2*  Table  II  shows  the  effect 
that  this  term  has  upon  the  2s  "orbital  energy"  A2g. 

We  note  that  the  addition  of  the  function  allows  $>23 

to  relax  toward  larger  values  of  r,  although  the  compression 
of  a2g  toward  small  r  values  still  persists  markedly  for  low 
k  values.  The  2s  "orbital  energy"  A  2s  becomes  lower  through¬ 
out  the  examined  energy  range  and  as  k  approaches  the  Is— *-2s 
excitation  threshold,  (D2g(  r)  bears  a  much  stronger  resemblance 
to  the  hydrogenic  orbital 

We  discuss  now  the  function  Uf-  which  includes  a  term 


designed  to  account  for  angular  correlation.  The  index 
v  =  2  on  Yg(  71^,  Cl 2)  corresponds  to  the  pair  index  [l,  &') 

=  (1,1).  The  functions  ulg(  r) ,  u2g(  r) ,  and  u2p(  r)  are 
determined  from  the  system  of  equations' 

thl  "  X^is*CTis)  3ula  -  x(  ^la^ks)  uks  "  X(  r^>ls,'^2s^u2s 

-  X(  (Dla#  'D2p)  u2p  “  0  » 
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[hl  "  X(®28'®2s)  +  '^>23lhll®23>  +  £)u23  -  X(®2s>Oks)uks 
-  X<  ©2a>  Qis)  U1S  -  X(©2s>©2p)u2p  +  \<t>23lhll©ks)  %,  =  0  - 

lh2  -  x(<r2p,(P2p)  +  \<T2p|h2l  <?'8r)  +  E]u2p  -x(r;>2p,Dlc5)uks 

X(  ^:2p'  ©23)  u2s  "  X^  ©2p'  ^  ls^  uls  " 


supplemented  by  the  linkage  relations 


(TO) 


®2s<r)  "N23  t  Uggfr)  -  <u23l  CDla><Dl3(  I-)  }  ,  N 

♦ 

^ r)  =Uls(r)  "(uls^ls)°ls(r)  “(ulsl®2s)(3>2s(r),  )(71) 

I 

'°2p<r)  "  N2p'lu2p(r)-  J 

where 


N2s  "  ^  \u2slu2s)  "  (u2s^  ^ls/2)  2  > 

N2p  "  <  (u2plu2p)  )%  * 


>  (72) 


J 


Table  III  shows  a  very  substantial  improvement  in  the 
calculated  phase  shifts  over  those  obtained  by  the  close 
coupling  method.  The  orbitals  .02g,  <T>ka,  and  CT2p  are 
illustrated  for  k  =  .5  in  Fig.  5.  Fig.  6  illustrates  an 
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intere3ting  feature,  namely  that  the  variationally  determined 
normallzeable  orbitals  ®2a(  r)  and  ®2p(  r)  have  damped  oscillat¬ 
ory  behavior  for  large  argument.  This  effect  is  particularly 

striking  in  the  case  of  the  function  'T'2p(r),  f°r  which  the 

-2 

oscillations  damp  out  with  an  amplitude  proportional  to  r 
The  corresponding  oscillations  in  the  orbital  (P2s(  r)  fall 
of  like  r~\  The  source  of  this  behavior  is  to  be  found  in 
the  coupling  terms  present  in  the  differential  system  (43)  . 

The  term 

X(ffiSp,®ia)uls  (75) 

is  responsible  for  the  oscillatory  behavior  of  u2p  and 
hence  02p.  For  large  r, 

X(  CD2p,  ©ls)  **  Cl,2(®2plr^ls)  r  * 

and 

uks(  r)  =  sin(  kr  +  rj),  r — ■-  o-s.  (75) 

Thus  (75)  is  a  driving  term  proportional  to 

_2 

r  s  in(  kr  +  t\) 

and  accounts  for  this  dependence  in  the  tail  behavior  of  ( r)  . 
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Since  X(®2s,0^s)  decays  exponentially  for  large  r  due 
to  the  orthogonality  between  <D2s(  r)  and  ©la(  r) ,  the  direct 
coupling  term  involving  uks(  r)  does  not  function  as  a  driving 
term  which  affects  the  tail  behavior  of  ug  ( r)  .  The  function 
uks(r),  of  course,  falls  off  as  e"r  so  that  oscillatory  be¬ 
havior  in  u2s(  r)  and  hence  in  ®2s( r)  can  only  come  from  the 
coupling  to  u2p(  r)  through  the  term 

X(  ^2s'®2p)  u2p  *  (76) 

As  we  have  seen,  for  large  r,  and  some  constant  a 

O 

u2p(  r)  =  ar~  sin(kr  +  t})  ,  r — *  (77) 

also 

x(CD2s,®2p)  «  C^2  (®2pl  rl  CD  2s)  r~2  >  (78) 

so  that  (76)  represents  a  source  term  which  for  large  r 
is  proportional  to 

r  ^sin(  kr  +  T)) 

which  accounts  for  this  dependence  in  (±)0  ( r)  . 

fig.  7  illustrates  the  difference  between  ( r)  and 

Jr 

the  hydrogenic  orbital  r)  where 

®2p^r^  =  ( )"1r2e"*5r  ,  (79) 

Again  we  note  that  the  variationally  determined  orbital  (Tv  ( r) 

2p'  '  * 

illustrated  for  k  =  .5,  has  its  peak  much  closer  to  the  target 
atom  than  does  the  hydrogenic  function  ®2p(  r)  .  Use  of  the 
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“  tlT  ^  a°00UntS  f°r  ** 

results  c  ,n  ^  3galnSt  the  °l0Se 

esults.  Considerable  continue  contribution  ls  present  ^ 

®2p(r)  as  ls  indicated  by  Its  "orbital  energy" 


Agp  -  .182,  k  =  .5 
which  is  to  be  compared  with  the  value 
e2p  "  -.125 

for  the  hydrogenic  function. 

idea  of  the  efficiency  of  the  present  model  w 

uctlons  can  be  obtained  by  comparing  the  phase  shifts 
obtained  using  Klth  tho3e  obtalne<J  ^ 

hy  Chung  and  Chen^  rnuQ.  . 

'  workers  used  a  wave  function 

of  the  form 


wave 


^  ^  SlX  -d  nine  tents  of  p.t^’ 

were  Included.  The  open  channel  function  used  was 


p-type 


Gls(r)  “  (sinkr  +  tanr^coskr)  ( 1  -  e"ar) 

•  +  Za.r”e-«r 


(81) 
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and  Q  is  the  projection  operator: 

«  =  U  -  -  KDl3(r2))(Ol3(r2)|].  (8a) 

The  coefficients  A^v  and  dn  as  well  as  the  open  channel 
parameter  a  were  calculated  for  each  energy  value  considered 
in  the  range  . ±  -  k  £  .8  .  The  other  two  nonlinear  parameters 
a  and  p  were  determined  and  used  over  the  entire  energy  range. 
The  phase  shifts  obtained  with  this  wave  function  are  compared 
with  those  obtained  with  ^  in  table  III.  These  results  show 
that  the  present  model  wavefunctions  are  quite  efficient  with 
respect  to  the  number  of  terms  required  to  produce  phase  shifts 
of  comparable  accuracy. 

Further  calculations  were  carried  out  with  the  more 

elaborate  wavefunctions  and  \jf6.  The  results  of 

these  calculations  are  presented  in  table  III  where  it  is 

seen  that  accurate  phase  shifts  are  obtainable  with  short 

expansions  within  the  present  model.  Even  the  most 

elaborate  wavefunction  used,  is  constructed  from  only  11 

optimal  orbitals.  In  Fig  8,  the  optimal  orbitals  are 

illustrated  for  k  =  .5  using  the  wave  function^. 

Table  IV  gives  the  expansion  coefficients  T  for  this 

vmn  IliJ 

wavefunction.  Finally  Table  V  presents  the  corresponding 
orbital  energies. 


298 


ACKNOWLEDGEMENTS 


Appreciation  is  expressed  to  Prof.  C.  C.  J.  Roothaan 
for  sponsoring  this  research  and  for  manj  helpful  discussions. 
Thanks  are  also  due  to  Deborah  Rosenblatt  for  encouragement 
during  the  particularly  vexing  period  when  the  computer 
program  used  in  these  calculations  was  being  debugged. 


301 


REFERENCES 


1.  N.  F.  Mott  and  H.  S.  W.. Massey,  The  Theory  of  Atomic  Collisions 
(Clarendon  Press,  Oxford  1965) .  See  esp  p.  550. 

2.  C.  Schwartz,  Phys.  Rev,  124,  1468  ( 1961) 

3.  R.  L.  Armstead,  UCRL -31628  (1964) 

I.  C.  Percival  and  M,  J.  Seaton,  Proc.  Cambridge  Phil.  Soc. 

654  (1957). 

P.  G.  Burke  and  H.  M.  Schey,  Phys  Rev.  126,  147  ( 1962) 

K.  Smith  and  L.  A.  Morgan,  Phys.  Rev.  165,  lio  ( 1968) 

5.  P.  G.  Burke  and  A.  J.  Taylor,  Proc  Phys  Soc.  88  ,  549  (1966) 

A.  J.  Taylor,  in  Physics  of  Electronic  and  Atomic  Collisions 
(Science  Bookcrafter3,  N.  Y.  1965)  27. 

6.  M.  Gailitis,  in  Physics  of  Electronic  and  Aiomlc  Collisions 
(Science  Bookcrafters,  N.  Y.  I965)  i0. 

7.  K.  T.  Chung  and  J,  C.  Y.  Chen,  Phys  Rev.  A  6,  686  ( 1972) 

8.  M.  E.  Rose,  Elementary  Theory  of  Angular  Momentum 
(John  Wiley  and  Sons  Inc.,  N.  Y.  1957)  . 

Research  supported  in  part  by  the  Advanced  Research  Projects  * 
Agency  through  the  U.  S.  Army  Research  Office  (Durham), 
under  Contract  NOS.  DA-31-124-ARO-D-447  and  ARPA-S-D-89 
and  by  the  National  Science  Foundation  under  Grant  NOS. 
NSF-GP-27138  and  NSF-GP-I5216. 

t  Submitted  in  partial  fulfillment  of  the  requirements  for 

the  Ph.  P.,  Department  of  Physics,  University  of  Chicago, 
Chicago,  Ill. 


302 


FIGURE  CAPTIONS 


Fig.  1.  Permitted  pairs  used  in  the  construction  of  the  angular 
two  particle  functions  Ymi  £t(  Cl  J2) ,  illustrated  for 
L  =  0,1,2. 

Points  indicated  by  q  are  used  for  the  "normal"  terms 
for  which 

=  * 

Points  indicated  by  o  are  used  for  the  "abnormal" 
terms  for  which 


Fig.  2.  Assignment  of  values  for  the  running  index  v  replacing 
the  pair  index  (£,£*)  e  [11A  ]  for  L  -  4.  By  convention 
v  =  1  corresponds  to  the  pair  (0,L).  The  relationship 
between  v  and  v  is  also  illustrated.  Note  that  the 
points  corresponding  to  the  indices  v  and  v  are 
symmetrically  placed  about  the  line  JL  =  £'  * .  In  this 
case  the  elements  of  the  set  V  are  the  integers  1-9. 

Fig.  6a.  Oscillatory  behavior  of  02p(  r)  in  the  re£ion 
10  ^  r  ^  52  a.u.  (From  the  wave funct ion  \j/^  for 
k  =  .5)  Oscillations  damp  out  as  r~  . 


Fig.  6b  Oscillatory  behavior  of  ®2s( r)  in  region 
14  ^  r  ^  55  a.u.  (From  the  wave  funct  ion  \jf-,  for 
k  =  .5)  Oscillations  damp  out  as  r  . 
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The  remaining  figures  are  to  be  captioned  simply  as 
Fig.  5,  Fig.  4,  Pig.  5,  Pig.  7,  pig.  8a,  and  Pig.  8b  . 
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-jbleJL_strUcture  of  the  WavefuncUnrm  »«,»* 
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TABLE  TV. 
Expansion 
coefficients  for 

f2j.*  k  ~  0.5 


v_ 

m 

n 

n  vmn 

1 

1 

1 

1.217 

1 

1 

2 

-O.859 

1 

1 

3 

0.746 

1 

1 

4 

1.000 

1 

2 

2 

-0.134 

1 

2 

3 

-0.029 

1 

2 

4 

0. 

1 

3 

3 

-O.032 

1 

3 

4 

0. 

2 

1 

1 

-O.O85 

2 

1 

2 

-0.075 

2 

2 

2 

0.178 

2_ 

1 

1 

-0.031 

0rbital  energy  of 
the  2s  orbital  for  different 
k  values. 


k 

^2s^  V  2} 

^2s^  /  2  + 

.2 

.191 

*  ■  ■  ^ 

.026 

•  5 

•  117 

-.025 

.8- 

-.033 

-.108 

For 
A  2s 

the  hydrogenic  2s  orbital 

=  e2s  = 

-.125 

TABLE  V.  Orbital  energies 

for  the  orbitals  of  the 

wavefunctlon 

for  k  «=  O.B  7  4 _ 


label  v  m  Avm 


ls  1  1  -0.5000 

23  1  2  -0.0654 

3s  1  3  I.O887 

2P  2  1  -0.1120 

3P  2  2  0.2088 
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